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1

INTEGRATION OF TRIGONOMETRIC
FUNCTIONS

L.1. INTEGRATION OF sin™ x AND cos™ x
Case 1: When m is an odd positive integer.
Let m = 2n + 1. Then

(i) jsin‘“ xdx = Isinz’”' xdx= jsinzn X.sinxdx

= j(sin2 x)n sinxdx = J-(l - cos? x)n.sinxdx

=—_[(I—12)" dt, putting cos x = t, so that — sin x dx = dt.

Now (1 — t?)" can be expanded in powers of t by the binomial
theorem and then term by term integration will be performed.

Thus jsinz’“" xdx

=-J[I—nt2+—n("_nt‘1 A=) "“]

2!

3 _ 14" 12n+]
= - I_nt_.‘.M t_____+&_t_.___

3 2! 5 2n+1

-1
= | cosx—=—cos’ x + n(n )co?x ( ) cos®™x
3 5.2! TN :
(ii) Similarly, J-cos"'" xdx=J-cosz“*] xdx» [-m=2

= Jcoszn xcosxdx = I(I —sin? x)n cosxdx,

—J(l—t dt, putting sin x = t and cos x dx = dt.

n+ ]

(Note)
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This integral can now be easily evaluated by expanding (1 — %"
by the binomial theorem.

Case II: When m is an even positive integer.

(a) When m is small, the integration can be done by transforming
the given integrand into a sum of cosines of multiles of x by
using the following trigonometrical formulae

cos® x = -;-(l-i-oost), sin® x =-2l-(1-cos2x).
(b) When m is large, we apply De-Moivre’s theorem as explained

below:
Let cosx+isinx=y.

- 1
Then cosX—isinx=y'=—

v
‘Therefore 2cosx =y +y'=y+ [%)

1
and 2isinx=y—y”'=y—(;).

1
AlsoY"*‘[;;]=(cosx+isinx)"+(cosx—isinx)‘
= (cos nx + i sin nx) + (cos nx — i sin nx) = 2 cos nx,

1
and ¥" =(y_") = 2i sin nx.

m
Now 2™ cos™x = {)‘ + (3‘;)} . Applying binomial theorem, we have

1 -2 | y 1
2Mcos™x =y™ +M ¢ y™ ! —4Mcy™ 2.k _4m +—
y yl ym—l ym
—ym m-2  m(m-1) . m 1
=y +my +-'—'—'-—'—'-'—L2 Y +...+‘—m_2 +y_m

=[y"‘ +y+"]+ rrl[y'“'2 + yn:_z ]+

=2 cos mx + m.2cos (m - 2) x + ...

Thus JZ“‘cos“‘ xdx = 2Jcosmxdx+2_[mcos{m—2)xdx+...

2 . 2m
= —sinmx +
m

m_zsm(m—2]x+...
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of jtos'—"xdx= [-I—lgsin mx + mnizsin(m -2}x+...]_

zn—l

m
Similarly (2i sin x)" = [Y_GF-J] ’
Expanding by binomial theorem and simplifying, we have

2™ i® sin™ x = y" — M,y 4 eyt~

pme, L m_ 1 hat
o ymd g2 yms [Note that m is even]

1 - 1 m(m+1 1
- --f[y“‘ +;-m-]-m[y’“ T Ym_z] ' (2! )(y'“‘“ +-F:‘-]-m

=2 cos mx - m{2 cos (m - 2) x}+w{2ms(m—4)x}-—...
"Hence Isin“" xdx
1
= ————— {[cosmx - mcos(m-2)x +...]dx
271 (1) It Jax.
[._. im = (il)mf! = (- l)m]
1.2. INTEGRATION OF sin™ x cos” x
Case I: If m is odd, put cos x = ; If n is odd, put sin x = t.
~ If both m and n are odd, put either sin x or cos x equal to t and
" integrate:
- 'Case II: When (m + n) is a negative even integer.

- Convert the given integral in terms of tan x and sec x and put tan
x=t. Then expand by binomial theorem, if necessary, and integrate term
by term.

Case lll: When both m and n are even integers.

(i) If m and n are small even integers, then convert sin™ x cos" x
in terms of multiples of angles by using the formulae

cos? x = -;—(l + cos 2x),

Ix= -:IE-(! -¢0s2x), sinX cosx = %sinzx ,

and 2 cos x cosy = cos (x +y) + cos (x - y).

sin
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(ii) When m and n are large, we make use of De-Moivre’s theorem
as explained in 4.1 Case II (b), term by term integration yields
the desired result. :

1
1.3. INTEGRATION OF (a +b-cosx)

_ dx
We have I._Ia+bcosx
dx
21 a2l ) el eos2 L —sin2 L Note)
a(cos 5 X+sin szi-b(cos 5 X—sin zx) (
dx

a+b)cos? Ly ta- b)sin? 1y
( 2 2

sec? %xdx

1

a+b+(a—b)tan? ;

dividing the numerator and the denominator by cos® %x.

Now putting tan%x =t

so that %sec’%xdx=dt, we get

dt
2 eoe -0
Now two cases arise viz, a > bora < b.
Case I: a>b.
In this case, we have from (1)
kz]

. a+b
=i b-[12+k1’ {pumnga_ =
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= (azz_bz) m“[ {:; E} m%}

Case II: a < b.
In this case, from (1) we write

dt 2 d
=.2I(a+b)—(b—a)t3 B b—aj{(b+a;} ;

(b+a)
2 1 log {b-ﬂ}'ﬂ
“a-b _[f(b+a) (b+a)
2J{(b~a)} J{(b—a)}“
_ 1 g.,ll'{b-!-a)ﬂ,,’{b a)
J(b2 —a ) J(b+a)-t/(b-a)

) 1 og 1I(lHa)«-,/[l:' a}lan;x
J(6? -a?) m b-a)tan ) x’

1L.4.. INTEGRATION OF

(a +b sin x)

We have J-(a+ b sinx)
_ dx

) a| cos? 1x +sin” 1 x)+ b(ZSinlx coslx)
2 2 2 2

L
sec 2xdx

- 2 1
a(]+tan2 %x)+b(2tan%x)’ dividing Nr. & Dr. by cos FX

_ dt
_zj(at2+2bt+a)*

putting tan%x =t,

1.2l -
so that 5 sec Exdx-dt
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1 loo‘at-t—b— (bz—az])
J(bz-al] N al+b+,.[(t:‘2--a2

_ 1 o atan(2 )+b_ (bl_az)
\/(bz..a?:) atan(%x)+b+ (b?—az) .
dx

1.5. TO EVALUATE Jm

The given integral
dx

. 1 21 2l
a(Zsmzxcos2x)+b(cos 2x sin 2x]

sec (1 )dx

. 21
(l—lanz ] x)' dividing Nr. and Dr. by cos 7 X

2a tan—]-x+b

2 2
J 2dt utting tan—x =t so that ~sec? +xdx = dt
2at+ b—pp2 * PUING B3 3% 3
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[ | (b2+az)—a+bt
0
J(b3+az) ® J(b3+az)+a—bt
Jo7+a?)-a+b tan s
| o8 ( +a) a+btan;x

J(b? +a?) J[b3+a2)+a—btan%x '

dx

1.6. TO EVALUATE Jm

The given integral
' dx

af cos? Lx +sin? Lx |+ bl coszlx—sinzlx)+2csinl—xcos—l-x
2 2 2 2 2 2

dx

in2 L inLx cost 21,
(a-b)sin 2x+2c51n2xc052x+(a+b)cos 2:(
21

Now dividing the numerator and the denominator by cos 7%,
we get

|
sec? - xdx

1= 2

(a—b}wn2%+2c tan%x+(a+b}

2l
| sec Exdx

=[a-b}.[m“3 Tol2e L1 [lath)
2 (a~b) 2 (a-b)

Ta- b-[ (a+b)
{i?"bi}”{(a_h)}
1

1
putting tan— FX=t, —sec* —xdx dt.

The integral can now be evaluated by the methods already discussed.

Pcosx+Qsinx+R
acosx+bsinx+c

1.7. INTEGRATION OF

To integrate such a fraction we express the numerator in the form
Numerator = A (Deno.) + B (diff. coeff. of Deno.) + C,
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where A, B and C are constants.
Thus, we write P cos x + Q sin x + R
=A(acosxt+tbsinx+c)+B(—asinx+bcosx)+C

Comparing the coefficients of cos X, sin x and constant terms on
both sides, we have

P=Aa+Bb (1)
Q = Ab - Ba (2)
R=Ac+C. -(3)
_Pa+Qb
Whence A= b7 ral’
_Pb-Qa
b? +a?
(Pa+Qb)c
C=R-—*1"
and b2 +a? -

Now writin'g the numerator in the form mentioned above, the given
integral becomes
A (Dr.) + B(diff. coeff. of Dr.)+C
I =I dx
Dr.
-asinx+b cosx +CJ‘ dx :
acosx+bsinx+c acosx+bsinx+c

dx
=Ax+B[og(acosx+bsinx+c)+CIm,

The last integral can now be evaluated by the methods discussed
earlier.

=A[dx+ B[ R S0R

C J-Pcosx+Qsinx
OF: ) 2 cosx + b sinx
the numerator nor the denominator contains a constant term. So here we
express the numerator in the form

Nr. = A (Dr.) + B (diff. coeff. of Dr.).

X is a particular case of 4.7. Here neither

1.8. INTEGRATION OF (75 amm)

I_J' dx __[ cosxdx
Let 1= ) e btanx Jacosx+bsinx’

Now we express the numerator cos x in the form
Nr. = A (Dr.) + B (diff. coeff. of Dr.)
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ie,cos x = A (acosx + bsinx)+ B (-asin x + b cos x).
Equating the coefficients of cos x and sin x on both sides, we get
Aa + Bb =1, and Ab - Ba = 0.

Solving these equations, we get

a b

AT ) m PR

Af(acosx+bsinx)+B(-asinx+b cosx)
acosx+bsinx

NowI=I

—asinx+b cosx

= A fdx+ Bl s

= Ax + B log (a cos x + b sin x)

a b .
= X+ log(a cosx + b sinx
{al +b2} o7 o8 ).

MISCELLANEOUS EXAMPLES
Example I:
Evaluate Isfﬂéxdx.
Solution:
Let cos x + isinx =Y.
Then cos x — i sinx =y
L 2isinx=y-y', or 28 isin® x = (y - y")°

or —64sin®x =y* - ¢y’ -%#" eyt b eyt
y

1 1 1 .
+0cyy? .y_— Csy — ¥ "'6 iy " 0, [by binomial theorem]

(e e

Hence ~ 4 sin® x = 2 cos 6x — 6.2 cos 4x + 15 . 2cos 2x - 20,

| o fiome]

or sin®x= —-315 [cos 6x — 6¢cos 4x + 15cos 2x - 10].
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Now integrating, we have Jsin“‘ xdx

= -31—2-“ cos6xdx —GJcosdxdx +1 S_[coszx dx - JIde]

5§ T3 T2

_%[sm&c 65m4x 155"‘2"_10,‘].

Example 2:
Evaluate I cosSxdx.

Solution:
Letcosx +isinx =y.
Then cos x — i sin x = y\.
5208 x = (y +y), or 26 cos® x = (y +y)°
6
l] 6,6..51.6. .4 1 ¢ 31
boosbx = |¥V+—| =y +7 )y —+7C¥ =+ 0y —
or 2% cos® x [Y y y 1y y 5y y’ 3y y3

6. 2.1 .6 1 6. 1
+ C4y ‘y—4+ CSY‘—5+ Cﬁ—

6
-_-[y“ ++ﬁ]+6 cl[y“ +L4]+° cz[y2 +_}§.]+20
y y . y

Y
=2cos6x+6.2cosdx +15.2 cos 2x + 20.
Hence 32 cos® x = cos 6x + 6cos 4x + 15 cos 2x + 10.

- Icoséxdx—L Ly o 854X | 15sin2x
‘ =335 y >

+10x]_

Example 3:
Evaluate J cos®xdx.

Solution:
Let cos x + i sinx =y.
Then cos x — i sin x = y!
sothat 2 cosx =y +y',or28cos® x = [y + y'J®
or 2t cost x =yt + sclya + sczya + scsyz + scd
1 1

—_—
¥yt

s, 1 g 1 g
+ CS;-__’-'F C6—4'+ Cq
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= [},s +ls)+ S[yf’ +lﬁ)+28[y‘ +L4)-{~56[:,z2 +L2]+?0
y y y ¥
= 2 cos 8x + 8.2 cos 6x + 28.2 cos 4x + 56.2cos 2x + 70.

_l-cc::ss xdx

= T%ﬁj(“’ss’-‘ +8c0s6x +28cosdx + 56c0s2x +35)dx

| (sin8x ~_sin6x _ sindx sin2x
—m[ 8 +8 5 +2. ry +56. > +35x).
Example 4:

Integrate sin® x cos’ x.

Solution:
Here the power of cos x being odd,
we put sin X =1,
50 that cos x dx = dt.

Thus Jsinz xcos> xdx = Isinz xcos? xcosxdx

= J-sin: x(l —sin? x)cosxdx

=J.t2(l—13)dt‘ [Putting sin x = t so that cos x dx = dt]
2 \gp o3 s _ 1.3 1.5
—J-(t t)dt—3t St° = gsin’ x—zsin’x.
Example 5:
Evaluate:

(i) js:’n*’xcas’xdx
(ii) Js:'n’xcas"xdx.
Solution:
(i) Let 1= Jsin* xcos® xdx = Jsin“ xcos” X cosx dx

- Jsin" x(1-sin? x)cosxdx.
Put sin x =t
so that cos x dx = dt.
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Then
; 5.7 s 7
Cedfr 2V [fe4 g6\ g UL _SImX sin X
I—J-l: (11 )dl—j(t t¢)dt = R Tl
(ii) Let | =J-sin3xcoslxdx=jsin2 x cos® xsin xdx
= J(l —cos? x)cos2 x sinxdx.
Put cos x =t
so that — sin x dx = dt.
Then I=J'(1~t3]t3(—dt) = -I(lz ~t*)a
__i+3i=_coij+cossx
3 5 3 5
Example 6:
Integrate sin’ x cos’ x.
Solution:
Here the power of sin x being odd, we put cos x = t.
. Isins xcos? xdx = Isin“ xcos* x sinxdx
2
= I(I —cos? )" cos* xsinxdx
2
=—j[l—t2) t4dt, [* cos x =t and — sin x dx = dt]

= —I[l -2t +t4)ttde= j(-t‘ +2t8 - t*)dt

5t 7 1 s 2 9.1 g
LI, N AL A Y = - .
5+ 7 9 SCOS x+7cos X 9805 X

Example 7:

B 5 2
Evaluate j-ﬂ sin’xcos“xdx.
Solution:
Here the power of sin x being odd, we put cos x = t.
LU - LA 2 .
. JO sin” xcos” xdx =Jﬁ sin® xcos” X.sin xdx

W2
(

x4 2 . 2
=J.] (l—ms2 x) cos” X sinxdx = —L |..t2) t2dt,

[putting cos x = t so that — sin x dx = dt.]
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Alsot =1,
when x = 0
I
t=—r
and J‘z"
e
when X—Z:I

= —j'lwf(l =217 +t4)%de = —_|':"‘E(t2 =214 +18)dt

3 285 7 w2
=-[?_T+Tl

- _[(635_ mf/i +561!5)*(%_%+%J]
=q[ 71 SJ_M_

84042 105 1680

Example 7:

5
Evaluate I “_’szx dx,
sin‘“x
Solution:

5 4
€os’ X 05" X
Let I=I —5 dx=J-C_ 3—cosx dx

sin“ x sin“ x

—5i 2 2
=j-(—l-i2~icosxdx.
sin~ x

Putsinx =1t
so that cos x dx = dt.

2
Then l'_'j(l_t: } dt=Il_2:§+t“d!

t3

| PR P O
_I[t2 24t ]dt— o2t

1 . sin3 . .
=———_2sinx+ x=—t':l:bse-r;x—2smx+lsm:‘x_
sinx 3 3
Example 8:

Evaluate J sir’xcosdx dx .
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Solution:

Here both the powers of cos x and sin x are odd; so we can put
either sin x =torcos x = t.

Let us put.sin x =t
so that cos x dx = dt.

., jsin’ x cos® xdx = Isins X cos?

= J't5(1 -t?)dt= J(ls -t7)dt= %t" —%t“

1. 1.
=—sin®x-—sin®x.

X cosxdx

6 8
Example 9:
Evaluate jsec:f tar’ x d.
Solution:
We have Jsecx tan’ xdx = jsm
cos? x

Now the power of sin x being odd,
we put cos X =t
so that —sin x dx = dt.

-t<)d
*. the given integral = —Ig—sé—)—-i = ﬂ_l-[?l;‘-— Lz)dt

(l 1 1] 1 ] 1 .3
Y LIS S | - ——==sec’ x - secx
3cos*x cosx 3 '

Example 10:
Evaluate J sin’x cos2xdx .

Solution:
1= Jsins X cos2x dx = Isinz )((2(.'051 X - I]sinxdx
= ‘l’(l'—cos2 x) (2t:os1 X — I)sin xdx .

Put cos x =1t,
so that — sin x dx = dt. Then

I==f(1-12) (26 - 1)dt = - [ (3t* = 2¢* ~ 1)t
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= -[t3 - %lts - t] =-cos’ X+ %wss X +COSX,
Example I11:
N S
Integrate ( sin’x cos® x) .
Solution:
Here the integrand is sin” x cos™ x. It is of the type sin™ cos™ x,
wherem + n=-3 - 5 = - 8 ie —ive even integer.
= J‘ dx _ J‘ dx
- sin® x cos® x (sin3 x/cos® x) cos’ x.cos® x
sectx.sec? xdx

8
fe et o

_j(1+ tan? x)asm:2 xdx

tan3 X
Now put tan x =1

so that sec? x dx = dt.

_J' (1+¢ ) -j[t'3+3+3t+t )dl

1 ERTL
{(2t2)]+310g|+2t +7t
tan®

I 3.2
= 2c:cat x+3logtanx+2tan x+4 X.

Example 12:

Integrate 75 .
g (sm"x cos? x]

Solution:
Here m=-4,n=-2; m+ n = -6 ie, an even negative integer.

(l +tan? x)2 sec? xdx

J 4dx _Isec xdx:j _
sin® x cos® x X tan® x

1+12
j( M putting tan x =t and sec® x dx = dt
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“((L,2 -2
_I(t4+t2+let' 30 tH

= ——;-cm:’ X-2CotX +tanx.

Example 13:
1
Integrate {( EJUP

Cos“x sin“x)-
Solution:

Here the integrand is of the type cos™ x sin® x.
3 5

\?e have m= =3 n= 5

m +n=-4ie, an even negative integer.

St

dx _ dx
" IJcos3 in’ )—Icosnsin”x

xsin® x
I dx
cos¥? x(smn/cos x) cos™? (Note)
dx sect x seclx 5
= = dx = sec” xdx
Icos Axtan® x  Jan¥ tan®? x
I+ tan? x) 3
=I sec” xdx.
(l+11] . s
=I 7 dt, putting tan x = t and sec? x dx = dt
t

=J'(r-"’3 th""'-’)dt=—%t'n +2t12

=_~%(tanx)-n -:-Z(tamx)l"2 =2,/(tanx) —-:;':7{17;111)()”m

Example 14:
Integrate [(1anx)secx cosecx.
Solution:

We have IJ(lan X)secX cosec x dx
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sinx 1 dx
= j . n dx = I
cosx ) cosx sinx cos*?sin'? x
‘[ dx
= n 12

cos smm xcos™? )cos X

_J' dx . _J'sec:2 xdx
cos? x.tan"? x tan'? x

2
I[tan 12 x)sec? xdx = J ta{nm) (by power formula)
=2/(tanx).
Example 15:

Integrate sin® x cos’ x.

Solution:
We have sin? x cos® x = (sin x cos x)? cos® X

= (%—sin Zx)z {%(I + cost)}

= %sin2 x(1+cos2x) = %{%{1 - cosdx)} (1+cos2x)

= -%(I + 052X — cos4Xx — Cos4X cos2x)

= L[l +€082X ~cosdx — %(cosﬁx + cost}]

(=

= L[l + lcos2x —cos4x— lc:osﬁx]
16 2 2
= %(2 +€052X — 2¢0s4X — cos6X).

s Jsm2 x cos* xdx = -—-J[Z+c052x ~2cos4x — cos6x|dx

1 I 1 1
= ﬁ[2x+ 3 sm2x—55m4x - -6—sm6x]
Example 16:
Evaluate j

)
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Solution:
(x* - 1)+1

dx
(l+xz)3

The given integral I=I

Now put x = tan 0
so that dx = sec? 6 d0.
sec20do

Then I1=x-2tan"' x +
" sec?

=x-2tan~' x +jr:os2 0de
=x-2tan"! x+zi_[(1 +¢0520)d0
=x-2tan"! x+2i(9+-21-sin29)

1 I 2tan®
=x=2tan~' x+204 .- 2207

274 J4tan’0
X

=
1+ x-

=x-2tan"! x+2ltan"x+21

3, . I x
=X-?tan IX+; 3.
< = 1+x-

Example 17:
Evaluate I x"log xdx.
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Solution:

Let I= jx‘“ logxdx.

Integrating by parts taking x™ as the second function and log x as
the first function, we get
=n+l -n+l
X 1

o — — -—-——d

l (_n+l)logx -[(—n+l) x X
1 1

= ——————logx - —— | x "dx

(1-n)x™! ¢ {l—n)j

1 1 X-IH-I

RIS I (e R ey

_ logx 1 _ 1 |' ~ ]
T (1-n)x™! (|_n)1xn—l (1-n) x-! logx (-n) |

Example 18:
Evaluate I-\'3 (fogx)z dx.

Solution:
Let | = Ix3[logx)2 dx-

Integrating by parts taking x* as the second function and (log x)*
as the first function, we get

__]_ 4 2_ 1 4 i 1
I~4x {logx) sz .2(logx).;dx

1 |
= Ix*(]ogx) - -2—Ix3 logxdx.

Again integrating by parts taking x? as the second function, we get

_J__ 4 2 1 1_4 1 4 |
I-4x (logx) —E[Ix logx ~ X -;dx

=—x*(logx)? —%—x* I.ogx+%_|'x3dx

4

1
4
14 2 1y 11
7 X (logx) -gx logx+§vzx

1 2
= 3—2-x4[8(logx)-' -4logx + 1].
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Example 19:
[casmods
Evaluate sinh @+ cosh 6
Solution:

The given integral
(ea + e'")

j ] e'“)+ (e +e'")d9

=J(—e-%-0y3d8=%_[(l+e‘m)d6

0, e | 2020 —1
R L

Example 20:

«dv _n
Show that J- { (l+x )--” =77

Solution:

Let]_J‘ [ . S—

]+\(

=

Put x = sinh t

so that dx = cosh t dt.

Also when x = 0, sinht =0
ie.,t=0 and when x = =,
sint = >, jie,1=x

dr,

0 eI1I

1 -
_ lzr- coshtdt =j'ﬂ'§(et +e)
‘ (sinht+cosht)"

[ sinh t + cosh t = ¢']

=%_j0x[e—{n-1ll+e-tn+1]l:|dt

B—-[n--i]t-‘-e-tru—l}t :"‘_l[ 1 . 1 -
2| =(n=1) ~(n+1 |, ~2{n=1 n+1

n

ry

n- -1’
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Example 21:
J‘ dx
Evaluate (az +b2x2)3"2 .
Solution:
Put bx = a tan 6,
so that b dx = a sec? 8 d6.
Then the given integral

I=I ! a sec? BdB:ﬁjcosBdS

bx )
1 bx _ X )
a’b J[a"' +b%x?)  a? J(a2 + baxz)
Example 22:

Evaluate I[ax"' + c)-ﬂ dx.

Now tanf = % gives sin@ =

Solution:
The given integral |=_[ ’dx 37
(ax“ +c)
X
Put Jax = Jctan® and do your self. Ans.

°\f (ax? +¢)
Example 23:
secx cosecx

Evaluate j logtanx

Solution:
Put log tan x =1,

sec? xdx =dt

1
so that re—

i.e., sec x cosec x dx = dt.
Then the given integral
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I= JI%= logt = log(logtan x).

Example 24:
Evaluate the following integrals:

. xdx
@) 1+ sinx

(i) J cosecx +] .,

Solution:
(i) The given integral
_f xdx
I+sinx

zJ-(Hx(lmsinx) dx:jx(l_smx)dx

sinx) (1-sinx) 1-sin? x

l—si
I o
=_|lx(s«a|;:2 X —secx tanx]dx.

Integrating by parts taking x as the first function, we have
I = x (tan x — sec x) — I(tanx—secx)dx

=x(tanx —secx)—Jtanxdx +_[secxdx

=X (tan x — sec x) + log cos x + log (sec x + tan x)
= X (tan x - sec x) + log {cos x (sec x + tan X)}
= X (tan x - sec x) + log (1 + sin x).

(ii) The given integral

J- xsmx J-x(] +sinx-1)
= I+smx 1+sinx

J- I+sinx 1
= [ X| +—————— |dx
l+sinx l+sinx

=Ix[l—ﬁ;i—nx]dx
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= jxdx J 1+ smx
Now proceeding as in part (i), we get

I= ;xi—x(mnx -secx) - log(l+sinx).

Example 25:
Evafuafe the following integrals:

W .[ i+cosx

(i) .[secx+ 1

Solution:
(i) The given integral
1= j—XdX—— 1 xsec? 1 xdx
21 2 2
2cos 5 X :

Integrating by parts taking sec? %x as the second function, we

have

1 1 ]
1= E[x.zwn—ix —J-l.2tan5xdx]
| 1
= xtanix —Itanixdx

! 1 - [tan L = 210g sec .
=x[an5x-2|og 5ec§-x, [ Jtanzxdx—zlog seczx],

(ii) The given integral

= xcosxdx _Ix(l+cosx—l)
1+cosx 1+cosx

_.[ [ l+r:rosx]dx

xdx
l+cosx

-=J-xdx-

Now proceeding as in part (i), we get

1

a 1 1
I--Ex —xtanz x+2loa seci
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Example 26:
Evaluate the following integrals:

(i) J'cos(alog%]d&r

- J-s:‘n(:(;gx) &

Solution:
(i) Let I=Icos(alog%)dx_
Put Icag[%) =t,
ie., %= e'
ie, X = bel.

Then dx = be' dt
L I= Ibe' cosatdt = bje' cosatdt.

ax
But Ieu cosbxdx = ‘——F——cos[bx —tan™! 2)
(az +b?) a
1
I=b—rt cos{at —tan™! _a_}
(l +a’ I

1 X
= b-—-—uncos{alog——tan" a}
b (l+a’) b

= —-(—x——)vcos{a log—ﬁ —tan~ a}
1+a2

(ii) Let 1= s'“‘“"g"}dx_

Put log x =t ie, x = e\,
Then dx = e' dt.

e im—‘ 'dt—Je Ysintdt

eax
But Ie“" sinbxdx = . (asinbx - b cosbx),

25
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e _
(~2sint - Lcost)
)

R

e~2(~2sint - cost)

= th]—

--x-li-(-—Z sin logx — cos logx)

l .
=Tl (2 sin log x + cos log x).

Example 27:
Evaluate the following integrals:

Sfl! .'I’

(:)J\(,—,

(i) J'esm Ix dx

Solution:
[= j sm Ix
(i) Let \/——
Putsin? x=1t,

r
1
so that [—(I——xz)l dx = dt.

Also x =sin t.

I=Isint.e‘dt.

X
But Ie‘“ sinbxdx = a; v (asinbx - bcosbx).
+

N (smt -cost) = t{smt— (l—sinzt)}

_ %esin"x [x-d I—x- .
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(ii) Let 1= fesn"éx
Put sin”! x = tie, x = sin t,
so that dx = cos t dt.

Then I=Je' costdt
=g cost—jc'(-—sint)dt,
'_integraling by parts taking e' as the second function
=e' cosl+fc‘ sintdt
=e'cost+e' sinl—_[e‘ costdt,

again integrating by parts taking e' as the second function
=e'(cost+sint) - L
2 2l =e' (cos t + sin t)

or l=—;—e‘{sint +J(1-sin? t)}

=%e"“-l" {:H- (]—xz) .

Example 28:
Evaluate the following integrals:

() [tan!Vx dx,

~1
(:'U ICOSJ xdx

tan” X

i [ eay

Solution:
(i) Let I=J'tan"J§dx.

Put Jx = tant
ie,x =tan’t,
so that dx = 2 tan t sec® t dt.

Then I=I(tan" tant)2tant sec? t dt
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=_|'t(2|antsec2 t)dt.

Integrating by parts taking 2 tan t sec? t as the second function,
we have

[=ttan?t~ [1.tan tdt = ttan? t - f(sec? t=1)dt
=ttan’t- [sec? tdt+ [dr
=ttan?t—tant+t=t(tan’ t+1)-tant
=(x+1)tan"! Vx - Vx. |

-1
Cos "X
——dx.

(ii) Let 1= =

Putcos' x =t
ie,X=cost,
so that dx = — sin t dt.

- (-sint)dt

Then | =J (:0:3

= —-jt tant sec” tdt.

Integrating by parts taking tan t sec’t as the second function,
we have

= —f Lian2 Lian?
I= t(ztan t)+jl 2tan tdt

=—t¢ tan? t+%j(sec2 t-1)dt

2
1, g, ] 1
= Ettan t+2tar|t 21
1 N P PR I
—Et(l+tan t)+itant—-—2—tsec tytant.
X

But if cos t = x, then tant =

(1-x)°
Icos“x_'_l X
2 xg ZJ[I—XI)‘

-1
(iii) Let 1= [ 20 X gy,
(1+x)

CI=-
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! 1
The integral of (1 +x}2 is “m. So integrating by parts

1
taking ( +x)2 as the second function, we have

1= (tan*lx)(l+x) -[(l+x2] (1‘“‘)
__tan”'x
TTax I(l+x)(l+x )dx
1 __A +Bx+C
Now let (I+x)(l+x2) I+x  14x2

Then 1= A (1 +x%) + (Bx + C) (1 + x) (1)
Putting x = — 1 on both sides of (1), we have

1=2A ie, A=%.

Putting A =-- in (1), we have

I=E(I+X')+(Bx+c)(l+x) -(2)

Equating the coefficients of x? and constant terms on both sides
of (2), we get

1 1
—5+B,I—E+C.
These give B=—% and C=

1
_] —
= tan"x 2_,
. 1+x I+Xx

2 |g4x

- Ml-—- b —

X+
2

tan-' x 3 (2x)
T TT+x +f-[l+x 2J +5 1+x2

_ tan"x 1 2 ‘1_ -1
i +210g(|+x) Iog(l+x )+2£an X
(l+x)

_(1_1
_,(2 TTx )tan x+ log(sz)
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Example 29:
Evaluate the following integrals:

() J' sinx

sin(x— a)

T3 1 d
(i) Js.in(x— a) sin(x-p)’

Solution:
(i) Let 1= I

sinx
sin(x — n)
Putx —a=t,
so that dx = dt.

- Then[=J'5m(0~'f’t) =J-smacost+cosusmt

- : dt
sint sint

= sinaI%dt + cosajdt

=sinalogsint+tcosa
= sin a log sin (x — o) + (x — a) cos a
= x cos a + sin a log sin (x — a),
because the constant term — o cos o may be added to the
constant of integration c.

Lo l=j dx
(ii) Let sin(x ~a)sin(x - B)

_ J[sin{('x-B)«-(x-a)}].[usin(u _p)]

sin(x —a)sin(x—B)

(Note)

_ sin{x —B)cos(x —a) - cos(x —B)sin(x —a.) d
‘sin(a-ﬁ)j sin(x—a)sin(x - B) X
_ cos(x—a) cos(x — [3)
-cnsec(u—[i)[j sin(x—a)dx J-s.m(x B) :I
= cosec (a — B) [log sin (x — a) — log St_n x-B)

sin(x -a)

=cosec(o —B)log

sin(x-pB) -
Example 30:
Evaluate the following integrals:
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o || a
' J’ dx
() J{s;'n'*x sin(x+a)} -

Solution:
o 1= [
=I sin(x-a)
Jsin(x +a) +sin(x-a)} *
multiplying the numerator and denominator by Jm
=J- sinX cosa —cosX sina dx
J{sin(x +a)sin(x - a)}
sinX cosa €OSX sino
N I J{sin(x+a)sin(x - a)} dx —I J{sin(x +a)sin(x - a)} ax
___J- sinx cosa dx—j cosX sina
J(casla—cos’ x) J(sin" x —sin? a)
[ sin (A + B) sin (A — B) = sin* A — sin* B = cos? B — cos?A]

In the first integral put cos x = t so that — sin x dx = dt and
in the second integral put sin x = z so that cos x dx = dz.

Then | = cosaj —dt smaj
,’ cos’ a—1?) J zz —sin?

t ) ' ) ( z ]
—-sina cosh™ | ——
cosq. sina

= cos a cos™ (cos x sex a) - sin o cosh”! (sin x cosec o).
(ii) The given integral

=CO0S0 COS™ [

=J' dx

,J{sin3 x(sinx coso +cosx sina)}
=J dx
J{sin“ x(cosa +cotx sinu)}

=J dx =J cosec“xdx
sin? xf(cosa +cotx sina) 7 f{cosa +cotx sina)
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=- .l J(cosot +cotx sina)'m(—sina coseczx)dx
sina ’

adjusting suitably to apply the power formula

1 (cosa +cotx sina)m

=-na ) , power formula

12
cosx ) .
= -2coseca { cosat +| —— | sina
' o sinx

= -2coseca {M} |

sinx

Example 31:

Evaluate the following integrals:

I(sme cose
(sin 29)
sinx —cosx)dx
i) | ( ) —
(sinx+cosx) .J(sinx cosX +sin“x cos x)

Solution:

() Let 1= J-(sme cosB)

J(5in20)
J- (sin6 - cosB) "
1’ 1+5sin20 - (Note)

=j (smB—cosG)dB
J{(sinz 6+ cos? 0 +2sin cos6)— l}
(sin® - cos0)do
J{(sin9+ c.:t:si))2 - 1} .

Putsin® +cos =1,
so that (cos 8 — sin 6) d© = dt.

= —J-—ﬁ-—- ~cos

h~! t = —cosh™!(sinB + cosH).
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(sinx —cosx)dx

(ii)Leu:j -

(sinx +cosx) J(sin X cosx +sin” x cos’ x)

(sinx —cosx) (sinx + cosx)dx

(sinx +cosx)’ ‘%J(‘lsin x cosx +4sin’ x cos? ) (Note)

_ ~2(cos? x sin? x)dx
B (sin? x +cos® x +2sinx cosx) ,J{(l +4sinx cosx +4sin xcos® x)— 1}
_ -2cos 2xdx '

(l+sin2x)J{(l+sin2x)2 —1} .
Put 1 +sin 2x =1,
so that 2 cos 2x dx = dt.

dt - 4 -l .
Then I=-|——===cosec™'t =cosec™' (1 +sin2x),
j t1f t2-1)
Example 32:
Evaluate the integrals:
w4  sin28
i ——df
o J; sin? @+ cos’@
. I-cos@
(ii) JJ{MG{!+COJ€) (2+cm@} do.
Solution:
(i) Let
_J-ﬂ sin20d6 _j-w-"-‘ 2sin® cosb
0 sin'@+cos®® 0 sin®G+cos?H
_ J-m 2tan0 sec’ 6dO
°©  l+tante
dividing the numerator and denominator by cos* 6.
Puttan’ 0 =1,
so that 2 tan 6 sec? 6 d6 = dt.
When 6 = 0,

t=tan’? 0 =0
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=tan' I-tan”' =%-0=-}.
(ii) Multiplying the numerator and denominator by J(I-H:TB) , the
given integral
_‘[ V{(1-cos8) (1+cos6)}
(1+cos 8) {cosB(2 +cosB)}
_ sin6do
- ‘[(l + COSB),J(COSZ 6+2cos0)
_J- sinB8do _
B (1+cosB) J{(l + 0058)2 - 1} :

Now put 1 +cos 6 =1t,
so that — sin 6 d6 = dt.
dt

tJ(t?-1)

2
= cosec”' t = cosec™! (1 + cos B) = cosec™! (2005 -2-).

(Note)
Then I= —J

Example 33:

2
Evaluate Jln sin

Solution:
Let y = cos x + i sin x. Then y™' = cos x - i sin x.
We have (y + y'') =2 cos x and (y — y'") = 2i sin x.
S Risinx) QcosxP=(y-y")(y+y")
or 2% sin* x cos® x

= ‘_4 3'-l.|.6 2-L_4 -L+L [ +l)( +l)
[y Yoyt e |y J Uty

¥ cos’x dx.
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=[{y*-4 2+6—i+L ( +l) { l}
[[y y gy |CAs |2
=|yS-aydeays 231 ( +l)
[y Ya2yrioorros vty
2
_4

=y*-2y*-y +4—L—

. 64 sinf x m[ ] [y +_]_[yz+y%]+4

=2 cos 6x — 2.2 cos 4x — 2 cos 2x + 4.

n2
- Io sin? xcos? xdx

1 (2
= ﬁju [cos6x —2cosdx — cos2x +2]dx

1 |sin6x sindx sin2x "2 non
=— - - +2X| = 2i—m=——,
32L 6 4 2 32 2 32
Example 34:
If m and n are integers, prove that

T . 2'!
J' cosmx sinnx dx = or 0 according as (n — m) is odd or
0 " —m?

even.

Solution:

The given integral = %I:Z cosmx sinnxdx

= %J‘:Z sinnx cosmx dx

= .;_J':[sin(m +n)x+sin(n—-m)x]dx, by trigonometry

1[cos(m+n)x cos(n-m)x]" )
="3 men  n-m yifn-m#0ie,iffn#m
1]

l (_l)m+n (_l)n-m ] l
__5[{ m+in  n-m }_{m+n+n—m}]‘

[ cos rn=(-1)]
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Casé 1: n — m is odd.

When n — m is odd, n + m is also odd because we can write
n+m=(n-m)+ 2m.

o In this case (- )" *"= (- """ = -],

Hence in this case the given integral

__l[ 1_1_1_1]= 2n
2l m+n n-m m+n n-mj] p2_mpm?°
Case 2: n — m is even.

If (n — m) is even, then n + m is also ever.

SNCE ) ALEYCE ) AL ESH

Then the given integral

I[ 1 1 1 1 ]
== = - - =0’
2 m+n n-m m+n n-m
Now if n = m, then n — m = 0 which is even. Also in this case the
given integral

LA _1gx
—2_[0 2sin mxcosmxdx—_vi— 0s.m2mxdx

=-I-[——-1—~c052mx i
2] 2m o

= ﬂzl-"—.[coﬂmn -cos0] = —4—]“;(1 -1)=0.
Hence the result follows.

Example 35:
‘Iif m and n are integers, show that

j:s:'nmx. sinnxdx=0 if m = n and =-§ ifm=n.

Solution:
The given integral

=1 (™ sinmx.sinnxd
—EIO_ SInmXx.sinnx ax

= % : [cos(m—n)x - cos(m + n)x]dx
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_l sin(m-n)x _sin(m+n)x
"2 m-n m+n

n
]. ifm-n20ie,ifm=n
0

1
=‘2"[[0"0)-(0—0)]_=0, [~ sin m = 0].
Now when m = n, the given integral

T .3
=J-0 sin- nxdx

i n
Y TR

2n j,

1 1
=§[(n—o)—(o—0)] =5
Example 36:
w4
Evaluate Ia cos3x cosSxdx.
Solution:
R 1 pnid
The given integral = f-[u 2cos3x cosSxdx
1

A
Io (cos8x +cos2x)dx

[ sin8x . sin2x T
8 2

0

1
N sin21'c_|_sm‘;;’ﬂ sin0 sin0
T2 8 2 8 2
IR
“212]) 4
Example 37:

Evaluate jcosx cos2x cos3xdx,

Solution:

The given integral =—;— cosx.(2cos2x cos3x)dx
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= %Icos X(cos5x + cosx)dx

=1 1 f2c0s2

=3 I2cosx cosSxdx + 7 _’2005 xdx

= lj(cosﬁx +cos4x)dx +1I(l +cos2x)dx
4 4 '

=%Jcoséxdx+4Icos4xd:c+—jm52xdx+4jdx

1, sin6x +l sin4x +l sin2x -_'_l.x
4 6 4 - 4 "4 2 4

HIf1Y . 1. 1.
_I[[E)-sm6x+zsm4x+Esm2x+x],

Example 38:

!
Integrate G+4cosx)’
Solution:

dx
We have I5+4cosx

dx
I (c()s2 lyisinz) )+4(cus L smzlx) (Note)
2 2 2
dx secz-%xdx
- Il H Zl = 21 .
9cos’ 2x+s.m| 2x 9 +tan zx

dividing the numerator and the denominator by cos’%x.

Now putting ta.n%x =t

1 51 _
so that 75ec 2xdx-dt,

the required integral = 2J oic

=2 an 1 8) 2 Zian-( Lian Ll
=2 3tan (3)—3tan (Btanzx),
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Example 39:
o2 dx
Evaluate -[o St dcosx-
Solution:

Proceeding as in part (a), we get

w2 dx 1 dt
o S+dcosx Iog,ﬂz [lehalwmlfﬁo,t=tan0=0

and when x = n/2, t = tan 1/4n = 1]

Example 40:

©2  dx
Evaluate _L Fi5cox:
Solution:

w2 dx
We have [_Io 4 +5cosX

=rf2 dx
0 21 -zl] [ 21 g2l (Note)
4[005 2x+sm 2x +5| cos 2x sin 2x
21
J,m dx B a7 5€C Exdx
Lo g2l Jo g 2l
2x sin 2x 9 —tan 2x
Now put tan%x=t
1 a1 _
so that Esec —Z—xdx-dt.

Alsot=0whenx =0

1
9cos?

andt=lwhenx=%.

1 2dt 1 3+t
I'-J'u9~—t2 =2 ﬁ[IOgS—t]o
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3+1 3+01_1
..3[1033 i Igﬁ]—SlogZ,
Example 41:
1
Integrate m
Solution:
dx dx
We have I3+2cosx —'I'Scoszal-x-}sm 21y
2 2
21
sec” —xdx
=.[ 2 1 =2J. dtz
5+m25x S5+t°»
putting tan%x=t
1 51
so that Esec 2xclx dt
1 _1[ t ) 2 _[[ 1 1 )
=2-—=tan —tan™'| —=tan=X
5 5 52 )
Example 42:
!
Integrate m
Solution:
21
[y [
2+cosx 3c052-l-x+sin21x 3+tan? = I (Note)
2 2 2*
=2
Jl3+t2 ’
putting tan%x=t
so that —;-seczéxdx dt
1 t

2 11
=2--———tan"—-=—tan"'(—tan— )
NE] 3 43 3 ngx)-
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Example 43:
x dé
Prove that 0 5+ 3cos0 4
Solution:

®  do
We have 1= '

2l

2

=.[: do
2lg, 21 2 lg g
S[cos 29+sm 29)+3(cns 29 sin
1
_J': do 1 ,,secziﬁdﬁ
080052294-25&12%9 270 44 tan
Now put tan-;-9=t
1,21 -
so that 5 sec 29d6-dt.
Also when 6 = 0,
t=tan 6 =0,
and when 0 = m,
l=tan%1t=w.

_edt 1 a1’
N 2‘]0

= Lian-! S L Y .
_E[tan 2 - tan 0]-2[2 0]~4,

Example 44:

2 46
Evaluate L T+ 2c0s 0
Solution:

L (]
We have I_-[0 1+2cos0

n2 -de

2

)

(i} 21 .2l a1 .
(cos 2—9+sm é6]+2[cos -2-9—sm

21

2

o)

41
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1
J_m,z o B J,,DQ sec? 00
o 2lg_calg Joo o o 214
3cos 28 sin 28 3—tan 29
Now put tan%ﬁ:t

! sec2 Lodo =
so that isec zedﬁ-dt.
Alsot = 0 when 6 =0

andt=1
1
when B—Em
1 dt
"I_st-F
J§+1y 1 43+1}
=2-—=!lo =—=|lo ~logl
r[ g(r t) |- 3L o)
;log[ﬁﬂ =g (BN (S3+1)
BB N
1 4+243] 1
_ L L log(2+43
o S5 |- stz )
Example 45:
=2 de
Evaluate L T+acosx 0<a<l
Solution:
Do your self
Example 46:
d
Prove that j: ﬁ.}?} = coseca log(seca).
Solution:
dé
Let I_jc059+cosﬁ

do

cosu(c053 lB +sin? 18] + (c(}s2 lB -sin? =

27 2

1
2

)
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do

(1+cosa) cos? %9 —(1-cosa)sin? %9

21
i sec iﬁdﬁ

B 1—GOSGI{(l+cosa)}_ ) 1

(1-cosu) an 59 .

2cos? 1
1+cosa _ =08 Eu—colzla
NO“’I—cosa_z.zl - 27,
s5IN° o

2

21
I sec -2—Bd9

L2l I SR 3 PN
2sin 2u cot 2(1 tan 20

Therefore | =
Now putting tan %9 =t
So that 5sec? 26d0 =dt, we get

.1 2dt 1 dt
! e

Y 5 1 1

2sin za” cot? za~t7  sin? ~a cotziu—

2 2 2

1 1 cot - o+t
= T log
sin?

1 2
Ea 2cot‘—2-{x cotiu—t

1 |
1 cotiuﬂan;)-ﬁ
= log|

2sin—-uccs-,;a cot = o — tan

1
2 2 2"

1 1 L o
cos= o cos§-9+51n-20( sin §-9

COS=-0. COS ]—9 sin lu sinle
2 2 2 2

=coseca log

cos%{u-e)
= cosec a.log —'i-——
cos(a+8) |’

43

(Note)
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. o . " J’“ de
Hence the given definite integral b cosq +cosD
I o
cosi(a—e ;
=coseca| log—=———
1 p
COSE(G-I'B);
0
= coseca[lo —l—)— I.ogl]
cosa
= cosec o log sec a.
Example 47:
Prove that ja-—ﬂ-—dx— =Z coseca
€ o |-cosacosx 2 :
Solution:
o dx
We have [_Jo 1—cosa cosx
= j“ dx
0 (cos2 Lyesin?l )—cosa(cosz 1y —sin? 1::)
2 27, 2 2
- dx
% (1-cosa)cos? %JH-(] +cosa)sin’ %x
_ 1 J.u sec? %xdx
(1+cosa)do [(1-cosa) a1
-+ lan” o X
(1+cosa) 2

21
o sec Exdx

ol

o tan

| —

2cos

Now put tan-zl—x=t

151
so that isec > xdx

i +t 2_!_.'
-2a.an 2)&

=dt.

Whenx=0,t=tan0 =10

1
and when x = o, t=tan-o.

2
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1
1 I“‘“”i“ 24t

1=
' 1.7% 21 .2
2c0522u tan o+t

_lIm%ﬂdi

21 Jo m2%u+t2

1 1 n
S— len-0]=
1 | 4 | 1
cos-a sinzo 2. 2cosicx smiu

cosa cosx+]

Evaluate I cosa+cosx

Solution:
€OSTL €OSX +(c052 a +sin? u) ‘
x
COSQ + COSX

Given integral = j' (Note)

dx
COSC + COSX

B J-(cosa +CcosX)cosa

d a2

(cosa +cosx) xrsim uI
' 1
2
1

2

cos
o coseca log
cos

) (a-x)

= X COS® +in from Ex. 32 (a)

(a+x)’
1
2
can{on)'

cos=(a - x)

=X cosa+Sina log
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Example 49:
= dx _ =z )
Prove that ), I—2acoscta’ I1-a2 o 2 =7 according as a
<or=>|l
Solution:
1=r_di‘__
We have 0 |-2a cosx+a’
n dx

0 (l +32) (r:os2 %x +sin? %x)— 2:1((:1::52 -;—x sin? %x)

_ r dx

% (1-a)? cos? -l-x+(l +a)’ sin? %x

sec[ de
(1+a)2I {(: a)} m;l

(1+a)

_ 2
(1+a)’ Jﬂ {(_]_‘_“}.}3 2

(1+a)
. 1
putting tan Ex =t

| 1
so that Esecz Fxdx=dt
-2 |(+a) .'*‘_a]m
n+a)2[(1—a)“"‘ (‘ I—a]0

- (2]

RY
:—az

2 [] ] n
= -—-‘n—o =
1-a2l2 1-a%"

[lan"w—!an“' 0], ifa<1 [ a<lmeans]-ais+ive)
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Ifa>1, thenI= 2 tan"(t-kﬁ) i
B 1-a2 -a)],

..232 [tan" (=) -tan! 0] [ a> 1 means 1 — a is — ive]

2 1 n
= —~1‘t-0 =
l—all: 2 ] aZ-1"

Example 50:
w2 dx
Evaluate '[‘? a’cos’x+b’sin’x’
Solution:
We have
1= [* dx _ J-m? sec? xdx
0 aZcos’x+b%sin’x 70 a?+b’tan’x’

dividing the numerator and the denominator by cos? x.
Now put b tan x =t
so that b sec? x dx = dt.

When x=%u, t=btan%n=ao

and when x =0, t=Db tan 0 = 0.

Cpedprde 1 Af ]’
o bﬂaz.}.tz_ba a |,

= an'o—tan-'0]= L[ E_o|=_"
= gplan ' = -tan”'0] ab[z 0] 7ab-
Example 51:

sin2x dx

Evaluate ‘[(a+bcosx)2 .

Solution:
We have | =j sin2xdx _ZJ‘ sinx cosxdx

(a+1;u:cusx)2 B (a+ bcosx)e‘
Now puta+bcosx =t

so that — b sin x dx = dt.

(t-a)

Also cos x = 5
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) t bz -t_zh—tz
o2l a2 a
= I[t tz]dt~ = [logt+t]
=—2 log(a+b003x)+;
b2 a+bcosx |
Example 52:
cosx
Evaluate | g ooz &
Solution:
I cosxdx 1 b cosxdx
We have ) 25 Cosx ~ b J a+b cosx (Note)
a+bcosx- 3 ix
bI (a+bcosx) b.[( a+bt:t:nes'.x)dx
d_agp_ 1
" b bJa+bcosx
Example 53:
dx
Evalua!ej 1+ 3sin’x"
Solution:
We have II+3sm X I(sm X +COS x)+35m X (Note)

_ J' dx _ I sec? xdx
4sin?x+cos?x 7 d4tan?x+1’
dividing the numerator and the denominator by cos?

_lp dt .
—Ejm, putting 2 tan x =t

so that 2 sec? x dx = dt

- %-tan'](l) = -;-tan" (2tanx).

Example 54:

Evaluate _[ a>b

a? —-b2cos’x’
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Solution:
dx

We have JW

j- 2 sm X + COS x) b2 cos? x (Note)
=J dx ='LI sec? xdx

{ bz)m2x+a sin? 2 (a —bz)

a?

A da

a"[ (az_bz) ) .

—— +1%, putting tan X = t so that sec? x dx = dt

.
_;m_.{mx,;]
a {az-—bz) (ag-bz]_ :

Example 55:
Evaluate I T+ cosix
Solution:
2
sec” xdx
Wehave_[l cos?x Jsec?x+1’

dividing the numerator and the denominator by cos? x
=J' sec? xdx _ _ r sec? xdx
l+tan®x+1 7 2+tan’x
_[ d
e
putting tan x =t
so that sec? x dx = dt

- 7o () ()
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Example 56:

Evaluate I

Solution:

a+bcoshx

Use cosh x = f:()'.v.hz—;—x+sinh2 %x and

cosh? %‘x-sinh2 %x =1. Discuss both the cases i.e., whena<band
when a > b.

Here we get J m

- J@=bytanh x - [la+b)
J(aZ_bl] m)‘m%x_'_m ,whena>b
2 - b- 1
or (b2 _az)m ]{ (b_i)m?(}, when a < b.

Example 57:

22 dx
Evaluate _[

0 S+4sinx’
Solution:
J"ﬂ dx
We have }, 535inx
_‘l""z dx
% 5(cos? Lxssin? L inx cosL
5(::05 5 X +sin 2x)+4.25m2xcoszx
Jm sccz%xdx .
(1} %x+5tan2 %x’ dividing Nr. and Dr. by cos FX

5+8tan

J‘l 2dt

_ . 1 ) o
B = he limit
05+8t+5t2° [putllngtanzx t and changing the limi s]

2dt _I! 2dt

-k FEr
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02t2 +5t+2

_Ip de Y (-
"2 0(2 5 )—20 52 9
t+=>t+1 2l - =
2 (”4) i6

51

a7
t+=
_2 5. - ( 5) __2_ -1 5t+4
] ki B T f k1 K
L 5 o -
_E- -1 -14
»-3_ 3—-tan ]
- Example 58:
w2 dx
Evaluate Ia T+ Ssinx:
Solution:
n2  dx
We have 1= o 4+5sinx
n2 dx
_Jo 4(coszlx+sin2li+525inlxcos~]~x
2 2 ’ 2 2
__l_r"? dx
T2h e e T
2cos 2x+55m2c052x+25m 2x
.ljm secz%xdx .
_— L) 2-_
2Jo 2+5m%x+2m2%x dividing Nr. and Dr. by cos 7 X
Nowputtan%x:l
so that -:li-set:z%xdxzdl. When x = 0,
t=tan 0 =0,
n
when x = =3
1 _
t—ta.ﬂa-'."[—l



52

dx

Evaluate | 3 gnx+ dcosx:

Solution:

Text Book of Integral Calculus

dx

Given integral = —

2 2

=I i

3-2sinsx ms—x+4(cos2 %x—sin2 lx)

2

21
sec 2xdx

4 +6tan = x - 4tan?

2

Ix
2

dividing the Nr. and the Dr. by cos’%x

=IL
2+3t-2t2°




Integration of Trigonometric Functions 53

1
142t 1 I+2tan=x

—log =-log 2
5°4-2t 5§ 4—2:an%x'
Example 60:
dx
Evaluate | 5o Tocosx-
Solution:
The given integral
- dx
525in-1-xcoslx+12 cos? lx—sinzlx)
) 2 2 2 2
21
__l_I Sec “"'xdx l dt
12 5 1 2l 6 5. 2
1+6m2x tan 2 l+6t t
putting tan%x=t so that %Secz%xd)t:dt
()
1 dt bt 12 12
N Frae il 5 3“’313 ( )
A [ t——=
144 ( 12) 12

1
L iog g[2+31)}= 1ogl 2| 272122
13 313-2t 13 3 3—2tan%x
Example 61:
) & ]
Show that Io I+2sinx+cosx 5308’3‘
Solution:
. . 2 dx
The given intcgral I_Io (1+cosx) +2sinx
J-rr."l dx
=l

1 1
2cos? 5x+4sm 3 xc052 X
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wn  Ssec’ %xdx

— e zl
(] 2(I+2m%x),dmdmg the Nr. and the Dr. by cos 5%

i

dt . X
= 0T+_2l‘ putting tani—t

Too2X, _
so that 2sec 2:.{x-dt

1 11 1
= 5[]03(] +2t)], = 5(log3~log )= 5log3.

Example 62:
3sinx +4cosx
Evaluate Im
Solution:

Here we put
Numerator = A. (deno.) + B. (diff. coeff. of deno.)

ie,3sinx +4cosx=A (sin x + cos X) + B (cos X — sin x).

Equating the coefficients of sin x and cos x on both sides, we have

3=A-Band4=A+B; '

7

whence A= 3

and B= 1

2

~. the given integral

(smx+c05x)+ (cosx -sinx)

j2 dx

sinx + cosx

cosx—sinx . 7 1 .
2jd Is:nx+cosxd "2"+2|°g(smx+cosx}_
Example 63:
sinx+2cosx
Evaluate Im

Solution:

Here we put
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(sin x + 2 cos x) = A (2 sin x + cos x) + B (2 cos x — sin x).
Equating the coefficients of sin x and cos x on both the sides,
we have 1 =2A - B
and 2=A+2B;

whence A=%
_3
and =3

-. the given integral

%(2 sinx +cosx) + %{2 cosX —sinx)

f . x
2sinx + cosx
3 ¢ (2cosx —sin x) 4 3 .
dex j Tsinxscosx X -5-x+glog(2smx+cosx).
Example 64:
(2cosx - sinx)
—idr
Evaluate J 2sinx+cosx
Solution:
Here we put

2sinx+3cosx=A(3sinx+4cosx)+ B (3 cos x -~ 4 sin x).

Equating the coefficients of sin x and cos x on both the sides,
we have

2=3A-4B
and 3= 4A + 3B;
whence A= E
1
and B-f'

*. the given integral

(35|nx+4cosx)+ (3cosx-4sinx)
_j 25 dx

3smx+4cosx

Id 3cosx—4sinx
25 3sinx +4cosx

]8 1
=35X+33 =—<log(3sinx + 4 cosx).
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Example 65:
T dx T
Show that o 3+2sinx+cosx =7

Solution:
The given integral
= J' . dx
0 3(0052 %x +sin? %x)+2(2;in%x oos%x)+(cosz %x—sin2 %x]
2l

© 4cos? Lx+2sin? Lx+4sinLx cost
4cos 2x+2sm 2x+4sm2xcoszx

a1
o sec (—ijdx

0 21 10
4+2tan 2x+4ta.n2x

dividing the Nr. and the Dr. by cos? %x

1oec2l
_f 5 5ec zxdx
% tan? g-x+2mn§‘—x+2

putting tan—l—x =t and changing the limits

0 t2+2t+2° 2

o0 d _ o
=jﬂ m:[tm ](l+])]0

Example 66:

Evaluate ,[ 17 cosx—6sinx
3sinx+4cosx

Solution:
Do your self.
The given integral = 2x + 3 log (3 sin x + 4 cos x).

Example 67:

J- cosxdx
Evaluate | 5 G 3eosx
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Solution:
Here we put
Numerator = A.(deno.) + B. (diff. coeff. of deno.)
ie,cos =A (2sinx+ 3 cos x)+ B (2 cos x — 3 sin x).

Equating the coefficients of sin x and cos x on both the sides,
we have '

0=2A-3Band | =3A + 2B;
2
13 13
.. the given integral

whence A=i and B=

3, 2 -
=J,T2~(251nx +3cosx)+ E(2cosx - 3sinx)
2sinx +3cosx

3 2 ¢2cosx~-3sinx
Idx*ﬁ 2sinX +3c0sx *

=—-—x+-%log(25inx+3cosx).

Example 68:

cosxdx

Evaluate 3cosx+4sinx”

Solution:
Do your self.
4

. . 3 .
The given integral = 55X+ -Z—SIog(3cosx+4sm X).

Example 69:
3+4sinx+2cosx

Evaluate | 33500 cos

Solution:
Here we put )
Numerator = A. (deno.) + B. (diff. coeff. of deno.) + C.
Thus let 3 + 4 sin x + 2 cos X
=A(3+2sinx+cos x)+ B. (2 cos x-sinx)+C. (1)

Equating the coefficients of sin x, cos x and constant terms on both
sides, we have 4 =2A - B, = A + 2B, and 3 = C + 3A.
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Solving these equations, we have
A=2,B=0and C=-3,

. the given integral
_IZ(3+2sinx+cosx)dx_ 3dx
B 3+2sinX +cosx 3+2sinX+cosx
= [2dx
3dx
3( cos? L x +sin? lx)-l»dsin—l-:v( costx-+cost Lx—sin2dx
2 2 2 2 2 2
=2jdx- 3dx
4cos? Lx+4sindx cosd x+2sin2 L x
2 2 2 2
21
3sec 2xdx

=2x'j i i
4 +4tan=x+2tan? =x

2 2

lsec: =xdx

=2x- 3I 2

1 21
2+2tan2x+tan 2

dt
=2x-3| ———
Jt2+2t+2’

putting tan -%—x =t

121
so that ~2—sec —2—x dx =dt

=2x—3j-J¥r——=2x—3tMFWt+U
(t+1)" +1
=2x-3wn4[1+mn%x)

Example 70:
SinX +cosx
Isinx+4cosx+1

L

Evaluate
Solution:
letsinx+cosx=A3sinx+4dcosx+1)
+B(3cosx—-4sinx)+C



Integration of Trigonemetric Functions 59

Equating the coefficients of sin X, cos x and constant terms on both
sides, we have

1 =3A -4B,
1 =4A + 3B,
and 0=A+C,

. 7
Solving, we have A = 2—5,
1

B=-35

and C=-A=-

wﬂ

B Idx 3cosx —-4sinx "
. the given integral = 25 25) 3sinx+4cosx +1

SR R S
25J) 3sinx +4cosx+1

_T 7
25x 55 Iog(3smx+4cusx+l) 25 (Note)
h I= ....____dx—
where 3sinx+4cosx+1
_ dx
21 1 1 21 (Note)
5cos 2x+65m2x c052 X - 3sin? 3 X
|
sec? —2—xdx 24t

5+6!an%x—3tan2%x I5+6t-3‘2'

putting tan%x =t

2l
so that 2sec 2xdx_dt
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Example 71:
j 2+3cosx
Evaluate | o S cosx+ 3
Solution:
Do yourself.

6 ¢+ log(si _8 —ll( 1
AnRs. §x+§log(smx+2cosx+3) 5tan {3 1+tan2x)}

Example 72:
Evaluate jcos2x log(1+ tanx)dx.

Solution:
Integrating by parts taking cos 2x as the 2nd function, the given
integral

sin2x sec?x sin2x

= {log(1+ tanx)} 5 dx

“JT+tanx 2
1. sinx
=—sin2x log(l + tanx) - | —mm8
2sm x log( nx) Jsmx+cosx
J' sinxdx
Now sinX +cosx

_ 1 (sinx +€0sX) —(cosx — sinx)
_EI sinX + CoSX dx, (Note)

1 COSX —sinXx
T2 sin X +cosx

Hence the given integral

] X =%Ix ~ log (sin x + cos x}].

1 . 1 .
= 5sin2x log(1+ tanx) - E[x - log(sinx +cosx)].

Example 73:
T dx T
Show that 0 37 7sincscosx - 4
Solution:
The given integral
= I % dx

0 21, sin2d indx cosl 2l sin2l
3((:05 2x+s.m| 2x)+2(2sm2xcoszx)+(cos 2x sin 2x)
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_[" dx
“Jo 21 5 1 1 ]
4cos? 2x+25|r1 5x+4sm2xc052x

i J'" secz(lix]dx

0 21 1
4 +2tan 2x+4lat12x

dividing the Nr. and the Dr. by cos®

7%
151
=J_,‘ 5 Sec 3 xdx
® tan? Lx+2tntx+2
2 2
=J”L putting mnlx =1t and changing the limits
02 42t42’ 2
o dt 1
=| ———=ltan"'(t+1)
0 (t+1)% +1 { ]
=tanoo—tan 1+ E_T_T
=tan" o—tan"' 1+ 337
Example 74:
sinx
Evaluate I sinx +cosx
Solution:
Do your self. Ans. —[x log(sin x + cosx)].
Example 75:

1
Evaluate _[ Triom=dx
Solution:

The given integral I= J de
(cosx)

‘_‘I COsX dx
(cosx +sinx)

1 j-(cosx+sm X) +(cosx - smx)
B cOsX +Sinx
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COSX —si

j[l + X Smledx
sinX +cosX

= =[x +log(sinx +cosx)].

| =

u{-—-

Example 76:
Evaluate j { a el
Solution:

Let hl:*(‘/_aT—xz)'

Put x = a sin 6,
so that dx = a cos 6 do.

acosBdo cos@

Then l=Jlasir19+at:059 = sinﬁ+c¢:~sﬂde

=%[9+Iog(sin9+cosﬁ)], proceeding as in above ex.

= %9 + ;—Iog[sinﬁ +J(1-sin’ B)]

= —sm" X —]ug[x-f,} a? -x? ] the constant term —%loga

may be added to the constant of integration c.

Example 77:
Integrate cos’® x.

Solution:
= . 2
jcos’ xdx = Jcos" xcosxdx = j[l —sin? x) cosxdx

712 . .
=J-(I—t'] dr, [putting sin x = t so that cos x dx = dt]
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(1212 o \r =y _ 243, 1,5
= [(1-202 +1*)dt =t TP+t
2 -

J-t:c:;s5 xdx = sinx—%sin3 X+gsinx.

. .5 2 3 | 5

Similarly, Ism xdx=-cosx+§cos X— 5008 X.
Example 78:

Integrate sin” x.
Solution:

Jsin:J xdx = J‘sin"‘l x.sinxdx = J(l - cos? x]s.sinxdx

© a3
=~J(l~t2) dt, [putting cos x =t so that — sin x dx = dt]

B —J{l-:’at2 +3t4—t8)dt=—t+1> - %ts +%t"' .

3, 3 s, .1 7

", Isin?xdx=~cosx+cos X—=c0S" X+ =cos’ X.

5 7

Example 79:

Integrate cos’ x.
Solution:

!cos"' xdx = J'::os“j x.cosxdx = _[(I —sin? x}3 cosxdx

3

=I[l—t_z) dt, [putting sin x = t so that cos x dx = dt]

(=342 — 314 — 16\t =13 2 3¢5 _ 147

= [(1-3t2-3t* - t®)dt = -t +5t’ -t

einy —cind v s SeinSy_ Lo 7

=sinx - sin’ x + Tsin’ x - Zsin’ x.
Example 80:

Integrate cos’ x.

Solution:

2
We have cos* x = (cos? X)* = {-};(l-l—cosflx)}

(1+cos2x)’ = %(l +2c0s2x + cos” 2x)

-
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1+2cos2x + %(I + cos4x)]

oe|-— .nl-

= =[3+4cos2x +cos4x].

: jcos“ xdx = %“?rdx +4 Jcostdx + Icos4xdx]

[Bx +4- —sm2x+~;1‘~sm4x]

oo|u m]-—-

1 1 .
+a-sm2x+ 3251n4x.

Example 81:

i
Evaluate —[o sinxdx.
Solution:

2
We have sin? x = (sin? x)? = [%(1 —cost)]
= %[I —2¢0s2X +cos> 2x]
1 1
—I[l—2c052x+5(l+cos4x)]
= %[3—4coszx+cos4x].

B PR L L
.Jﬂ sin m:lx—-sj0 [3-4cos2x +cosdx]dx

1[5 _4sin2x+sin4x w4
3172 TTa

1 x, 1 _lga
E[{S 2§m2+4smn} ]—32[31: 8],



REDUCTION FORMULAE

(Trigonometric Functions)

P —
———

2.0. INTRODUCTION

A reduction formula is a formula which connects an integral, which
cannot otherwise be evaluated, with another integral of the same type
but of lower degree. It is generally obtained by applying the rule of
integration by parts.

2.1. REDUCTION FORMULAE FOR
jsin."xdx and Icos"xdx, n being a +ive integer
(a) Let I, = Isin“ xdx or I, = Isin““ x sinxdx. (Note)
Integrating by parts regarding sin x as the 2nd function, we have
-1; = sin"~ ! x.(- cos x) — J(n—l) sin"2 x.cosx.(~cosx)dx
=~sin""! x.cosx +(n- l)_[sin“‘2 x.cos® xdx
= —sin"! x.cosx +(n - l)_llsin"‘2 x.(1-sin? x)dx (Note)
=—sin"! x.cosx +(n- l)_fsin“”2 xdx—(n— l)Isin“ xdx
= —sin""' x.cosx +(n- l)_[sin""2 xdx-(n-1)I,.

Transposing the last term to the left, we have
L(d+n-1)=-sin"'xcosx+@m-1)1_,

[ lp-o = Isin"'z xdx]
ornl =-sin"!'xcosx+(n-1)1 ,
. n-1
sin" ' xcosx n-1
or Iy = -+ 21, 5.
n-1
n

jsin"xdx= —i—sin""x.msx+ J-siu"‘zxdx.
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(b) Let I, = _[cos“ xdx or I, = J'cos““x.cosxdx.
Integrating by parts regarding cos x as the 2nd ﬁmction, we have

n=2

= cos” ~'x.sin x - J(n— 1)cos" ™~ x.(sinx). smxdx

=cos™ ! x.sinx +(n+ I}_[t:l:;s“'2 x.sin? xdx
=cos" ! x.sinx+(n- I)J-COSH-E x(1-cos? x)dx

=cos" ! x.sinx+(n— I)J-::os““2 xdx—(n- I)Icos“ xdx
=cos" ' xsinx+(n-NI _,-(-1)1.
Transposing the last term to the left, we have
IL(1+n-1)=cos" 'xsinx+n-1)]1
ornl =cos" 'xsin x + (n- 1)1

-1
cos™ 'x sinx
", Icos“dx= ~|-n 1 cos™ 2xdx.

n

n-2

n-2

2.2. TO FIND REDUCTION FORMULA FOR
I!an“x dx and Icot"xdx.
(a) We have Itan“ xdx = Itan“'z x.tan? x dx (Note)
= J-!tm“'2 x.(sec? x~1)dx
= jtan“"2 x.sec? xdx ~ j!an“‘zxdx

(tanx)l'l -2+1 ‘_2
TR - [ran®

n-1
or ftan xdx= tan_lx

- Itﬂn"‘zx dx,
which is the required reduction formula.

Application : Evaluate J.fan”’xd\'.

Putting n = 4 in the above reduction formula, we have

Jtan" xdx = %tan3 X —.[mn2 xdx = %tart3 X —I(secz X—- l)dx

1
=§tan3x—tanx+x.
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(b) We have fcot“ xdx = jcot“'2 x.cot? xdx
= J'cot“'2 x(coseczx - I)dx

= jcot n-2 x cosec?xdx — ‘l‘cc:n"‘2 xdx

n-1
cotx
= —LT_—}!——Jcm“‘2 xdx
n-1
or cot" xdx = —‘:Or:—lx—jf:c‘t“'2 xdx,

which is the required reduction formula.

Application: Putting n = 5 in the above reduction formula and
applying it repeatedly, we have

Jt:ot5 xdx = ui—COi“ x—jcm3 xdx

Lot x—|-Leot2x -
= 4cot X [ 2::0! X Icotxdx]

1 4 1 2 J‘
=——cot* x+=cot“ x+ | cotxdx
gt Xy

=L cot? x+Lcot? x + log sinx
3 2 g Six.

2.3. TO OBTAIN THE REDUCTION FORMULAE

_[sec"xdx and Jcosec"xdx.

(a) We have 1, = Isec“ xdx = Isec“'z x.sec? xdx (Note)
Integrating by parts regarding sec? x as the 2nd function, we
have

2
3 xsecxtan? xdx

I, = sec"~? x tan x - I{n—z)sec“‘
=sec"? X tanx —{n—2)Jsec"'2 x(sec2 X~ I)dx (Note)
=sec" 2 x tanx—(n-2) jsec“ xdx+(n-n-2)‘['s.ec“‘2 xdx.
Transposing the term containing Jsec“ xdx to the left,

we have

(n=2+ I}J-sec“ xdx =sec"? xtanx +(n-— 2)_[5»*:::“‘2 xdx
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or (n— I)Isec“ xdx =sec™? xtanx +(n - 2)jsec“‘2 xdx.

Dividing both sides by (n — 1), we have

sec" % x tanx
n-1

which is the required reduction formula.

Isec"xdx: +z:|2_[sec"“2 xdx,

(b) To find the reduction formula for jcosec“xdx, proceed exactly
in the same way as in part (a). Thus, we get

cosec™2x cotx n-2
+
n-1 n-1

J'cosec“xdx =— stec““zxdx,

as in required reduction formula for jcosec“xdx.

2.4. WALLI’'S FORMULA

w2 a2
To evaluate _|; sin"xdx and L cos"xdx

Proceeding as in the previous article, we have

Isin“xdx:—sm xcosx+n—ljsinﬂ_2 xdx.
n n
7 sin™ x cosx |2 2
- I sin” xdx = - ————— +ﬁlj’ “sin™2 xdx
0 n n Jo
- n-1rm2 . n-2
_0+TJ0 sin"™¢ xdx. (1)
Putting (n — 2) in place of n in (1), we have
2 -3 2
J sin™2 xdx = 273 [P ginn-4 x dx
0 n-2Jo

Substituting this value in (1), we have

sin™* xdx

kl n-3 Im
n n-2"%
_h-1 n-3 n-5 =2
“"n n-2 n-a b
Now two cases arise viz., n is even or odd.
Case I: When n is odd. In this case by the repeated application of
the reduction formula (1), the last integral of (2) is

a2 n _
Io sin” xdx =

sin"® xdx. 2)

2 2
Iu sinxdx =[-cosx];" =1.
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Hence when n is odd, from (2), we have

a2 n-1 n-3 n-5 22
n = — —
In sin" xdx = — o3 n=a" 3 sin xdx
_n-1n-3 n-5 2 ={n—[){n—3}...4.2_.]
n n-2n-4"73 n(n-2)..3.1 :

Case II: When n is even. In this case the last integral of (2) is
n2 n2
0 - —[x]2_ T
Jo sin xdx-jo dx =[x]g =3

Hence when n is even, from (2), we have

/2 1 n-3 n-5 3 12 ,

n _— = =
Io sin” xdx = T n=ad ), S xdx
_n-1n-3n-5 31 x_(-)(n-3).31 7
" n n-2n-47422  n(n-2).42 2

w2
If we evaluate Jo cos" xdx, we get the same results.

nl w2
. sphn — n
. _L sin” xdx = J;) cos" xdx. (Note)
Note: Walli’s formula is applicable only when the limits are from
0 to %rr.

2.5. TO FIND A REDUCTION FORMULA FOR
jsin“‘ x cos" x dx

Let Im_

n = Jsinm x cos™ x dx

= jsin'“ xcos" ! x cosx dx = J-cos““' x - (sin™ x cosx)dx

Integrating by parts taking sin™ x cos x as the second function,
we get

some |

sin X n-1

[ =——"cos" Tx+ _[sin’““ x cos" 2 x sinxdx
m, m+ 1] m+1
rome+ |
sin X n-1¢ . B B
=2 Tcos" 'x+ _[sm'“xcos" 2 x sin? xdx
m+1 m+ 1
som o+l
sin X n-1r¢. _
= T.cos"x+ jsm"‘xcos" 2% (1-cos? x)dx
m+ 1 m+1
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sin™*!xcos" 'x n-1¢, _ n-1
= + Ism“’xcos“ 2xdx - I
m+1 m+1 m+1 ™
Transposing the last term to the left, we have
' t n-1 sin"’”x-cos“"x+ n-1
+ = -
m, n m+1 m+1 m+1 ™2

I [+ﬂ-1] sinm"‘xcos""'x+n—l
m.n = -
m+1 m+1 m+1 ™n-2

m+1 m+1 m+ 1

m+n) sin™'xcos"'x n-1
I m.n = + m,n-2
Thus the required reduction formula is

sin™*!x.cos" " x . (n=-Dlynos

I =
Hal m+n m+n

Note: If we write | = J-sin'“ x cos" x dx
= J-sin“"] x - (cos™ x sinx)dx

Then integrating by parts regarding cos" x sin x as the 2nd function,
the reduction formula can be obtained as

sin™ 'x-cos"*'x m-1
+

®. n m+n m+n Mo20

Similarly other four reduction formulae for Isin ™ x cos" x dx may

be obtained as
sin™*! x cos"* ! x R m+n+2

I, = -
m. n ] n+l n+l m,n+2

[To obtain this reduction formula put (n + 2) in place of n in the
reduction formula obtained.]

: sin™*lxcos"!'x m4n+2
3 2.
mn m+1l m+1 mreT
sin®*!'xcos"*'x n-1
lm,nz_ + m=-2,n+2

m+1 m+ 1
sin’“‘*'xcos“"x_‘_ n-1
m+1 m +
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2.6. GAMMA FUNCTION

The definite integral Jme""x“" ldx is called the second Eulerian
integral and is denoted by the symbol I (n) [read as Gamma n].

Properties of Gamma Function (Commit to Memory)
I'(n+ I)=nl"n;l"l=l;1"%-=ﬁ
l'(n)' =(n - 1) ! provided n is a positive integer. Thus ["(10) = 9!,

Also [ =—T—-=—.ZT>Z==-.2.2 l
2.2 222 2222
753 1.1 73531 105
=t — s — [—==. 2. 2. = = —— .7
2222 2 222 2‘/; lﬁﬁ

| 2.7,TO SHOW THAT

0

)
" I:zih'xcos“xdx= 2 2

m+n+2
zr(_._..___]
. 2

~where m and n are psoitve integers.
We have )

som+ | n=1

. sin X cOs X n-=1 .
Ism‘“xcos“xdx: + IS|nmxcos"'2xdx
m+n m+n

n'l |
- Io sin™ x cos" xdx

. _ il

sin™* ! x cos" " x n-1pr2 oo

= + ju sin™ x cos" " - x dx
m+n m+n

n-1 pr/2 |
=0+ J sin™ x cos” ~ 2 x dx
m+nJ0
®{2 n-1) gn2
ie., I sin™ x cos" xdx = ( sin™ x cos" ~ 2 x dx D
0 (m+n) -0

Now four cases arise according as m and n take different types of
values, odd or even.

Case L. When m and n are both even.

Successively applying the formula (1) till the power of cos x becomes
zero, we have
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n/2 |
.[o sin™ x - cos" xdx

- (-3 (-9 - Imsin'"xdx
(m+n) (m+n-2) (m+n-4) (m+2)J0

m—l.m—3’m—5 1
m m-2 m-4 2

2
Also ‘[;” sin™ x dx = % [See 5.2]

Therefore J:Q sin™ x cos" xdx
(n-1)(n-3)(n-5)..1
C(m+n)(m+n-2)(m+n-4)...(m+2)
(m-1)(m=-3)(m-5)..3.1 n
m(m-2)(m-4)..42 2

RS HE) 4
P‘g"){%‘*l-&--%} -

B | =

Similarly, the cases for other values of m and n may be considered
and it may be verified that the result is true in other cases too.

Thus for all positive integral values of m and n, we have

F( m;) 1—[1’_2‘:‘_)

(Remember)

n/2 | m n
_[0 sin™ xcos” xdx =

. /2
Walli’s Formula : [An easy way to evaluate J-o sin™ x cos" x dx
. w2 n
when m and #n are + ve integers]. We have -[o sin™ x cos" x dx.

_(m-Dm-3)m-5)..(a-Hn-H(n-%)..
B (m+n)(m+n-2)(m+n-4)...
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where k is -'—rr if m and n are both even, otherwise k = 1. The last Factor

in each of t%m three products is either 1 or 2. In case any of m or n is
1, we simply write 1 as the only factor to replace its product. This
formula is equally applicable if any of m or n is zero provided we put
1 as the only factor in its product and we regard 0 as even.

2.8. INTEGRATION OF x" SIN mx AND x" COS mx

(a) Jx“sin mx dx: To form the reduction formula, integrating by
parts regarding sin mx as the 2nd function, we have

x" cos mx n -1 €os mx dx
-—+Inx —_—

Ix“ sinmx dx = -
m

© x"cosmx  n[x"'sinmx n-lg
=- + — - Ix = sin mx dx
m m m m

[again integrating by parts regarding cos mx as the 2nd function]

x"cosmx nx""! | n(n-D ¢ , 5.
= + sin mx ——,Ix 2 sin mx dx
m?

m m2
Above is the required reduction formula. Successively applying this
formula we are left with Ix sin mx dx or Jsin mx dx according as n

is odd or even.

(b) Ix“cos mx dx: Integrating by parts regarding cos mx as the 2nd
function, we have

x" sin mx jnx”"sin mx dx

jx“ cos mx dx =

m m

.-
x"sinmx n - .
=———Ix“ !'sin mx dx
m m
x"sinmx np| ,_; fcosmx) n-1lg
=— X" — ——-——Jx % cos mx dx
m m m

[again integrating by parts regarding sin mx as 2nd function]

x"sinmx nx""'cosmx n(n-1) no2
= + 3 - 3 Ix < cos mx dx
m m m
which is the required reduction formula.
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2.9. REDUCTION FORMULAE FOR

or nl,=-xsin"

X . —
or 1 =-Z.sin""'x-cosx+

Jx sin" x dx and _[x cos" x dx
Let I =stin“ xdx=j(x sin® =1 x)-sin x dx (Note)
=(xsin""! x)-(~cosx)
+Jcosx[sin“" x+x(n-1)sin""2 x cos x] dx
integrating by parts regarding sin x as 2nd function
-1

=-xsin" xcosx-l-_[sin“" X cos X dx

- =1 bl
+(n—l)stm" = X cos- x dx
I 1.
=-xsin""! xcosx +—sin" x

n
+(n—l)Ix sin"~2 x-(1-sin? x) dx

=—xsin""! x cos x +— sin" x
n
+(n- I)Ix sin“‘zxdx—(n—l)J-xsin"xdx
=—xsin""! xcosx+lsin“ x+(n-DI, _,=(n=DI,
0 2

Transposing the last term to the left, we have
ln(l+n—l)=—xsin“"xcosx+lsin"x+(n—l)ln_,
" 2

I .
“Ixcosx+—sin"x+(n-DI,_,
n

sin" x  (n-=1)
n 5+ ]n—“'
n n- n -

which is the required reduction formula.

Similarly, reduction formula for Ix cos” x dx is

xcos" ' xsinx cosx (n-1)
+ + I

3.
n-_

1n=ch05“xd.\= B
n n- n

2.10. REDUCTION FORMULAE FOR

Ie“ sin™ bx dx and Je‘“ cos" bx dx
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(a) Let I =Je"‘ sin" bx dx

ax

°a sm"bx——J ax gin" =1 bx cos bx dx (1)

integrating by parts taking e™ as the 2nd function.

Now_[ 8X ginh~ 'bxcosbxdx——(sm“ ! bx cos bx)
a

- -a—[(n-l)bsin“‘3 bx cos? bx — b sin” bx] dx

integrating by parts taking e™ as the 2nd function

eax

=T(sin“"' bx cos bx)
b ax sop=2 2 .

—;je [(n-1)sin bx(1 - sin“ bx) — sin" bx] dx
e |

=T(sm“"bxcosbx)

- E_[e“[(u ~1)sin™ 2 bx - n sin" bx]dx
a

ax
= eT(sin“" bx cos bx) - (n - I)Efe"‘ sin"~2 bx dx + 22 l
a

Substituting this value in (1), we get

ax
I, ==—sin" bx—n—':e”‘ sin™~ ! bx cos bx
a a
2
+n(n—l)—~+Je”‘ sin®~2 bx dx - n? 1:'ml
a2
Transposing the last term to L.H.S., we get

n2b? etx Cne
1+ I, = (a sin bx — nb cos bx) sin" ™" bx
a’ a?

2

b
+n(n-1)—=1__
( )az n-2

eax
| ——(
" a? 4n?p?

asin™ bx — nb sin™~ ! bx cos bx)

n(n-1)
a2 +n?b? "2
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which is the required reduction formula.

Similarly, Je 8% cos" bx dx

e . NRLICE Y
=m(ams bx + nb sin bx cos bx) a2 +n2p? "2

Note: The above formulae should not be applied when n is
small. In that case sin" bx and cos" bx are converted in terms of
multiples of angles.

2.11. REDUCTION FOR_MULAE FOR

Ix"e“ sin Bx dx and jx“e"‘ cos bx dx

ax
We know that je" sinbx dx = <— sin (bx - $)
T

where r =.Jm and ¢=tnn'l(5]
Now —fe**sin (bx - $) dx = %[% &**sin {(bx - §) - ¢}]
- :';je" sin (bx - 24)
Similarly ,_lz‘j"“ sin (bx ~ 2¢) dx
= —3¢"sin (bx - 39), and 50 on.
Now |x"e®*sinbxdx can be easily evaluated by repeatedly

integrating by parts taking function of the type e sin bx as the 2nd
function.

Similarly we can obtain a reduction formula for

Jx“e“ cos bx dx.
2.12. REDUCTION FORMULA FOR
Icos“‘ X sin nx dx

Let I , = |cos™ x sin nx dx. Integrating by parts regarding sin nx
as the 2nd function, we have
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I _ cos™ x (- cos nx) jmcos'""x-(—sin X} (- cos nx) dx
mn n n
-cos™Xxcosnx m \
=-———m~—chosm"xcosnx-slnxdx . (1)
n n

Now sin {(n — 1)x} = sin (nx — x) = sin nx cos x — ¢os nx sin x.
. €os nx sin X = sin nx cos x — sin{n — 1)x.

I cos™ x cos nx
'_ B e ————————

m,n n

-%Jcos"‘-‘" X {sin nx cos x - sin (n - 1)x} dx

- _ cos™ x cos nx
n
—--:.lljcos“" x sin nx dx +_ﬂjcas““ Ux sin (n - 1) x dx
n
Transposing the middie term to the left and simplifying, we get
_ cos™ x cos nx Lom
m+n m+n
which is the required reduction formula.
Deduction : If in the above integral we take the limits of integration
1

as 0.to ==, we find that

ma cos™ ! x sin (n - 1) x dx

/2

b cos™ x sin nx dx

1 m 2 .
= + J cos™ ! xsin(n—1) x dx
m+n m+nJ0

2.13. REDUCTION FORMULA FOR [cos™ x cos nx dx
Let 1., , =Icos“‘x-cosnxdx
=cos"‘x-(smnx)—.[mcos“‘" x—(—sin_x}[m m‘)dx
n n
integrating by parts taking cos nx as the 2nd function

cos'“xsinnx+m
n n

cos™ 1 x - sin nx sin x dx
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But cos (n —1)x = cos nx cos x + sin nx sin x
. sinnx sinX =cos(n — 1)x - cosnx cos X
m .
cos™ x - sin nx
Hence I , = ———
' n

+chos“’"x{cos(n—l)x—cosnxcosx}dx
n

cos™xsinnXx m -
— 4 —-—jcos“‘ Vx cos(n-1) xdx
n ;

n
-m
-—-jcos'“xcosnxdx
n
cos™ x sin nx m, m,
n n m-1,n-1 n m,n

Transposing the last tcrm to the left, we have

—
m COs™ X 5In nx m

[1+—)lmn=—+—l
)

n n m=1n-1

- cos™ x sin nx m
mn m+n +m+n‘m—l.n-—lﬂ

which is the reqwuired reduction formula.

or 1

/2
Deduction : _l: cos™ x cosnx dx

cos™ ! x cos(n - 1) xdx

. n/2
_| cos™ x sin nx m ni2
m+n {m+n)J0

0

=0+ (mT- n}j:zcos""' x cos(n — 1) x dx

/2
or 1 =I cos™xcosnx dx = | (U
m,n 0 m+n m-1Ln=1

MISCELLANEOUS EXAMPLES

Example I:
ifi, =I:2x" sin (2p + 1) x dx, prove that
n(n~-1) n x]"”'
R SLOC A =(-NP -—2 | X
TN (2p+1)2(2

where n and p are positive integers.
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2
Hence deduce that L x3sin3x de = ;27- - Tz—z

Solution:
n/2 .
Wehaveln=j° x" sin (2p + 1) x dx

®/2
=l{—x" cos(2p+l)x} +— rux""cos(ZP«r-l)xdx]

2p+1 J, @p+DY
integrating by parts taking sin (2p + 1) x as the 2nd function
, 12
PSR W _sm(2p+|)x]" _ n(n-1)
@p+1) @p+l) ], (@p+1? "2

again integrating by parts

n=1
8 [;) sin(2p+ Z - 201

T @p+D)? 2 (@2p+n? "2

n(n - 1) n a\"!
—_ =(=DP —————| — . (1
+(2p+|)2 n-2=(D (2p+1)2(‘2) O

n/2 3.
Now to evaluate Jo x~ sin 3x dx,

putn=3,p=1in (1)

3-1 . 2
L l=-1 3(1) BEACR. 3]"” x sin 3x dx

2 7 'T12 3k
2 n/2 12
X2 _xcos3x +lrcos3xdx
12 3 3 Je 3J0
n? 2 a2 n2 2 2 =2

=-——3—[sm3x]o -5ty 5

Example 2:
Evaluate I(sin'[ x)" dx.

Solution:
Do your self.
Putsin'x =6
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ie, x =sin0 and dx = cos 6 d6.
Then [(sin™' )" dx= [6" cosdf.

Example 3:

Evaluate I(cos" x)" dx
Solution:

Do your self.

Here put cos™' x = @
i.e., x = cos 8 and dx = —sin 6 d@.

Then [(cos™! x)"dx =~ [6" sin @ do.
Example 4:

Evaluate ["xsin? x ds
Solution:
We have
.Ixsi_n“ xdx=—%-gin.“" X €OS X

+ sin: X

Putting n = 3 in (1), we have

3 . 2 3 l 3
xsin? xdx = XSIN® XCosX +—sin”~ X+ X sin x dx

+ (- Ix sin""Zxdx  ...(1)
" .

Now [xsinx dx=x-(~cosx)~ [1(1- cosx) dx
=-Xcosx +sinx.
J:xsin'axQX=[—-§xsin3 X o8 X+~ sindx

—-:',—xcosx+zsinxj|t
3 3 0

2 2 2
e g— - - _l = q.
31:(:051! 3::( ) 31:

Example 5:
Evaluate IJ; sin x dx.
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Solution:

Here putting n = 4 in the reduction formula (1) and proceeding
as in part (a), we have

jx sin? x dx
xsin® xcosx sin*x 3 , 3 3
=— + +—X* ~—xsin2x - —cos2x.
4 16 16 16 32
Exanqptz 6:
&2
Evaluate J x cos’ x dx
' (i
Solution:
We know that
n-2 £ n -1
Ixcos“xdx=xms xs:nx+coszx+n Ly
n n n

[Derive it here]
Putting n = 3, we have Jx cos? x dx

9
Now Jxoosxdx=x-ainx~]lsi_n X dx = x sin X + cos X

/2 .
J jo xccs’xdx=[-;:xcas’ xslnx+%cos’ x

%xms2 xsinx+lgos3x+%j'x¢osxdx

n/2
2 .

+ = (x sin x + cos x]]
3 0

3|
Example 7:
w2
ifu,= Io @sin" 8dBand n> \, prove that
(n-1 1
H" = . "n_z +”_2.

149

Hence deduce that us =25
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Solution:
We know that
inhi=1 i 0
IBsin"OdG:—esm Gcnsﬂ+51n29
n n
(—“_'_')je sin"~2 9 de. [Derive it here]
n
«n-] «n 1l
) =J-mesin" 0de<|- Osin"~ "0 cosH N \511'129
0 n n 0
L) 0"’29 sin"~2 9 .do
1 (n-1) (n—l)
[—“’]—*_ n U2 -
Putting n = 5 in the above reduction formula, we have
1 4 1 411 2 . .
US=E+5u3_E+§[-§-+§ul], [Putting n = 3 in (1)]
1 4 8 1 4 8 pmi2 .
—_— =l —+—|+—1]| 8 9d9
25 45 15 [25 * 45) 15 IO -
12
[ 29 ] [( -0 cos B)xn +J“coseda]
225 15
_2+_ 0+ e]:fz 149_
225 225 15 225
Example 8:

Integrating by parts twice or otherwise, obtain a reduction formula
Jor

1, =Ime"‘ sin™ x dx, where m > 2
0
in the form (1 + m’) I, = m(m - 1)1 , and hence evaluate | -
Solution:
We have I =J:e'“ sin™ x dx
=[sin'“ x‘(—e"‘}]: + I:m sin™~ ! x cos x e~ *dx,

integrating by parts taking e * as the second function
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=0+mj:(sinm'] X cos x) - e~ *dx
=m[sin“‘"I xu:«osx-(—e"‘)];D
—mI:[—sinmx+(m— 1)sin™~ 2 x cos® x] - (—e™*) dx
. - N
=0+tu.|‘0 e *[~sin™x +(m—1)sin™"2 x (1 -sin? x)] dx

= mj:e‘“"[(m - 1)sin™~2 x - msin™ x] dx

=m(m-11, _, -m?l
or (1+m)Il =m@m-1DI__,
m(m 1)
or I, = 1+m2 | P
To evaluate I,, putting m = 4 in (1), we get
4(4-1) 12

T T1w16 217 2

=E[m_"!o] Rlo  [Togetl, weputm=2in (1]

171 1+4 85
240 24 e-x 4 4@ _24
_85 e *sin xdx—asj.o dx—-g e ]a T
Example 9:

Evaluate fe’(x €0Ss x + sin x) dx.

Solution:
The given integral = jxe" cos x dx +Ie" sinxdx =1, + I, say
Now I, zjx-e" cosxdx = x-%e"(cosx+sin x)
- J-;-e" (cos x + sin x) dx,
integrating by parts taking (e* cos x) as 2nd function

%xe"(cosx+sin x)—-;—'fe" cosxdx—%‘l-e" sin x dx

e
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- ) Pl )
—Xxet[(cosX+SmMx)——-—e"(CosX + sSin X
> ( ) ) ( )

R
——-—¢ (S X—CO08X
2 2% )

lxex (cos X + sin x) - 1 e¥sinx

2 2

And 1, =Ie"sinxdx=%e"(sinx—cosx)
. required integral = [, + 1,

=%xe"(cosx+sinx)-%e"sinx+%e"(sinx-cosx)

1 .
Ec"[x(cusx +sin x) - cos x].
Remember:

Ie" cosxdx = % e*(cos x + sin x)
and Ie" sin x dx = % e*(sin x — cos x)

Example 10:
(-]
Evaluate jo xe ¥ cosx dx
Solution:

The given integral 1 = I x-(e" % cos x) dx

Integrating by parts taking e 2* cos x as the 2nd function, we
have

-2x
l-[xTcos(x } j I

oy

and r=4@%+b})=J@+D =5
[Ilm 1% cos(x-9)- u]—lj 2% cos (x - §) dx
8

x=>of

cos{x~¢)dx

-o-——j e~ 2% cos (x - ¢) dx
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-

= --—l—[%e'z" cos (X - 2¢)]

= L) {0- % cos(-28)] = L cos
(5)[0 e cos(-29)] scos2¢

/]

s ()

Wy |-
—

+

g

[ =]
-

| —

Example 11:

Evaluate J’xzez: €08 @ gin (2x sin @) dx
Solution:

We know that

Ie“" sinbx dx = -I-e“ sin (bx — ¢)
T

where r=./(a? +b?) and ¢ = tan~! (E)
a

If we take a = 2 cos o
and b = 2 sin o, we have

r=,(a? +b?) =2and¢=tan"(§)=tan"(tan a)=a

Now the given integral = sz - &% sin bx dx

ax ax
= x? ["— sin (bx - ¢)} - ax: [e—-sin (bx - ¢)] dx,
r r
integrating by parts taking (e** sin bx) as 2nd function

x2 -e™ sin (bx -¢)—Jxe“-‘ sin (bx — ¢) dx (D

1
2
[ r=2]
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Also J'x -e** sin (bx - ¢) dx

=[x (:) X sin (bx — ¢) - f(] e** sin (bx — 2¢)dx]

again integrating by parts
1

Exe“ sin (bx — 2¢)——Ie”‘sm(bx 2¢), [ r=2]
=%xe“sm(bx—2¢}—5-%e“sm(bx—3¢) 2
Hence from (1) and (2), the given integral

= %xze“ sin (bx - ¢) - % xe®™ sin (bx - 2¢) + % e™ sin (bx — 3¢)
where a =2 cosa, b =2 sina and ¢ = .

Example 12:

w2 .
Prove that Jo cos™ x sin mx dx

1 22 23 24 2"
= —— L —
am+1 2 3 4 m

Solution:
Taking n = m, we first establish the reduction formula

1 1

5=+ oo (1)

m,m 2m

PRI R S
mm T om o 2|2(m-1) 2 ™-rm-2

1 1
[ from (1), 1, ) oy =m+ilm-l‘m-ZJ
1 1 1

=ﬁ+_22(m_])+2_1'm-2.m-2

1 1 1 1
=EE+ 22(m+1) + 23(m-2) +53-Im_3_m_3. and so on.

Finally. 1 1 1 1
inally, mm—'ﬂ+22(m—l)+23(m—2)

+ ! P ! I
2111—2_3 2m—-l_2+2m-1 11
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/2 nf2
But l”=r cosxsinxdx:[lsinzx] =1
S 2 o 2
T B P 22 23 2m
B ”'-"_2m+l +7+3-+”.+? .

Example 13:
Prove that if n.be a positive integer greater than unity, then

n/2 . 1
I cos"~ 2 x sin nx dx = )
0 n-1

Solution:
Taking m = n — 2, we first establish the reduction formula

/2 ne2 .
I cos X sin nx dx

0
-2 12
=2n1_2 +-2-n;—_~2~!: cos™ 3 x sin (n - 1) x dx

Applying this formula repeatedly, we have

/2
J;‘ cos" 2 x sin nx dx

1 n—2
= +
2(n-1 2(n-1)

-3 a2
{an—él + 21:‘ _"4 I: cos” "% x sin (n —2)xdx}

1 1 n-3
= + +
2(n-1) 2%(n-1) 2*(n-1)

n/2 .
J-ﬂ cos"** x sin (n - 2) x dx
1 1 n-3
= + +
2(n-1 22(n-1) 2%(n-1D

-4 2
{Zn’—ﬁ + znn—ﬁ-[: cos" 5 xsin(‘n—S)xdx}

1 I 1. 1 1
and finally = T [E+—i§~+2—3—+;‘1—§—]

0
Wj (cos x)"” sin 2x dx
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O

i n/2
+ [——cost}
2"-2(n-nHL 2 0

— — 1 -
- (n—l)_I 2""2]+2““2-(n—1) :

__1 1— 1 ; L1
(n-1n| 211-2 2ﬁ-2 n-1
Example 14: _
Prove that if n be a positive integer,

a2 "
Jﬂ cos” x cosmx dt =

2n+l
Solution: _
Taking m = n, we first establish the reduction formula
n
m.n=m]n-l.n—l=§‘ln—l.n—l -(1)

Putting (n — 1) for n in (1),
1
=~

we have [ 3ln-2.0-2:

11 1
nn _E'i n=-2,n=2 =_5']n-—'2.n-2
Thus by repeated application of (1), we get
1 1
I =—1

a0 n-nn-n =E}'IO.0

n/2
But I, , =I cos® x cos0x dx
0" Jo

Example 15:

w2
Ul w= jo cos™ x cos nx dx, prove that
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m(m-1)
1 =q—> ]
(m,n) {m —n } (m=2,n)
Solution:

ni2
We have I, ) = Io cos™ x cos nx dx

. w2
[cos'“ S nx]
n Jo

integrating by parts taking cos nx as the 2nd function

erz sin nx
0

m cos™~ ! x (- sin x) dx
m /2 _ . .

=0+—-—.['J cos™ =" x sin nx sin x dx
n

Again integrating by parts taking sin nx as the 2nd function,
we have

cos nx \|**
m m=1y o —
Lo = —[(cos X sin x)(—]]

n n 0

m (n/2 COs nx -
= [— —-—-][cosm 'x cosx
n n

—(m-1)cos™~2 xsin? x] dx
/2
={)+-—’-IZLJ;;I cosnx {cos™ x - (m — 1) cos™~ 2 x - (1 - cos? x)} dx
n
2
—2I: cos nx {m cox™ x — (m — 1) cos™~ 2 x} dx

=l = (m=11, 5}
n

) m? m(m-1)
. I__g Lpn == - m-z,n

n n
_m(m-1)
or IM.nHmlm*z.n'
Example 16:

dx and show

in
Find the reduction formula for the integral ‘[s m:
sin x

#sin nx
that

0 dx = or 0, according as n is odd or even.
sin x
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" Solution:
To find the required reduction formula, consider
sinnx —sin{n—-2)x =2cos(n— 1) x sinx

sinnx _sin(0=2)X _ 5 cos (n - 1) x, dividing both sides by sin x

sinx sin x
5|f1nx=2ms(n_l)x+sm(|'1—2}x
sin x sin X

Integrating both the sides, we have
J-S|f1nx dx = 2sin(n-1)x J-sm(l'1—2)xdx
Y sinx (n=1) sin X

which is the required reduction formula.

Now let I =J-:sm'nx

dx

sin x
dx=0+1__
n-1 0 sinx n-2

= =
L=

={2s‘m(n-1)x}‘ +J-xsin{n—2)x

(=]

Hence I =1 _, =
i.e, when n is even I

n-4

[

L

_I'x sin 2x
sin x
and when nis odd I, = I,

% s5in X

dx=2_[:cosxdx=2[sin x]s =

“Josinx
Example 17:
Prove that x[

dx:_[:dx=rr.

sin né

0

2
- J df=nn
sin 8

Solution:

2
Let I, =] ) de, then

=( sin n@
0

sin

_¢+(sin(n-1eo)’
In_,—IO[WJ de
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= sin? n@ - sin? (n-1)6
IHJ. sin2 0 @
xsin(2n~1)0-sin 6 n sin (2n-1)6

= de = de te

Jo sin? @ I sin @ (Note)
=mn,

[ from Ex. ssj" sin n 5 40.=wif nisodd, here (2n - ) isodd]
Hence I =1 _, += (1)
=1 _,+2n [ ﬁ-om(l),_l“~,=ln_1+:r]

=1,_, + 3m, and so on.
Thus I“=(n—l):r:+ll

=(n~-Dn +J [sme) dd=(n-Dn+n=nn

Example 18:

=2sin (2n-1)x
8= '[0 sin x &

2
J [SmnxJ dx, (n is an integer), show that
sin x

S,.,-S, =0V,
Solution:

S,,,and V__, will be obtained by writing (n + 1) in place of n
in S, and V_ respectively. Thus

a-V.=5,.,

®/2sin (2n + 1) x dx
Spa =I T

0 sin X
2
12| si
and V,,, = " {ﬂ%’;‘i} ax
s
. n/2[sin (2n+ 1) x —sin (2n - 1) x] dx
. Sn+l_sn'_'_[o sin %

J-mfz cos2nx in x dx
0 sin X
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. n/2
2 sm2nx] -0

2n |,
(~* sinnm = 0 when n is an integer and sin 0 = 0)

. 2 . 2
2 1
Also V-V, = [ [E‘_(_“l_)_’i) _[smnx)

nl2
=J-0 2cos2nxdx=[

sin x sin x

_ erz [sin? (n +1) x ~ sin? (nx)] dx
0

sin? x

_ j'” {2sin’ (n + 1) x - 2sin” (nx)} dx
o 2sin® x

_jmz {1-cos2(n+1)x~-1+cos2nx} dx
“Jo 2sin? x

a2 {cos2nx —cos 2 (n + I)x} dx

0 2sin? x
7/22sin (2n + 1) x sin x dx /2 5in(2n + 1
= ( .) =.r (' )xdx=sn+l
0 2sin? x 0 sin x
Example 19:

1
Evaluate Jo{sin" x)* dx

" Solution:
Put sinlx =1
ie., X = sint,
so that dx = costdt.
When x =0,

t=sin"!'0=0
and when x = 1,

t=sin"'l= -1-1':
2
. i nl2 4
.. the given integral I = -[0 t* costdt

PR LY n2oo, . . .
=[t sin t]o - Jo 4t~ sin t dt, integrating by parts taking
cost as the second function
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4 2
=X 4™ sintat
16 0

=X ~4 [{t3 (- cost)}m j:23t2 cost dl:]

again integrating by parts
a4 ni2 o
=__—4x0~lzj' t2 cos t dt
16 0
4
_'.'t__ 2 _ nf2
- 12[{t lant} I\ 2tsmtdt]
4 2
=“__12[“4 ]+24jtsmtdt

_I_;_—31t +24[{t( cost)} rﬂ :dt]

nt /2
—E—}u +24x0+24[sm]

=Lt J3n2 404
16

Example 20:
Evaluate !he following integrals:

()J'w xt+1

l xz(x +1)?
o x2 43
1 x8(x? +1)?

(i)
Solution:

: e xt e o (x2 +1)? -2x2
(@) Let = I, x2(x? +1)2 1 2(x +1)2

IL - 1 —dx
2 I(x2+l)

1 dx © dx
- = =1=-2| —
[ x} 0 (x2 +1)2 J, (x2 +1)2



Now put x = tant,
so that dx = sec?t dt.

When x = 1, t=—£rr
4

and x=w,:=l1.
2

n 1=

l___2.|-mf2 sec’ tdt 1 Jxrzseczl
nM(] + tanz 1)2

Text Book of Integral Calculus

—dt
/4 SEC‘ t

1-2["%cos2 tdt=1- [*2(1+ cos 2t) d
=1- L“cos tdt= _LM( +cos 2t) dt

(i) The given integral | =

.[:’xléd“z

1 T ©

1
5

+2

t+~l-sin2t]
2

1
@  dx

Now put x = tant,
so that dx = sec? t dt.
m

Whenx=1,t= —
4

n/2

n/4

'(1 1. J {1 1.1 )
—M+—s51AN |—]|—TC+—5SIN—T
[\2" "2 4 272

w(x2 +1)+2
1 x8(x2 +1)
1

I‘ x6(x2 +1) dx

x6(x2 +1)

b xS(x2 +1)

andwhenx=ao,t=g-.

_1 =2 o
—§+2meot tdt
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cot"” ‘t

Now we know that !cot" tdt=-— Imt" 2t dt

. Imt° tdt= cot? t dt

cot’ t cot?t
=———[———Icol2 tdt]

3

1 s . 1 3 2._
= scul l+3cat t+f(cosec i—-Ddt

=—Lleots t+tcodt-cott-t
5 3

: ls=i+2[—l|:m’t+-'-1::«»3t—u;ou—t]w2
s 5 3 -

=-1-+2 —-l-u-[-l+-l-—l-an
5 2 3 4
1
5

n/4

29 1

2 _ 2 __53_15

15 2“ ¢ ")
Example 21:

Establish a reduction formula for Isin" (2x)dx.

Solution:
Let I, =Isin"{2x)dx orl, = Isin""(2x) sin (2x) dx.,
Integrating by parts regarding sin 2x as the 2nd function, we have
In= sin""{2x)[—%c032x]

_J'{(n ~1)sin"2 2x.cos2x.2}.(-%c032_x)¢(
= —%sin"" 2x.cos2x +(n- I)J'f.in"‘2 2x.cos? 2xdx

= --%'sin"'l 2x.cos2x +(n— I)ll-siu"’2 2x (1 —sin? 2x)dx
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_ 1. n=1 _ on-2 - .
=—sin 2x.cos2x+(n I)Jsm 2xdx —(n-1)]sin" 2xdx

= —%sin““l 2x.c052x +(n—-1)I,_, —(n=1)I,.
Transposing the last term to the left, we have
nl, = —%xin"‘l 2x.cos2x+(n-1)I,_,

sin™!2x.co0s2x n-1

orl,= 7n + - l,,_5, is the reduction formula,
Example 22
2 !
_[ sin®™x dx = _@m) _x
Prove that Jo { 2m _,}3'
Solution:

Here 2m is even. Hence from 5.2 (Case II), we get

o2 2m-1)(Zm-3)..3.1
[ st O e S Ol o)

_2m@2m-1)(2m-2)..32.1 =
[2m(2m-2)..42}> 2
[Multiplying Nr. & Dr. by 2m (2m - 2) 2m - 4) ... 4 . 2]
_ (2m)! T (2m)! K3
™ m(m-1)(m-2)..21]" 2 [erm}’ 2
Example 23:
Evaluate Isin"xdx.

Solution:
We know that
san=1 -
Isin" xdx = S XCOSX | (n-1) J’sin“"2 xdx
n n

[Establish the formula here]
Taking n = 6 and applying the above formula successively, we have

- 61
Js'm‘xdx=—sm ;ccosx 6— J‘sm6 2 xdx



+
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5

N 50..4
=-gsin xcosx+6jsm xdx

= Lgins 5[ 3 g2
6sm xcosx+6[ 4sm xcosx+4jsm xdx

=L in% x cosx~=-sin?

5 [ain2
3 4 xcosx+-s-stn xdx

__ds _3 i3 Sl
= —gSin” X cosx - zsin xccsx+sjz(l cos2x)dx

=—Lins - 23_sin? 3(1, 11
= 6S'I.I'I X COSX _245111 XCOSX+8(2K 3 28|n2x)

= —lz’.in5 X cu:nsx——s--sin3 X cosx--'isinx cosx-i-ix
6 24 16 167

Example 24:
w2
Evaluate I sin®xdx,
- . o
Solution:
Here n = 6 (even), we get
"2 o
j sin” xdx =
o
Example 25:

Evaluate J':"cospxdx.
Solution:

Here n = 9 (odd), we get
8.6.4.2 128

l=—

Jmoosg xXdx = ——r—
0 9.7.5.3.1 315

Example 26:
"2
Evaluate j:""'sm“’xdx or _L cos!¥x dx.

Solution:
Here n = 10 (even) in both the cases.

n2 2
o L sin'oxdx=Iu cos'® xdx
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_97531 n_63n

Example 27:
a  x! _3a'z
Show that Ja (a’ _xz] =5
Solution:
Put x = a sin 0,

so that dx = a cos 6 do.
Also when x = 0,
sin@=0ie,0=0

and when x = a, sin @ = 1

, n
ie, B= 3
s x%x _ (v2a%sin®0a cosfdo
hen oJ(az _xz) - Ioﬂ J(a’ —a2sin? 9)
_La[@ 4,31 n_3mat
-—a"‘[u sin0do = 7-5— T
Example 28:
20 x92y
Evaluate I ﬁ'——;‘
Solution:
Put x = 2a sin? 8,

so that dx = 2a.2 sin 6 cos 0 d6.
Also when x = 0,
sinf@=0ie,0=0
and when x = 2a,
sinf 0=1ie, e=%.
Jz. x*2dx j-x.Q (2asm ﬁ) .4a sin6 cosB d6
J(2a-x) J (2a-2asin?0)
~ J-m (22)* .4a sin'°0.c0s0 dO
(2a)"? .cos®

=(2a)".4a _[0 sin'®9do
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_64a5.9.7.5.3 1 n_63’n

BRI I i i Ry
Example 29:

F L

Evaluate jo tar’ 0d6.
Solution:

We have

Itan"ﬁdﬁ- Itan“‘zedﬁ

Putting n = 5 in (l), we have
Jm’ﬁdﬂ:%—tan‘e-—jtaﬂede

1 1
=ztan“8—[5um20—‘_[tan9dﬂ], putting n = 3 in (1)
l

tan? e-lmﬁ 8- log cosb.

wA 1. 5 e
J; tan° 0d6 = lan 0- Etan 8- log cos6
(]

=[_;__%_logcos_ﬂ] [0-log cos0] = [——-—log(T)]

1,1 1

_[ +3 1032] [1032 2],
Example 30:

Evaluate I:x’ (20‘2 -x? )_30&.
Solution:

Put x =+/2.a sinB

so that dx = /7.2 cos 8 dO

Also when x = 0,

sin@=00r8=0

and when x = a,

1
sin 8 = E or 9=-:—.

Making these substitutions the given integral

(1)
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= [¥(V2.2 5in 0)’ (222 207 5in?6) vZ.a cos6d®

_ e 252354in50.222 cosb 0
0 23acost @

_ /4 5 _l ..._l
__[D tan edB—z[logZ 5.

Example 31:
w4
Ifi, =-[a tan"x dx, show that

L+1,_ 5= and deduce the value of I,

n-1
Solution:
We know that

tan~! x
n-1

4 o1 T e
- I_=] tan"xdx= fan” X1 [ tan™2 xdx
n 0 0

jtan"' xdx = —jtan"‘2 xdx (derive it here’

n-1 0

/4
= [ I,o= .[o tan"~2 xdx]

“h-1 'n-2r

or I +1, , =ﬁ.

Putting n = 5 in the reduction formula [, = %

-1
P O O I N
t=g-h=g-[ 30 ]=4-3+1

- +J:4tanxdx = —%+{log secx]l'f‘

=15, we get

1
4
=-——l-+ log secl—log sec0.|=—l+[log\f2—lugl]
4 4 ] 4

Example 32:
w4
Ifi, =Jﬂ tan"x dx, prove that
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nd, ,+1, )=1

Solution:
We have

w4
w4 tan” x w4
| =IO tan™"! xdx =[—] —I tan
0

n 0

2

1
or [In+l + In-1]= }.'

orn (I, +1,_)=1

n+ |

Similarly, I + 1, _, = 73y
Example 33:
Evaluate _[Secjxi”-

Solution:
We have Jsec-" xdx = jsecx.sec:2 xdx

=secx tanx ‘-jSﬂCK tanx tanxdx,

101

n=1ydx

(integrating by parts taking sec® x as the 2nd function)

=secxX tanx — Isecx tan? x dx
=secx tanx-—_[secx (sec? x - I)dx

=secx tanx — JSCCJ xdx + J‘SBCXdK *

Transposing the term - J sec’ xdx to the left, we have

2_[58(‘.3 Xdx = secx tan x+Isecx dx

1 1
or Isec3 xdx = —secx tanx +5]og{secx +1anx).

2
Example 34:

74
Evaluate j sec’ xdx.
0
Solution:

This integral can be evaluated by proceeding in the same way as

in part (a) of this exercise.
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) w4 4 /4 2
Otherwise, let I=Io sec xdx:jo secx.sec” xdx

e 3 3
_jo J(l+tan x).sec? xdx

Now put tan x = t,

so that sec? x dx = dt.

When x=0,t=0

and when x=%n,t= 1.

N g N TN )
[ J_+—1og(1+f)] [0+—logl]
=5J5+5|og{ﬁ+1).
Example 35:

+
Evaiuare‘l- (x a)dr.

Solution:
Put X = a tan? 6, so that dx = 2a tan 0 sec? 6 df.

x+a), [ [[asec?8) 2
Thus | [T]dx-j [amla] 2a tan® sec? 0d0

=2a_[sec39d9.

Example 36:
Evaluate I

sin* ;G
Solution:

We have _[ —jcosec EdG

= ZJcosec" x dx, putting 6 = 2x.
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cosec" "2 x cotx . n-2
n-1

But Icosec" xdx = J-cosec“ 2 xdx

[Derwe this formula here]
Putting n = 4, we get
cosec? x cot x
3

= —%ctz)scc2 xcotx+%(—c0tx)
Hence the given integral
2Icosec‘xdx = —%wsa::c2 xcoti—%cotx

-2 cosec? Lo cotto -2 corle. [ x=67]
3 2 2 3 2

Jcosoc"xdx = +%Icosec2xdx

]

Example 37:
Evaluate j'(i +x2)32 dx.

Solution:
Put x = tan 6,
so. that dx = sec? 8 do.

Then J(l +x2)¥2 dx = Js::t:2 0sec’0dd = Jsecs 0do.
Now we shall form a reduction formula for Isec“ 0.de. we get

sec“"zelane
n-1

[secnedo = i zjsec“ 28dp

[secrodo = lsec39tane+3_[sec3ed9
3 2

N :-|— N

sec? B tan® +~3i|}1~ sec O tan 6 + ljsecﬁdﬂ]
412 2
sec? 0 tan9+%sec9 tan® + %log(sec9+ tan®)

[(1+ x""}:"'z-m:]-e-%x(!+x2 Y2 +%Iog {x+,f(l+x2)}.

Example 38:
Evaluate J:{az +x2)%2dx.
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Solution:
Put x = g tan 9,
so that dx = a sec? 0 d6

Then I = J:(a2 +x2)52 dx
/4 /4
= I: a*sec’Oasec?0dd = a J: sec’ 8dO

Now form a reduction formula for Isec“ede. By repeated
application of this formula, we get

1=a® (1 secsﬂtane)xm + Sjmsecsede
"6 , 6%

[ 39tan0)"" /4
=a 4‘E+~"1 sec” 0 +§-ir sec> 0do
’ 6 470

=

6 6 4
_ a6 2V2 , 5VZ 5 2 (secO tan®)"* + —-—j”"" ede]
| 3 12 8 2

=)

[ nld
=a &+ﬂ+§-@+i logtan[lfule)
3 12 16 16 4 2 ),

= [ 5‘/_ 5‘]/;_" T3 — log tan (%n)]
= {6?‘/_ — log tan [%n)]
= :_8[67J5+ 15 log tan [% n]}

Example 39:
2
Evaluate J'n{4 +x2)¥2dx,

Solution:
Do your self.
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Example 40:

x4
Evaluate J-D sin? @cos? 840

Solution:
We have the reduction formula

s m+1 n-1
. sin X-cos X -1 .
Ism“’xcos"xdx= + _[sm’“xcos“ 2 x dx
m+n m+ 1

[Derive it here]
Here m = 2 and n = 4; hence we have

. ni4
sin® 0 cos* O

/4 /4
r sin? B cos? BdB:[ ] +ir sin? 8 cos? 0dO
0 6 , 6%

. 3 5 0 n/4
LY | i L B lr sin2 6d0
48 2 4 o 470

[Puning m = 2 and n = 2 in the above reduction formula)
1,1
48 32 8 2

1 1 1 sin20 1%
= e o e o e 9_
48 32 16 2

11 1[:: 1] 1 =
S—t—t—f——= ==t —.

_[ (1 - cos20)do

48 32 16
Example 41:

3
sin
Evaluafe‘[ 3
cos” x

dx.

Solution:
The given integral I = J'sin2 X (cosx) ™3 dx.

Here m = 2'and n = -3 (negative), therefore we will apply the
reduction formula in which n increases ie.,
iam+l e+l
. sin X COS X
Jsm"" x cos" xdx = —m8 ———
n+l

m+n+2 ¢,
+—J-sm“"xcos“"‘2xdx
n+l
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3 -2
. Isinz x(cosx)‘3d_x=-—sm xc:s X
+ [— %) Isinz x(cosx)~ 1 dx
.3 _ 2 .
=lsm x_ljl cos xdx
2 cos2x 27 cosx
lsin;x 1
=~ —|(sec x - cosx)dx
2 cos? x 2-[{ ] )
1sin®x 1 1.
=——————log(sec x + tan X) + —sSIN X
2 costx 2 og ( ) 2
03
1 sin” X 1
= —sin +1|——log(secx +tanx
2 [coszx ] 3 108 )
=—;~[secxtanx—log(secx+tanx)].
Example 42:
a2
Evaluate Io sin? x cos? x dx.
Solution:
We know that
e N
T
_[0 sin™ x cos" xdx = :
ar E‘L“_*_)
2
() rive
. The given integral = 2_2
[4+2+1] 2r4
2T
%%J_%'E n ; I
= = — '.'r ] = d —_= .
2.32.1 32 [ (n+D=nlnandl5 ‘E]

Alternative Solution : Using Walli’s formula, the given integral
E 31l nn

T6422 32
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Example 43:
Evaluate I:z sin? x cos? x dx
Solution: '
Herem=2,n=3;
using the-Gamma function, we have the given integral

2+1 341
nNn—;- r| — 3 i .
[2)[2]; rz__ a9t 2

= 2
2+3+2 7 531 15
2r[ ] wy 23
12 2

Otherwise: By Walli's formula, the given integral =
Example 44: '
: w2
Evaluate Io sin
Solution:
Here m = 4, n = 6;

5-3.1 15

4 x cos® xdx

using the Gamma function, we have the given integral

4+1 6+1 5 7
rN—m~71T| — 2.rt
_ [ 2] ( 2 )_r2 1—2

2F[4+6+2) 26
2
31 5 31
32w
2-5-4-3-2-1 512

Otherwise. By Walli’s formula, the given integral
- 31331 x_ 3n
10-8-6-4-2 2 512

Example 45:

5 x cos¥ x dx

w2

Evalueate Iﬂ sin
Solution:

Here m =5, n = §;

using the Gamma function, we have the given integral
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Otherwise, by Walli’s formula, the given integral

_5:3-1 n_5nm
6-4-2 2 32

Example 48:
. . .
Evaluate I; cos® 4x dx

Solution:

To bring the given integral into the form of Gamma function, put
4x = 0, so that 4dx = dO. Also for limits,

0=0atx=0
1

and 9=lnatx=—rt .
2 8

. . . =ln:.". 3 _lm’!‘o. 3
. the given integral 4.[0 cos 9::1(3—4[0 sin” 9 -cos” 6do

r=-r2 r—-1
2

1 1
4 or3 4.2.?’.. 6
2 2

Example 49:

22
Evaluate -J.O sin® = cos® —

Solution:
Putting x/2 = 6,
so that dx = 2d0, the given integral
/2
=2["" sin® 6 cos® 00
0

5:3-1-7-5-3-1
14-12-10-8-6-4-2

5m
2048

r_
2

Example 50:
a6
Evaluate Jo sin? 6@0cos” 30d0

Solution:

To bring the given integral into the form of Gamma function, put
30 = x, so that 3d8 = dx. Also for limits, x =0at 8 = 0 and x = n/2
at 8 = n/6.
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12
.. the given integral = -;—I: sin2 2x cos® x dx

2 . 4enl2. o
=) (hmxcosx)lmssxdx:;IO sin? x cos” x dx

3
3 3
=ir5-r4_i- F5-3-2-1 e
3 .11 3.9 753 .3 945
2r— 2. 2. 2 r=
2 2222 2
Example 51:

. .l'fﬁ.
Show that [ cos* Jﬁsin36¢d¢={;

Solution: -
Do your self.

Exaniple 52:
Evaluate j:‘ (cos28)*2 cos0dO
Solution:
The given integral = j:“u _ 25in? )2 cosB do. (Note)

Now put +/2 sin 8 =sin x,
so that /2 cos9 d@ = cos x dx.
Also when 6 = 0,

sinx = 42 sin0=0 giving x =0
and when 6 = iu,

. T . i
inx=+2sin| —|=1 gi X=—".
s V2 sm[4] giving x =
2
Hence the given integral = j:’ (1 - sin? x)¥2 -Tl_i-cosxdx
= L[ o3k LN L
.ﬁ-‘o cos” X ws"dx_ﬁ.[o cos” x dx

n/2
Io sin® x - cos? x dx

L
N
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’ 0+1 4+1 5 1
) rn-——\r}|— 2.rt
i [ 2 ) ( 2 ] 1 '3°75

2r[0+;+2] -Ji_ r3

Sl

w

1
SR g

2 221 1642
Example 53:
Evaluate J:x"{l—xz)mdt.

Ll

Solution:
Here we put x = sin 6,
so that dx = cos © d6.
And now the new limits are 6 = 0 to 8 = n/2.

Thus the given integral = I:nsin‘ 8 (1 -sin20)2 cos6 do

12 12
=j: sm‘e-ms59m3d9=j: sin* 8 cos® 8 do

31531 ¢
108642 2
=3
5127

Example 54:
2
Evaluate L cos? x sin 3x dx.
Solution:

L. "2 R
The given integral 1 = Jo cos’ x (3sin x — 4 sin” x) dx

= I X2 o5
=3]0 cos xsmxdx—4_[u cos” x sin” x dx

42, 422

= 3. -4
642 8642

[By Walli’s formula)
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_3n
128
Example 63:
Evaluate I‘:xm J(I-x) dx -
Solution:
The given integral reduces to
2] sint0cos?0d0=2. o L. B T
6-4.2 2 16
Example 64:
provetha [« JAT(1/n)
J(" x") nl‘{ +(l!n)}
Solution:

Put x* = sin? 0 ie., x = (sin 0)*
2

2) smoyls)”"
so that dx=| = |(sin®)\"/ -cos08do

n
Also8=0whenx =0
md_9=%uwhenx=l
- the given integral

()
_2 jm (sin®)\"/  -cos0dO
cos @

2\ 2)_
= -"’:r”(sin e)( n) "0 =21 (sin e)(n] ' cos0 do
n’0 n-0
1 1
_ 2r2r(;) _ ox-TQ/m)
nzr{l+[l)} ol {l+[l)}'
2 n 2 n
Example 65:
Evaluate I:ax"' J(2ax - x?) dx, m being a positive integer.
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Solution: _
2
We have jo’x"‘ (2ax - x2) dx

= J;ax“' -x12_[2a=x) dx

Now put x = 2a sin? 6,
so that dx = 4a sin 6 cos © d6.
Also when x = 0,8 =10

andwhenx=2a,6=7}ﬂ.
. The given integral, _
ni2
- 02 gym in2 @)12_ | 2 0Y. 44 <
_-[0 (2asin® B)™(2asin” 8)'?, /(2a cos? 0) - 4a schpsBd@
= 2m+3am+2‘[3"'zsin2m+29 cosz B de
0

r(2m+3jr§
=2m+38m+2 2 2
l_[?.m+2+2+2)

3

2
2Zm+1 2Zm-1

1 1

—_— 2 fx

=pm+3m+2__ 2 2 2 2 2
.2-

(m+2)m+Hm(m-1)..
2m+D2m-1)...3-1
(m+2)(m+)m(m-1)..2.1

Example 66:

J

—gm+2

2
Evaluate Ioaxs (Rax - x?) dx
Solution: .
The given integral
/
=28 a?r %5in'2 cos? 0 do
0
8,7 11975311 & _33 .,
14.12.10.8.6.4.2 2 16
Example 67:

Evaluate I;x3 \j(Zax - xz)3Jr 2 dx
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Solution:
We have

L:x’(Zax -x2)¥? dx = I:x3 x¥2(2a - x)*? dx

- J:xm (2a-x)¥? dx

Now put X = 2asin?0,
so that dx = 4a sin © cos 8 db.
Also when x =0,
2asin’@ =0
or sin6@ =0
ie 6=0
and when X =a,
2asin?@=a

1 n
orsins@ = — ie, 0=—.

V2 4
.. the given integral

14
= jo" (2asin® 8)%2 (2a)*2 (cos? 0)*? - 4a sin © cos 6 dO

/4
= J: (2a)*2 sin? 0 (2a)*2 - cos> 0 - 4a sin B cos 0 dO

/4
=(2a)° - 4aI: sin'? 8- cos* 0 d6.

This is not Gamma function as the limits are from 0 to n/2.We shall
reduce it to the form of Gamma function by suitable trigonometrical
- adjustment. Thus the given integral

=a’ -2*["" (sin? 6)*(sin* 6 cos* 0) do (Note)
=2a7I:N(2 sin? 8)? - (2 sin 6 cos 0)* dO

14
=za’J‘: (1 - cos 26)3 sin? 20 do

~ Now put 28 = q,
so that 2d0 = da and the new limits are o = 0 to o = /2.
.. the given integral
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a7 (M2 3a,. )
__2a jﬂ (1 cos.a) sin® o zdu.
7 [*2 3 i d
=a jo (1-cosa)” sin” a da

w2 .
=a:"J'0 (1-3cosa +3cos? & —cos® ) sin? o dat

, -
=a7j: (sin* o - 3sin® o cos & + 3sin* & cos? o
- cos® a sin? &) da
3.1 3.1-1 3-1-1 ¢ 2-3-1
—a7 —_—3. 143 —_—— .
a[ 22 7531 6-4.2 2 7.5.3-1
by Walli’s formula

1

=a7(3_“+1£_§_-2_]=av[9_ﬂ_§),
16 32 5 35 32 35
Example 68:
a x4

Evaluate | ————
0 (xZ +a2 )4
Solution:

Put x = a tan 6,

so that dx = a sec? @ do.

Whenx=0,0=10

and when X = a, tan0 = 1

1
e, B=—
ie i
x4 a*ttan*0
. the given integral I = — asec?6dd
& e -[U (a?tan?0+a?)*
/4 tan? 14
=L 209 sec?0.d0 =L [*sin* 6 cos? 0 do
a’“0 sec” O a’ 7o
Now we get
1 1{n 1
[=— —|—=—=
a? 16[4 3]
Example 69:

Evaluate J:xz (ax — x%) dx
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Solution:

We have I:xz (ax - x2) dx:ﬁx’"z,}(a—x) dx

Now put X = a sin* 6,

so that dx = 2a sin 0 cos 6 d6,

and the new limits are 8 = 0 to & = n/2.
Thus the given integral

12
=j; (a sin? 8)¥2 (a cos? 6)"/2 - 2a sin O cos 0 dO

7.3
2
=2a‘j' $in®6 cos2 0 dp =2a¢ —2_2
2T5
531
—2a4] 2.2 2973 2" _Smat
2-4-3-2-1 128 °
Example 70:
Evaluate the following integrals:
i 2 (ﬂ' X
()'[ ﬂ+I
ii dx
Y = J
Solution:
- 204
M Let=[x2 | 22X dx=jai-(3~"—)dx
0 a+x 0 (32 _XZ)
Now put x = a sin 0
so that dx = a cos 0 d0.
Also 8 = 0 when x = 0
and 6 = 9:%11 when x = a.
I=J»uf2azsinze{a-asin9)acosede
0 acos@
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12
- a3J; (sin?  — sin® 8) d6

=a3[—-———- 1]. by Walli's formula

(ii) Let I = _[ [a +x-] ja:}::;x)

Now put x?=a’sin@
so that 2x dx = a* cos O do.
Also 8 = 0 when x = 0

and9=%n when x = a.

2(a” - 2
_J'" 9_._.3._3'_@ A cos0do
0 a? cos® 2
a2 )
=TL (l—smB)dB-—-[B+cosB]
p
=‘E.[(£ )-(0+1)]=5a2(1u J —a’(n-2)
Example ?71:
o 4
Show that —$=—J{-
0 (1+x2)* 32
Solution:
Put x = a tan 6,

so that dx = a sec?@ d@.

Also when x =0,0=0

and when x = o, 6 = 1/2.

Hence the given integeral

=qu2 tan* Bsec’ 6 d6 _ Jm tan* Osec>0.do
0 (1+ tan’@)* 70 sec® 0

= Iom sin* 8 cos® @ do
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5.3
l“z rs - 2 2 33 J_ _n
2r4 2. 3.2.1 32
Example 72:
o x'dx
Evaluate |, W
Solution:
Put x = a tan 0,

121

so that dx = a sec? 8 d6 and the new limits are 8 = 0 to © = n/2,

~. the given integral
ﬁ‘[mfla" tan* 0-asec? 0de
0 (a2 +a?tan?9)?

_ 1 gm2tan*0d0 | x2
..—3‘[ _a—3L sin“ 8 cos* 6 d6

0 sect
5 .3 3] 1
RS E A A
a3 2r4 a3 2.3.2-1 32a3
Example 73:

If m, n are positive integers, then prove that
i 1
m~1ley _ yn-1 = n=1ey _ Lym=1
Jox (1=-x)""tdx jﬂx (1-x) dx

1-2:3-...(m-1)
_n(n+l)...(n+m—l)

Solution:
Put X = sin? @,
so that dx =2 sin O cos 6 d6.
Also when x =0,
6=20
and when Xx=1,
0 = /2.

-, I;x""l(hx)""dx
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(™2 e 3m-208 0% = a2 B0 -1.9 sin B e B '
=I° SiAZ™-29 (1 = 8in2 0)" ! - 2 5in 6 cos 6 dO
=3[ sitn-1p s~ 0 d0

[2m-140] [2R-1+1
,ir{ . }i‘{ ‘

2 , 2 }= m:m
r{im-—hin—nz} T'(m +n)
2

T(m)-T(n) A1
I'(m+n)
Interchanging m akd % in (1), we get
I'n-T'm
I'(n+m)

Thos [[x™ =101 = )"~V dx=

A2)

j';x"-iti-x)"'"-'ux=
From (1) and (2), we have
J:x“‘“'(]_x)'ﬂ‘ldx=J;x““'(l~x)m“ldx
_ Im:Tn _(m-D!i(n-1)

“T(m+n) (m+n-1! [ Tr=@-1)
- (m-D!n-1)
T(+m-D(m+m-2).n-(n-1)(n-2)..2-1 (Note)

~ (m=1!(n-1)!
S (n+m-1)(n+m-2)...n-(n—=1)!
~ (m=1)(m=2)..3-2-1

T (n+m-1)(n+m-2)..(n+D)n’

Example 74:

Evaluate J: x22ax - x?)? dx

Solution:

Putting x = 2a sin? 0,
we get the given integral

14
- _[; (2a sin? 8)%2 (2a)2 (cos? )2 4a sin O cos 6 dO
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-2°asj;“sm’°scos5 9do
=2a'j:“(2 5in29)? (2 sind cos0)® do (Note)
= 208 j:"(t ~ c0s26)2 sin® 20 O
-=a3j:'2n —c0sa)? -sin® & da, putting 26 =«

w2 . P
.—.a'j;, {(sin® a - 2cos o - sin® @ + cos? o sin® o) dat

7 1 7 3 .7
r—-r— rnr- r=.r-
82 2 5 2,2 2 =as[g§=§_+g]
2r4 9 2r'5 25% 7]
2r
2
Example 75:
AT
Evaluate jo sin” x cos” x dx
Solution:

. /4
The given integral I = Jo (sin? x cos? x) sin? x dx
_[™1 2 20 Lnai2
——[0 4(4 sin“ X cos” x) 2(2 sin“ x) dx

s,
_SJ-O sin“ 2x (1 -cos2x) dx

Put 2x =1t,

so that 2dx = dt.

Also whenx =0,t=0
and when x = /4, t = 7/2.

g2, 1
_E—[o sin? t (1 - cos ) - dt

| ®i2 | 2 nf2 2
=— -[0 sin tdt—JU sin- t cost dt
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2 n/2 2
=—E——3 [_xcosh] +r lct:rs3xcl:ic
123 3 03

0
= 2en a? 2[sin3xT¥°
e —— 3 dx=-—~-—
3 qjocosxx 3 9[3]0
2
=——+i'
1227
Example 78:

Evaluate K.r sin? x cos x dx.
Solution:

Let I = _[:x sin2 x cos x dx. Intergrating by parts taking (sin? x
cos x) as the 2nd function, we have

.3 n .3
]=|:XSIII X] _I!II‘SIH xdx:—-l-jxsinsxdx
3 0 U] 3J0

3
n
=—-I-J-"{l'-o::o‘.s2 x)sinxdx=-—i[-cosx+-]-cos3x]
3% 3 3 .
=—-l [I_l]-(_lq._l..) =-i_
3 3 3 9
Example 79:
i
Evaluate on“ sin~! xdx
Solution:
Putsin'x =t

or X = sint,
so that dx = cos t dt

w2
1=J0 tsin®tcostdt

Integrating by parts taking sin®t cos t as the second function and
t as the first function, we have

sin? ¢ |V7 /2 sin’t
m
1={t- -j 1- dt
7], 7

o
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x | 6-4-2_:: 16

e o  — I —— ———

Example 80:
Evaluate _[ J@? -x? [cos"[ )}
Solution:
Here put x =acosh,
s, that dx = —a sin @ dé.
Also when  x =0,
8 = a2,
and when X = &,
8=0,
. the given integral

=-[° (@sin®)(@%)-asin@do0

—_a2 [ 82sin2 __a2f° a2.1 9 gin2
a Lﬂa sin‘8do=-a Lne 2 2sin“0dé
az 0 2

"'TL;;B (1 - cos28)da

_at (0 s _a? 92
_zjma cos20 do jad_a

a’ (0 a2 _at
=—-jma cos 20 d8 {e’}

_rfal a2l 0 o
y j 62 cos 20 d8

Now to evaluate IGZ cos 20 d@, applying integration by parts taking
cos 2 as the 2nd function, we have

jazmszaqe=ez-%smza—jze-%smzaqa

a2

=%e’ sin20 - [@sin 20 d8
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=ia‘+‘ Siﬂz_ﬁ—[a-(—%c_:mZB)—jl-[— %ggsza]ga,]

;B sin20 + — Bcoszﬂ—i-smza

2 i l:l

Iez 2gdg=| 8 5in20  Beos28 sin20)| _=x
2 3 4- 2 1

- the required integral

aa? 12 & xaz[ lz]

=48 42 —=—|l+—-=

48 2° 4 8 6

Example 81

If u, =-J:2x" sin x dx and n>1,

| E'!
shaw that u, +a(n—-Du,_, =n (-2“*]
Hence evaluate [ x° sin x ds
We have u, =Imx"-s'm. xdx
‘[‘ (- mﬂ]‘ﬂ I: n-x?! (- cas x) d
[lmmmshypanstakmg sin x as the 2nd ﬂmwsml
=Q+r|j 'x" !cos x dx

_n[{g“ ' smx} -rz(n -x"-? 5“1’643]
again integrating bv pats
n-1 ]
.—.n.[%q] —n{_n-ufoux""sm!dx

Thus un=n[-l-

n~1
! 1;) —n(n-u, -2 D)
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Pyt
Loup+n(n-Nu,_, =n[5n)

n/2 5 .
Now to evaluate Jo x” sin x dx,

put n =5 in (1).

5-1
Then us=5(-;-rt) ~5(5-u,

Y Pyt
=5-(En) -20 3[511) -33-Du, |,
putting n = 3 in (1)
' 5

=—n* - 1512 +120u,
16

12 2
Now u,; = I: xsin x dx =[x (- cosx)];ﬂ +I:cosxtbt
=[0+sin x];’fz = [sin I _sin 0]=l
2
12 4
Hence ug =r x3 sin x dx =3 1572 +120.
0 16

Example 82:

a2
Pu, =] x"sinmx ds,

prove that
ne"-!  n(n-1)
e
if m is of the form 4r + 1.
Solution: .

®/2 .
We havejn x" sin mx dx

o] e e
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12
=0+LJ“ x"~! cos mx dx
m+0
[-+ if m is of the form 4r + 1, then
cos {(4r + 1)1:12}=cos(2rn+%1t)=cos-%1t=0]

{x"*"-”i“ mx}nfz . ﬂz(n—l)x"‘z _[sinmx]dx]’
. coem. - 0 m

0
again integrating by parts taking cos mx as 2nd function

[EREEE T

! n(n-1)
mian-1 ;2 u

n
g|s=

5 E: i £=
[.sm 2 sm(4r+l}2 1]

n-1



EY

REDUCTION FORMULAE CONTINUED
(For Irratiopal Alashms and Tnmﬂuﬂl Fumﬁnw

3.1. REDUCTION FORMULAE FOR j,m(, ﬂ.,‘_-,p dx

Jx™(a -+ bx")Pdx can be connected with any one of the following
0] ]x““"(ubx“}vq;,

i) [x™(a+bx")P~" dx,

(iii) Jx“‘-*"(q+hxn1n dx,

(iv) [x™(a+ bxm)Pt! gy

W) jx““"(um“)a*!q‘!

(vi) Ix“""(ub:;ﬂ}n-lqg,

Rule for Connection

In order to connect the given integral with any one of the six
integrals we uss the following rule:

Let P=x*"!(a+bx")*"!, where A and p are the smaller of the indices
of x and (a + bx") in the two expressions whose integrals we want to

Find (dP/dx) and rearrange this as a linear combination of the
expressions whose integrals are to be connected.

Finally integrate both sides and transpose suitably to get the required
reduction formula.

(i) To sonnest [x™ (o +bx® ) dx with [ ¥™ " (2 + bx® )P gy

Here A =m — n and p = p (choosing smaller indices for A and p)
Let us take P = x*"! (a + bx" ! = x™ """ Y(a + bx"P* \.
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§=(m—n+ Dx™ " "(a + bx")P*!

+x™ "+ (p+ 1)@+ bx")Pbhox" !
=(m-n+Dx™"(a+bx")(a+bx") +(p+ Dbnx™a + bx")?
=a(m-n+ Dx™(a + bx"P + b{m — n + 1)x"(g + bx")°
+(p + Dbnx™(a + bx")
=a(m -0+ Ix™ (a + bxn)p
+hx™a+bx"P(m-n+1+pn+n)

ie. [%)= a(m-n+Dx"""(a+bx")?
- +b(m +pn + )x™(a + bx")?

Thus ({E) is expressed as a linear combination of the two
expressions whase integrals are to be connected.
Integrating both the sides, we have
P=a(m-n+1D[x™ "(a+bx")Pdx
“ +b(m+npfl)jx‘-“(a+hx"}“dx

Now putting the value of P and transposing suitably, we get

b(pn + m + 1) x™(a + bx" ) dx
=x™ " (a4 bx")P* ! —a(m-n+Dfx™""(a+ bx")P dx
or [x™(a + bx")P dx
C xM=ntl(a 4 bx")Pt! -n+ _
S mrmin aomen) e
(i) T connest [x™(a +bx® )P dx with [ x™ (a +bx" )2 "' dx
Here A =m and p = p - 1; (choosing smaller indices for A and p).
Now let P =x**(a + bx®** ! = x™* (3 + bx")P.

%’;l=(m+ DX™(a+bx")P +x™*! - p(a+bx")P~ by x" !

=(m + 1)x™ (a + bx"? + pn x x"(a + bx")* ~ 'bx" (Note)
= (m + 1)x™(a + bx")* + pn x x™(a + bx")* ~ '(a + bx" - a)
= (pn + m + 1)x™(a + bx")® — a pn x™(a + bx") - .
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(iv) To connect Ix‘“ (a+bx")Pdx with_[x"‘ (a+bx")P-Idx
Here A = m and p = p, A being the lesser index of x, and p being
the lesser indes of (a + bx") in both the integrals.
Nowlet P=x**"a+bx")»*! =xm*la+ bxo)p*!
dp

. —=x™*1(p+1)(a+bx")P.nbx""!
dx

+ (m + 1)x™(a + bx")P *!
=n(p + 1)x™(a + bx"P bx" + (m + 1)x™(a + bx"pP *! (Note)
=n(p + 1)x™(a + bx")P (a + bx" — a) + (m + 1)x™(a + bx"pP* !

+ (m + 1)x™(a + bx"p *!
=(np+n+m+ 1)x™@+bx")*! - an(p + 1)x"(a + bx")

ie. (%J is a linear combination of the two expressions whose integrals
are to be connected.
Integrating both the sides, we have
P={n(p+1)+m+1}[x™(a+bx")P* dx
~an(p+1)[x™(a+bx")P+! dx
Now putting the value of P, dividing by {an(p + 1)} and transposing
suitably, we get Jx’“(a +bx")Pdx
x™*@+bx")P*!  (np+n+m+l)

=— + Xx™(a+bx")P*1dx
an(p+1) an(n+1)

(v) To connect Jx'“(a + bx" )i’dx with Jx""“(a + bx™® )\'“‘dx
Here . = m - n and u=np, [as also in case (i)]
'.P=x’“"(a+bx°}“"=x““""(a+bx")P" v

: £*—*)&“""”'(;:H—l)(a.+bx"')|’-nl:|x““'

dx +(m-n+ 1)x™ %a+ bx"p*!
=bn(p + 1)x™@a + bx")P + (m — n + 1)x™ " %a + bx"P* !

= a linear combination of the two expresions whose integrals
are to be connected.

*. integrating both sides, we have
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P=bn(p+ D x™(a+ bx")Pax
+(m—h+ )fx™"(a +bx")P+ dx
or bn{p+l)jx“‘(a+bx")”dx
=P-(m- l’l+l)Ix“" M(a+bx")P* dx
Now putting the vahie of P and dividing by ba(p + 1), we get

Ix‘*ta+5x“)“dx
_xm~n+lta+'bx")?*‘ __(m—n+l)'.m-n axMyp+1
_ (e 1) b= T) xM=M(a+bx")Ptdx

{vi) To connect _Ix"" (a + bx" )P dx with Ix"‘“ (a+bx")P-lax
Here A=mand p=p - 1.

LP=x*Ya+ bx"pt = xm" (g + bx"y

And

dP _m+ p@a+bx")P"'bnx" "'+ (m+ 1)x™(a + bx")P

=bpnx™*"(a+bx")P~! + (m+ Dx™(a+bx")P

Thus (j—P) is expressed as a linear combination of the two
X

expressions whose integrals are to be connected.
Integrating both sides, we have

P=bpn[x™*"(a+bx")P~dx+ (m+1)[x™(a + bx")P dx
or (m+ I)Ix""(a +bx")Pdx =P ~bn pjx’"*"(a+bx“)p_ldx
Now putting the value of P and dividing by (m + 1), we get
Jx“’{a+bx“)"dx

m+1 nyp
X (a+bx") _ an xm+n{a+bX")P"dx_

(m+1) (m+1)
3.2. REDUCTION FORMULA FOR I » WHERE n IS
x2 +a)n
POSITIVE
Let I = J' 1 __4x. To form a reduction formula for I,

(x2 +a?)"
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we shall iritegrate by parts j
sécond fuhicton. Thus,

——)ni-dx tﬂkfl’lg unity as the

T T e e
lez+§z)h-1 lﬂx_tx";'_a’}h-! Jx (x2 ral)n X ik

or ]'ﬁ-;| =m~5—iﬂm-+2(ﬂ I)I_._lﬁ.n_dx
(x? +a?)-a?
S SN T ] S ek
(xz+a2)* ! ( ,J- (x x2? +a yn (Note)
X
e 2[n-—l)I T
o 1
SRR v
X
s 2= Datl, =gt @ -2 Dl
X 2n-3

1 =
o I 2a2(n-1)(x2 +a2)"-! +2a3(n-|) "

which is the required reduction formula.

3.3.REDUCTION FORMULA FOR Jx'“ J(2ax - x?)dx; m BEING
A POSITIVE INTEGER.

Let 1, =jx’“ (2ax - x?) dx=.|-x“"*”3,/(23-x)dx

Integratig by parts taking ,/(2a — x) as the 2nd function, we have

I, = FLES (2; _______x)yz —J[m - %—)xﬂhliz (2;—_ 0" d
o 1

:_Exm-lxsrz(za_ x)32
3

5
Sam] fxm122a- %) @a=x) dx
2
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or

or

Text Book of Integral Calculus

=-%x’“"(Za’m--xz)”2 +21§+—1-'[2:’.:'&“"”2 (2a - x) dx

2 1 .
——--m; Ix'“""l-x (2a - x) dx
=*-2§x“‘"(2ax—xz)3jz
'+—-—(2m;l)2afx“‘"x“1 (2a-x)"? dx
2m+1

- J’xm- 12 V24 V2 (33 — x)2 dx g

=_%x““"(2ax—x’)”2 +2(2—m;j)—a]xm"dt2ax—x2) dx
2m+1
-3 Ix‘“,/(Zax— x?) dx

2(2m+1) 2m+1
--3—21,,,_1 -5l

____% xm—l(zax_KZ)}n‘Z +

Transposing the last term to the left, we have
2(2m+1)a
(I+2m+])1m—_~—%x“‘"(23x—x2)3‘rz+—-—-( m+1) 1

3 3 m-1
2(m+2 2 . 2(2m+ Da
Umt2) 3 )Im=—5x“‘ 1(2:1:(-:;2)3*’~+—-~—-3 ) Lo
L= x““'(2ax-—x2)3"2_'_(Zm-rI)aI

m - m+2 n+2 ™°P

which is the required reduction formula.

3.4.

REDUCTION FORMULAE FOR

(a) Je“"x“dx and (b) IE::— dx  (n>0).
X

el'l'l

X mx
(a) We have jem"x"dx =x"—— Jnx“ 18 4x
m m

integrating by parts taking e™ as the 2nd function

xncmx

m

n - .
__J'xn lemxdx
m

which is the required reduction formula.

By repeated application of this formula the integral shall ultimately

reduce to J-x“e‘""dx and we have
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0 eI'I'IK
Ix eM™dx = Ic““‘dx =
m

emx
(b) We have I—ndx= e™ . x~"dx
X

=g .i_‘[x-n”
-n+1 -n+1
integrating by parts regarding x™" as the second function
—pmx m em*
= + dx,
(n—l)x“" n-14 xn=-1
which is the required reduction formula.

-me ™ dx

3.5. REDUCTION FORMULAE FOR

(a) _[a'g("dx and (b) I[:_n)d"

(a) Integrate by parts taking o* as the second function. The required
reduction formula is

. X, n
Ja"x“dx:u x 0 Jx“"u"dx
loga loga

(b) We have I(u" /xMydx = Ia"x'"dx.
Now integrate by parts taking x™" as the 2nd function.

3.6. REDUCTION FORMULA FOR jx"'(log x)" dx

Integrating by parts regarding x™ as the 2nd function, we get

m+1
J'xmuogx)“dx:uog o X .1 jxm(logx)"-'dx, which
m+1 m+l

is the required reduction formula.

MISCELLANEOUS EXAMPLES
Example 1:
If u, =J-J|:"{a2 - x)) 2 dx, prove that
@ —x2)y2 o

2
== + a‘u, _
n+2 n+2 n-2

u,
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Hence evaluate I;x“ (a? - x?) dx.
Solution:

We have u =‘|'x“(a2 - x2) 2 dx
__ 1. n- 2
~—5J-x“ I {(a? - x2)V2 . (=2x)} dx

= Ln- [% (a2 — x2)"2 ] + %(n B 1)Ix“'2(a3 ~x2)¥2dx,

2
integrating by parts taking (a? — x?)"}(—2x) as the second function
= dyn-1a2 _y2ym

+ %(n— D[x""2(a? -x?)"2(a2 ~x2)dx  (Note)
=—%x"“(a2 -x2)3 +%(n “Du,_,+ %(n— Du,
Transposing the last term to the left, we have

{I +—;-(n+ I)}un =-%x""‘(a2 - x2)¥2 4-—;.—(n-—l)az|.1n_1

x"~ (a2 -x2)¥ -1
oru, =- + au,_, (1)
(n+2) n+2

Taking limits x = 0 to x = a in (1), we have

IJX“,}{az - x%)dx
C[x1@ -] (e+nal o, fa? —x2
—"']: ]u+ (n+2) jox (% =x")ex

(n+2)

PRI I I P N S ROV
—0+n+2a Jux (a = x=)'""dx

Putting n = 4 in (2), we have

4"[ i el i
a” J; x? (a? -x?)"2 dx

a 4,2 24102 _
on(a -x“) dx-—4+2

322 2-1 502 00 232
= —a .[Ux (a= —x=)"4dx

again applying (2) by taking n =



teduction Formulae (Ce t-mfinued) 139

a
= %a‘[%x J@? -x2) + %az sin~! 5]
2 a

0
1o 121 na
=—a%*.-—a% . —q=——.,
8 2 2 32
Example 2:
(-]
Evaluate Io e~ *x"dx,n being a positive integer.
Solution:

Integrating by parts regarding e * as the 2nd function, we get get
Jme*"x“dx = [—x"e"‘ ]m + J-m ne *x" - dx
0 o Jo

. - .x" I ES
Now lim x"e™™ = lim —, which is of the form —.
X—=® X—wme’ D
- differentiating the numerator and the denominator separately,

we get

n n-1| _
lim X = tim 2X o gim 20Dl
xomet xom et X e*
Hence ["""tﬁ"‘]“u == lim x"e™* -0=0-0=0
0 X—=»
e~ *xMdx =nf e-*x"-!
Therefore J-u e X dx_nju e”*x" " dx A1)

Now applying the reduction formula (1) repeatedly, we get

g - - _ * -xy 0
Jo e *x"dx=n(n-1)(n 2)...2.IJ-0 e “x"dx

o o 1 =
=nl -X = —-p~X = —— = =
n.Le dx n![ e ][l n![ e“]o (n!).1=n!
Example 3:
Showrhafj -ax Xt = -

nisa POS{&'W& mreger

Solution:
Interating by parts regarding e as the 2nd function, we get

e e e
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=0+ Ej”e-“xn- ldx,
avo

Thus J:e‘”x"dngj':c‘“x“"dx (D

Now by the repeated application of the reduction formula (1), we
have ultimately

@ n! = n! 1 7° nt 1 n!
et 2 [emgtae 2[__LT a1 o
0 ah Jo Y aeaxo a" a an+1

Example 4:

Evaluate J-;x"'(log x)"dx when m 2 0 and n is an integer 20
Solution:

Let I, , = le“‘(log x)" dx

Integrating by parts taking x™ as the second function, we have

xm+l(10g x)"
Imn =

1
norlon -
- 1 n Id
m+1 ]o m+lJ-0x (log x) X

_# m+1 N H m+1 n
_m+l[l (log 1) xh_r:mﬂx (Iogx)]

le’" (log x)"~'dx
m+ 170

. . (logx)"
But log 1 = 0. Also lim x™*'(log x)" = lim (ogx)_
X—=0 x>0 x-(m+D

= lim =
x=0 —(m+ Dx~(Mm*2 x50

-1, 1]
ndlog 0 {x [ )dog)!
m+1 x—[m+|l

Proceeding in this way, we ultimately have

lim x™* ' (log x)" = (some number) x lim

x—=0 x—;(]x_{m*'l}
= (some number) x lim x™*! =0,
x -0
n
1 =—1I _ (1
m, n (m+l) m,n=-1 ( )

n-1 .
- __“___.[L_.h_] L n -2 applying (1)
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5 n(n-=1) _
maD? Mmool S =
Similarly by successive application of (1), we have ultimately -
n(n-1(n-2)..2.1
I .==D"
ma == (m+D"

But I, =J:x“"(log x)? dx =_L:x'"dx

_ xl‘l‘l+| l_ 1
m+1 0 m+1

=(-

m,0

. =(= I'I.__L' ! =(- n_l'l!_
S lpaa == D" (meD) YL
Example 5:

I
If1, denotes jn.rp(l - x9)" dx, where p, q and n are positive, prove
that (ng + p + 1) I =nql .
Hence evaluate I, when n is a positive integer.

Solution:
Here we have to connect

1 1
onp(]—xq)"danmonp(l--x“)" 'dx
. Here A = lesser index of x = p;
pt = lesser index of (1 —x3) =n -1
AP =L Xt = xp (] - X9
Hence

%=(P+ DXP(1-x9)"4+xP*! . p(1-x9)"~! - (-qx?~ ")

=+ DxP(1 —x9)" + ngxP(l —x9° . (-x9)

=+ DxP(l - x9" + ngxP(1 = x9)" "' {(1 - x9) ~ 1} (Note)
=(p + xP(1 — x9" + ngxP(1 — x9)* — nqxP (1 — x¥) ! '
=(p+ 1+ ng)xP(l - x9" — npxP(1 — x9)*~ 1,

Thus (:—P) is expressed as a linear combination of the two
X

expressions whose integrals are to be connected. Therefore, integrating
both sides, we have
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P=(p+1+ nq)pr{l -x9)"dx - an'x"(l -x9)"~Tdx
1
s (p+1+ng) [ xP(1-x9)"dx

1 1
=[xP+!1(1=x9)" P(]-x9yn-1}
[x (1-x9) ]n+nq_[0x (I,x )" ldx,
putting the value of P, transposing and also putting the limits of integration

i
=l3l+nq_|'0x"‘(l—x‘I yn-Tdx.

Thus(gqn +p + I =nql _, D)
or ]n =L'[n-l = nq . (n-Dq In—l .
qn+p+l gn+p+1 [ {{(n-Dg+p+1}

putting (n — 1) for n in (1) to get 1, _| in terms of I _,. Proceeding

similarly by successive reduction, we have finally

__mq___ (n-1yg q
nq+p+1 (n=-1)q+p+1 q+p+1

n IO

1
I 1 p+l
But Io=j0x"(]—x“}°dx=jox"dx=[’; ] at_
0

+1 p+1
oM™ _(-Dg q 1
" ng+p+1 (n-Dg+p+1 q+p+1 p+1’
Example 6:
If 1, denotes I:(az - x2)"dx,and n> 0, prove that
_2na2

n- 2”"‘ l n-1°
. ra
Hence evaluate Io (a? - x%)3dx.

Solution:
We have 1, =J:(az —-x3H)" . 1dx (Note)
=[(a2 —-x%)" x]: - J;:n(:zl2 —x2yr-1(=2x) - x dx,

integrating by parts taking unity as the second function
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=0+2nj:(a2 —x2)"=Tx24x, [ n>1]
=-2nj';(a2 -x2)"- 1. (a? - x?)-a2} dx,

[ X = - (@ - x) - )
z—ZnJ:(az - x2)"dx +2nazj:(a2 - x2)"=ldx
==2nl, +2na’1__,.
L1+ 2], = 20221, _,

or] =—-—1 (1)
. 6 5 . ms
R =?a I, putting n = 3 in (1)

=5,2 -[iazll], putting n = 2 in (1) to get L, in terms of

7 L5
I = Eaa“ll.
35

424
Thus I, =}':(az _xl)ldx=%j:(az - x2)dx

_2atf o ) 24t 5 23] 167
35 3], 35 3] 37

Example 7:
Prove the reduction formula
[ ey K
(n+1) (n+1)
Hence evaluate I(x’ +a’ )% ax.
Solution:
We have .[(-a2 +x2)"f2dx=j{a2 +x2)V2 .1 dx (Note)

J’(az +x2)(m‘2}——ldx

=(a? +x2)"2 x—lllzln(a2 +x2)(MD-12x. x dx
=x(a% +x?)"2 - nJ'(a2 +x2)"D=1¢a2 4 x2) a2} dx

(Note)

i
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=x(a? +x2)“’2—nf(a +X )""zdx-hnazj(a +x 2yt2)-1 gy
(l+n)I(a Fx2)V2dx = x(azﬂcz)“"2
+na J{a2 +x2)W-1gy
x (a2 +x2)M2

2, ,2y02 4y =
OrI(a +x4)Medx (n+|)

2, o 23(n/2)-}

is the required reduction formula _
Now to evaluate J‘{a2 +x2)%2dx, putting n = 5 in (1), we get

2 2452
[@? Pxty gy XA HXDTE L j'(a +x2)¥dx

6
v (a2 4 w2152 2 (a2 4+ x2 312
_X(@ -l-ﬁx ) +§:_[x(a +4x ) I(a +x2j”2dx:|
wial 42152
LX@7+x7)7 ": ) + ;4 x(a? +x2)¥2
) .
+%§-6-[x1f(az+x ) +a? sin ‘:]
Example 8: .
1
Evaluate -[0 m
Solution:
@ 1
Let l" _jo (32 +x2)n

where n is a + ve integer = 2.
To form a reduction formula for 1, we shall integrate by parts

r+ dx, taking 1 as the 2nd function. Thus
0 (az +x2)n—l

R B PO N S
Jo (@ + x2)n-1 1dx [(a’ +x2)n-|]u

xS

0" (@ +x)"



Reduction Formulae (Continued) ) 145

orI__,=| lim ——>——_-0|+2(n-1) _._35.2...._
“‘_I_— X—ltﬂ(az+x2)n_[ 0 (a 2)“
2
=0+2(n- 1) M._
(a? + x3)"
R X —0i
l:. xl-—uonw—(azq.xz)“‘l OlfHZZ]
dx 1
_2(n—l)u—( I 2(n-Da? [ L

=Zn- 11, _, - 2(n -1a’l,
L2~ 0@ = {2(n-1) - 1}, _,
2n-3

2a2(n-1) """
is the reduction formula for I .

Now putting n = 4 in (1), we get

5 =5 .3

37 6a? 2222 %

1)

or 1, =

I, =

2a?-3
putting n = 3 in (1)"to get I, in terms of |,
5 1 [ 5 (= 1
~gat 1= 646 7, 3y X
8a* 2a?-1 16a% 70 (a2 +x2)
-2 l[tsm"i] ~[tan™" @ - tan™" 0]
16a a aly 16a’
_. 5 m®m_ 5m_
16a’” 2 32a7
“Aliter. Let I_j ;dx
0 (a? +x2)4

Put x = a tan 6, so that dx = a sec? 8 de.
“The limits for 6 are from 0 to n/2.

- 2 ) 1 "2
[_-[0 m a sec Gdﬁ——-—_‘o cos’ 0 d6
1 5:3:1

=—- == by Walli's formula = .
7842 2 , by Walli’s formula a7
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Examle 9:

Prove that QL = E
0 (1+x2)* 32
Solution:
Do your self. Put x = tan 6.

Example 10:

_ [ . m 2
Ifi, = b X \}{2ax—x ) dx, prove that

2"ml. m+2) !l =a?2m+1)!x

2
Hence or otherwise evaluate joa x> 1}(2ax —xz) dx.

Solution:
Proceeding as in taking limts from O to 2a, we get

Lo [x‘"" (2ax — xz)m:[’ ,@m+Da
m

m+2 m+2
_ (2m+1a _(2m+Da
or Im = 0+ m+2 -1 = m+2 -1
L= (Zm+1)a (2m-1a
Som m+2  m+l ™2

replacing m by m — 1 in (1) to get 1__, in terms of I_,
_(2m+ha (2m-1a (2m-3)a I
m+2 m+1 m
Thus aplying the reducting formula (1) successively, we have fina
_ (2m+1)a (2m';—l)a (2m-3)a 5a 3a

I . . o —. =y,
m m+2 m+] m 43 °

where Iy = j;a x*J(ax -x?) dx = j:' Vx.J(2a - x)dx

Put x = 2a sin%, .
so that dx = 4a sin cosb do,
and the new limits are from 6 = 0 to 8 = n/2.

S PR I:u J(2a) sinB.Jfﬂi cos0.4a sin® cosO db

m-3, and so on
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ra.r3
22 . 2 2 2 2 2
=8a I sin“ B cos- 6db=8ac . ———=
0 2ri3
1 1
I
2.2:1 2
] = a™(2m+1)(2m-1)(2m-3)...5-3 ma?
om (m+2)(m+Dm..4-3 2
ﬂamu
=gy @M+ DEm-DEm=3)..5 3.
m+2)!

Multiplying the numerator and the denominator by
2m- (2m - 2) ... 4.2, we get
_ ma™*? (2m+1)2m(2m-1)(2m-2)...5-4-3-2-1
™ (m+2)! 2m-(2m-2)..4-2
_mam*t? (2m+ I)! _ma™Z.2m+ 1)
(m+2)! 2™[m-(m-1)..2+1] 2™-(m)!-(m+2)!
or 2°(m)! (m +2)! I_=a™*2-(2m + 1)!n. Proved.

2 2
Now let l=ju"x3 (Zax—xz)dx=joax3*"2 (2a - x) dx

2
=j°°x?f3 (Za-x) dx.
Put x = 2a sin? 0,
so that dx = 4a sin 8 cos 6 do,
and the new limits are 6 = 0 to 6 = n/2.

n/2 4 7 .
I~-~J“J (2a)" sin’ 8-cos 0 -4a sin B cos 6 do
9_3

—masjuizsm’ecosz 0do = 64a’ 212 _7mt
- 0 - 26 8
Example 11:

I 1,=[x"(a-x)"d&

@n+ 3) 1 =2anl, - 2x"(a- xp2

Hence evaluate I:xz (ax-x2) dx
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applying the reduction formula (2) by taking n = 5/2

5a 2a- 3
= = 2 Ix”z(a x)2 dx,

again aplying (2) by taking n = 32
ﬂ5a 3J'xu2(a x)"2 dx
Now put x = a sin? 6,

so that dx = 2a sin© cos 6 db,
and the new limits are 6 = 0 to 6 = n/2.

- J:xz J(ax - x2) dx

© 532 pn/2
=§?6—IO“ a2 5in0-2"2 cosO-2asin O cosd db
3 .3
r=.r=
5a2 2 5a® "2 " 2
== .2a%| “sin?Bcos? Hdh =" . ==
16 -[o 8  2I3 ]
by Gamma function
1 1
52t VTV s
8 2.2-1 128
Example 12:
Evaluate j[: (logx))0* x™dx
Solution:
|
Let 1, jo x™(log x)"dx, where n is an integer = 0. Then
proceedmg as in Ex. 13, we have
I, =—-——1I
m.n (m+l) m.n-|

Putting m = 4 in (1), we get
1 -4

- 4 ymiy —
Im.4—‘[0(logx) xMdx —

1
m 4-1
ljox (log x)* ~"dx

4
+llm‘3

Now by repeated application of (1), we have
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() G e
ENTENE e

1 m+1
__ 4 4.|'x'“dx= 24 ‘_[x o
(m+1)* 70 (m+1)* \m+1); (m+1)®

Example 13:

L:x'“ dx

1
{f m and n are positie integers, and f(m,n) = Jox" =1 (log x)™ dx,
proe that

f(m,n)= ~(§]f{m -1,n)

m!
"nn-l

Deduce that f(m,n)=(-1)"-
Solution:

Interating by parts regarding x" - ! as the 2nd function, we have

x" !

f(m,n)= [(Iog x)™ . —n—]

0

1
—_—rE-ID(log x)m-! -%‘x“ dx
_g_m 1=t m=-1
=0 - jox (log x) dx
[ limox“(log x)™ =0, as shown in Ex. 13]
X =
m
or f(m,n) = —(—)f(m— 1, n) (1)
n

m-1

=(“])2(L:"}'[T] f(m -2, n), applying (1)

=(- 1)3(%] ['—"—n"—lJ[mT'z] f(m -3, n), again applying (1)

=(-1)3 w“m‘l n)

Similarly by successive application of (1), ultimately we have
f(m,n)=(-1)" m(m-1)}(m-2)...2.

nl'l'l

! f(0, n)
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But £(0, n) =j:x""'(log x)° dx

=I;x""dx=[%]! =%

0
f(m.n)=(—l)“'ﬂ!.l=(_|)mL!
m n im+!
Example 14:
Find the reduction formula for I{ x” }dr
. (log x)”
Solution:
We bavej X7 dx
(log x)"
s fxmet| b g = fymet. anl
Jx [(Iogx)“ x]dx jx [(Iogx) x]dx (Note)

Now integrating by parts regarding x™ * ! as the first function,
we have

™ (log X)"“'I
-n+1

J' xMdx =xrr”_,(Iogx)"”‘
(log x)" -n+1

—I(m+l)x dx

m+1 m

- X + m+ lJ- X dx
(n-N(ogx)"~' n-17(logx)"-!

which is the required reduction formula.

Example 15:

= x
Evaluate -[0 Txes)

Solution:

w  Xxdx 0 x dx
We have I = =
JO (1+e*) IO e*(l1+e*)

=J-:xe"‘(l+e“")"dx (Note)

On expanding (1 + e *)"! by binomial theorem, we have
(] + e—;)—l =] - *+ e _ e-Sn + e 4 -

1=J:xe"‘[l—e“‘ +e X e ¥ 4 1dx
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= J:x[ e"X —e X 4o~ e 4 dx D

Also J: xe~ "™ dx

-nx 1® -nx -nx %
= —xe + we dx=0+ ¢ =L ---(2)
n o 0 n _n2 n2
0

Now applying (2) to each term of the R.H.S. of (1), we get

PR PO N S SR S
AT R E I R

2
=—TI[—2—, from trigonometry.
Example 16:
Find a reduction formula for Ix"'(l +x2)Y"2 gy, where m and
n are psotive integers.

Hence evaluate J-xs(l +x3) 2

Solution:
We have J-x“’{] +x2)M2gx = %Jx’““ (1+x2)M2 . 2xdx

24(nf2) + 1 _
=% (m-1{d+x7) __m-1 [ X2 (14 x2) WD gy

1

5n+l (-;—n%— 1)

integrating by parts taking x™ - ! as first function
m_l(]+x2)(n+2}fl m-—1

jxm—z(l_,_xz)(mzmdx

(n+2)  (n+2)
. ‘ ‘ A1)
which is the required reduction formula.
Now to evaluate jxs(l +x2)72dx, putm =5, n=7in (1)
4 24,92
5 22, L X U+XT)™ 4 24972
Then [x5(1+x%) dx = == gjx (1+x2)%2 dx

4 2,972 2 241172
x*{1+x-) 41 x<(1+x°) 2 201102
= - - —|x(l+x dx
9 9 11 H-[ ¢ )
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n(x_l)]-"l xnxn-l{x_nl-’z

T o T dx,
2 0 2
integrating by parts taking (x — 1)"'? as the 2nd function
xx" N (x-)
=2x" J(x-1)=2n| ———"dx
V=T = 2nf; CED)
_ o ~ B X X0 % Kn—l
=2x" J(x=1) ZHJumdx+2xJO T S

=2x" J(x~1) = 2n¢(n) + 2nd(n - 1).
Transposing the middle term to the left, we get
@n+ 1)é(n)=2x"(x— D2 +2np(n - 1).



4
DEFINITE INTEGRALS

4.1. DEFINITION

Sometimes in geometrical and other applications of integral calculus
it becomes necessary to find the difference in the values of an integral
of a function f{x) for two given values of the variable x, say, a and b.
This difference is called the definite integral of f(x) from ato b or
between the /imits a and b.

This definite integral is denoted by
b
j f(x)dx
a

and 15 {l;ead as “rhe integral of f{x) with respect to x betwen the limits
a and b”.

It is often written thus:
b, b
Lf(x)dx =[F(x)], = F(b) - F(a),
where F(x) is an integral of f{x), F(b) is the value of F(x) at x = b, and
F(a) is the value of F(x) at x = a.

The number a is called the lower limit and the number b, the upper
limit of integration. The interval (a, b) is called the range of integration.

4.2 FUNDAMENTAL PROPERTIES OF DEFINITE INTEGRALS

b b
Property 1. We have _[ f(x)dx =I J() dr ie, the value of a
a a

definite integral does not change with the change of variable of integration
(also called ‘argument’) provided the limits of integration remain the
same.

Proof:
Let Jf(x)dx = F(x); then _[f(t) dt = F(1)
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Now _[:’ £(x) dx = [F()]P = F(b) - F(a) (1)

and j:’ £(t) dt =[F(1)]° = F(b) - F(a) e
b b

From (1) and (2), we see that L f(x) dx = L £(t) dt.

b
Property 2. We have I f(x)dx= —I:f (x) dx i.e, interchanging
a

the limits of a definite integral does not change the absolute value but
changes only the sign of the integral.

Proof:
Let jf(x) dx = F(x). Then
j: £(x) dx =[F(x)]° = F(b) - F(a) (1)
Also -j:f(x) dx = =[F(0)]} = ~[F(a) - F(b)] = F(b) - F(a) ..(2)

b a
From (1) and (2), we see that [ 'f(x) dx = - [ f(x) dx.

Property 3. We have j: feyde=[fdes j:f(x) dx.
Proof:

Let [(x)dx = F(x). The the RH.S.

“[FOOI +[F0]L = {F(c) - F(a)} + {F(b) - F(o)}

= F(b) - F(a) = [ f(x) dx = L.H.S.

Notes:

1. This property also holds true even if the point ¢ is exterior to
the interval (a, b).

2. In place of one additional point c, we can take several points.
Thus,

b < €y ¢
L f(x) dx = L' f(x) dx + -L. f(x)dx + _{c;f(x) dx

€y
+...+J-
<

=1

£(x) dx + ... + .[:' £(x) dx.

Property 4. We have L‘; f(x)dx= j:f(a - x)dx



158 Text Book of Integral Calculus

and ja £(x) dx = j’:f(x) dx + J’:f(x) dx = 2_[:1'(3() dx,
if f(x) is an even function of x.
Property 6. [ f(x)de=2["7 (x) de,if f2a-x)=/(x)
and 7 (x)dc =0,if f(2a=x)==1(x)
Proof :
We have j:af(x) dx = J:f(x) dx + E?‘(x) dx

= J:f(x) dx — J'ﬂf(za -y)dy, [putting x = 2a — y in the
a
. second integral and changing the limits]

a a
= jo f(x) dx + Jof(Za -y)dy,
interchanging the limits in the second integral
= Juf(x) dx + jof(Za - x) dx,
changing the argument from y to x in the second integral
=2j:f(x)dx,iff(2a— x)=f(x) or =0,iff(2a-x)=-f(x).
e dx = [fx)dx + [°f d
Cor. J'O (x) x—jo (x) +L (2a - x) dx
Remember:
. w2 : a2
(i) J-_ . f(sin x)dx = 2_[0 f(sinx)dxor=0
as if, f (sin x) is a even Or an odd function respectively.
=2
(ii) J: f(sinx)dx =2‘.'0 f(sinx)dx,
[by property 6, because sin (m — X) = sin x]
w2 w2
(iii) J—m f(cosx)dx =2.[u f(cosx)dx [by property 5]

(iv) _L;If(»::cnsx)dxz2_[:rz f(cosx)dx .. - «,

as if, f (cos x) is an even or an odd function respectively.
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" f(sinx)dx = [ f1sin( L dx
W) J, f(sinx)dx= [ fsin| 57-x | tdx, by property 4]
~2
=Jﬂ f(cosx)dx.
. R om n L n2 . m n =
(vi) Iu sin™ x cos xdx-ZIo sin™ x cos" xdx or =0,

according as n is an even or an odd integer, (by property 6).

4.3. THE DEFINITE INTEGRAL AS THE LIMIT OF A SUM

So far integration has been defined as the inverse process of
differentiation. But it is also possible to regard a definite integral as the
limit of the sum of certain number of terms, when the number of terms
tends to infinity and each term tends to zero.

Definition: Let f{x} be a single valued continous function defined
in the interval (a, b) where b > a and let the interval (a, b) divided into
n equal parts each of h, so that nh = b — a; then we define

be(x)dx=lim hif(a)+f(a+h)+f(a+2h)+...
’ +1{a+@-1)hy,
when n —» o, h - 0 and nh > b — a.

n=1
Thus, be(x)dx = lim h ) f(a+rh), where n — « as h — 0 and
A h—0 [T

nh remains equal to b - a. We call I:f(x)dx as the definite integral of
f(x) w.r.t. x between the limts a and b.

4.4. SUMMATION OF SERIES WITH THE HELFP OF
DEFINITE INTEGRALS

The definition of a definite integral as the limit of a sum (7.3) helps
us to evaluate the limit of the sums of some special types of series. We
know that

I: f(x)dx = Nim h[fa) + fa + h) + ... + f{a + (n - Dh}]

n-1
= lim h ¥ f(a+rh) where nh = b - a.

n—+®m y=(

Puttinga=0and b = 1,

]
so that h=(;). we get
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j f(x)dx = lim — z r(“)

n—co N

Thus, the limit of the sum of a series can be expressed in the form
of a definite integral provided the series has the following properties:

1
(a) Each term of the series should have (H) as a common factor
which tends to zero as n — w,
(b) The general term of the series should be the product of 1/n and
a function f(r/n) of r/n, so that the various terms of the series

can be obtained from it by giving different values to r, say
r=0,1,2...n-1

(c) There should be n terms in the series, but if however the number
of terms differs by a finite number from n, then the required
limit does not change because each term tends to zero. Thus

lim nfzp )Jﬂ'r(x)dx,

if p and q are independent of n.

Working Rule:
(i) Write down the general term [say rth term or (r — 1)th term

. . 1
etc. as convenient] of the series. Take out (;) as a factor

from the general term and thus write the series in the form
] 0= 1
= Z f( ] We may have some other limits of r in the

summat:on for example, r may vary from 1 to n or from
0 to 2n, etc.

(i) Now the evaluate lim 1 ng LJ replace < by x, -~ b
ol o \n ) P n e n %
dx and nlgnwz by the sign of integration i.e., by _[ :

(iii) To find the limits of integration of x first note carefully the
limits of r in the summation Zf{(r/n). Divide these limits by
n to get the values of r/n. Take limits of these values of
r/n as n — o and get the limits of integration of x.
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MISCELLANEOUS EXAMPLES

Example 1:
Evaluate
12 12 2 2
lim | Z et e b |
noel B (n43)7° (n+6) {n+3(n-n}
Solution:
0?2
Here the general term = ———+
(n+3r)""
_ 1
T aae .
n{“(ﬂ)} ; (and r varies from 0 ton - 1)
n

. 1
17 a2
. the given limit "~®r=0" {H(%l')}

[ 2 1]
0(1+3x)* [ (1+3x)"7 ),

RN

Example 2:

Evaluate

lim —;— d d +...+ !

n—sw| N \((nz ,2 J(nz_:,z) J{nz‘(n_,f} .
Solution:

Here the general term
] i |

=

J(nz _rz) " J{l-(i)-} . and r varies from 0 to (n - 1).
n

1
T —

g N 2
*. the given limit =0 {1_(£J }
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= J];dx = [sin“ x]l
0 ||(l _ XZJ 0
=sin™! I—sin"0=%n.
Example 3:
Evaluate
lim ,I + ! ot !
n—sw J(n- _12) J(uz _22) \({"2-(”-1’)2} .
Solution:
Do your self.
Example 4:
Evaluate
li o2 2 24 3 .9 I 5
im | —sec” — +—5sec” — + —5sec” —5+...+—-sec Il
n—x| n* n n n n 7] n
Sa{un’au: :
Here the rth term
=_r_sgcz.ri=l. Lsecli i
n2 n2 nln a2 [ and r varies from 1 to n.

. AL | T 2 Fz
~. the given limit = lim X —'{HSCC“ e

N~ |

= jlx sec? x%dx = lJ"sef:2 tdt, putting x2 = t so that
0 T2 » putling
2x dx = dt and the limits for t are 0 to |

1 1 1
= 5['*"”]0 = E(tan!-tano) =5tanl.

Example 5:
Evaluate
lim i[x;‘n—”‘ T osin?* 2X ik 3T L in E]
n—w N 2n 2n 2n 2

Solution:

2K

| I .
Here the rth term = E‘sm I and r varies from 1 to n.
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rmn
. i i llm — sm2k e
. the given limit = erl o >

‘=ﬁsin2“(%- ] ——j “sin?* tdt

So that 3 mdx=dt, and the limits for t are 0 to 7
2 (2k-1) (2k-3) 317
_QT(ZTT) 3’37, by Walli’s formula

(2k-1)(2k=3)..3.

2k.(2k-2)...4.2
Example 6:
3
Evaluate hm E 7 .
Dp=f F +n
Solution:
3 3
lim 3 = lim 3 {1~

Here nsw -1 r* +n*  nowoin* ( r )“ 1

1
n—o =) N (l‘ ]4 .1 (Note)

Example 7:

P h hm Z T
rove tnat -
»o 0 r’+n? 4

Solution:
Do your self.

Example 8:

n-{

lim
Evaluate s /oy 1
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Solution:
n-1
Here lim ¥ = 1 (H)

n—sw o 0

n-r

J \/_:iT Io JET*::) (Note)

Now put x = sin 8

so that dx = cos 6 do.
Also 8 = 0 when x = 0
and 9:;— when x = 1.

+sinB
“cosB

- jo (1+5in6)do =[0 - cos]}>
=(%_0)—(0-])=-;—+I_

Example 9:
Prove that

. the required limit ‘J- oo c0s6dé

tim ! + ! +,,.+—;- =
n—reo J(2n~!2) ‘((4::—22 ) n
Solution:

Here the rth term
1

J(2nr—r2)
". the given limit

= lim E—

a Toxe)

2
Z(L)ﬁ(iJ } , and r varies from 1 to n.
n
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[sin"!(x-1)],

_f__dx  _p dx
_J"J@FX’) I",j{l—(x—n’}

=sin? 0—sin? (- 1) =0 +sin' | = ;

Example 10:
n
3 V4 2xr 3w

Evaluate "f if:o I:Ian% Ian% ranﬂ. .tan E]

Solution:
Zn nr ]V
Let P= llm[ n 2n ..tan %]
Then

nm
logP = “Il_l;I:a [log( 2—)+lc¢g(tan2 )+_,,+log(tan§-n-)]

lim x log( 5“1)
n—a Dl
1 n
-Jﬂ]og{tanix}dx——_' log(tan©)de
putting [ 3 ) © and changing the limits accordingly
_2 ™ sin@
“ad mg(cosﬁ]de

2wl . 2 2
= Ejo log sinBd6 - ‘J_t--[ﬁ log cos0db

2 ™2 . (n 2 2
= "E—[U log sm[-2— —G)dB - ;J‘o log cos0d@
a a
[. J’n f(x)dx = J'Uf(a—- x)dx]
2 ™2 2 2 _
= ?fjo log cos0do —?J-D log cos8db =0.

“P=¢ =L

Example 11:
Evaluate the limit

n? 2 an? 2 6/n’ Ca2nn
1 2 3 n
lim [H-—) 1+= I+= .{H-—) .
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Adding (1) and (2), we get

n X+(m-x)
2l= = dx
Iﬂ a? cos? x+ b2 sin? x

_ “r dx
0 a2 cos? x+b?sin? x

w2 dx

=2n = ,by a property of definite integrals.

'[0 alcos x+ b sinix’ ) o P perty (Ref g 6)
efer prop.

w2 dx

0 a?cos? x+b?sin?

s l=n .
X

j-mf?- sec? xdx

S D dividing the numerator and the
0 aZ+btan’x

denominator by cos® x.
Now put b tan x = t.
Then b sec? x dx = dt.
Also when x = 0,t =0

and when x—>%, t — w,
a4 _m 1 -1t
'I_bjo al+t2 b a{tan a}
_n S PR

T [tan w — tan {}]

"z o] 2

_E-E[_f 0]_23b'

Example 13:

x xdx el (a" + b")
Show that _L. (a"caszx+bgsfnzx]2 R
Solution:
) I=J~n xdx :
et 0 [az cos® X + b? sin? x]
- -[n (7 ~x)dx

v [a2 cos?(m—x)+b? sin:[l'r—x)]2 ’ (Refer prop. 4)
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=Jm (m-x)dx _* ndx -1
0 [a2 cos? x + b2 sin? Jc]:a 0 [a2 cos? x + b? sin® x]2
9= n mdx
’ 0 [a2 cos? X + b? sin? )(]2
n2 ndx

0 [az cos? x + b2 sin2 x]z , (Refer prop. 6)

2 ec? xdx .
or I= nj -—5——-—.,-, dividing Nr. and the Dr. by cos? x
0 (a2 +b? tan® x)
,;a I+tan x seczx
=) S
a2 +b?tan x)
N0wpntbtanx=atan6,
so that b sec? x dx = a sec? 8 df.
Also whenx =0,0 =0

L B
and when x = 5T 9—2?'!
: - {l + (asz2 )tatrl2 B} (a/b)sec? 0dO
T -[0 a‘sec®d

= T]L-J_EQ [b3 cos B +a?sin? 9)d9
a

= a;;l [b2 .%.%_‘_az %g’] (by Walli’s formula)
= 411313( ? bz)
Example 14: * )
Show that : 3 x::(; T 2a,J(i ), (a>I).
Solution:
o xdx z (m-x)dx

Letl‘j 7 )

0al-cosix 0a (Refer prop. 4)

—cos?(m-x)’
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dx

T T oty

. 21: K_L=2 m_.i R f 6

T 0 a2 —cos?x 40 a?-—cos?x’ (Refer prop. 6)
2

orl=mn oﬂ;%, dividing the Nr. and Dr. by cos® x

_“Iﬂ sec?xdx rﬂ sec? xdx

=n

o a’(1+tan’x)-1 %0 (a?-1)+a’tan’x’
Now putatan x = t,

so that a sec? x dx = dt.

Alsot =0 whenx =0

and t — « when x—)%n.

=—= [tan"w-tan Ii.‘i]
a(a?-1)
=_ﬂ*[£ ]_ n’
af(a>-1) L2 2a [ 1)
Example 15:
T xdx
Evaluate J-o Troosis
Solution:
1:]’" xdx _J" (m — x)dx |
Let 0 l+cos’x 90 1+cos?(n—x)’ (Refer prop. 4)

r(n—X)dX_ ® mdx Jx xdx
“Jo T4cos2x 90 1+cos?x 90 1+cos? X
T dx

0 1+cos? x
L=l
0 1+cos” x

j"f’z dx

—=
0 l+cos”x’

(Refer prop. 6)
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2
or I= j:zzz—:i’: dividing the Nr. ard Dr. by cos? x
- njxﬂ 5562 xdx
0 2+tan?x
Now put tan x = t,
so that sec? x dx = dt.
Alsot=0 when x =0

and t — o when x—rlﬂ.

2
= dt 1 -1 l]w
I = =n—tan"' —
e e "Jf[ 2

= %[tan" o —tan~! 0]

min '."I:2 Hzﬁ
5]

IRV R A
Example 16:
J»fz cosx — sinx
Evaluate ] +sinx cosx
Solution:

=2 CcOsX —sinx
Let ]=J —_——
0 1+sinx cosx

1 .1
. cos(-j-n—x)—sm(in-x)
Then 1= N i I dx, [Refer prop. 4]
1+sin(§n4x)cos(—an)

2
_ n2 §inX —cosX 2 cOsSX —sinx
.[ T+cosx sinx x=_'In T+sinx cosx X=
21=0 or 1=0.

Example 17:

w2
Evaluate J (sinx —cosx) log (sinx + cosx)dx.
Solution:

772
Let 1= sinx —cosx) log (sinx + cosx)dx.
A 4

w2
Then 1= L (cosx - sinx) log (sinx + cosx)dx



172 Text Book of Integral Calculus

so that dx = sec® © d6

and the limits for © are 0 to %

e
= j-ﬂ c0s6d0 = [sin B];M =sint-sin0=—=

4 g2
Example 20:
w2 v
Evaluate Jﬂ sin2x log tanx dx.

Solution:

2
Let 1=J‘0 sin2x log tanx dx. 1)

Th I=J'msin2 ln—x) log tan in—x) (Reft 4)

en b 3 3 , efer prop.
2

-——_[0 sin(n—x) log cotxdx

2
= L sin2x log cotxdx. .(2)
Adding (1) and (2), we get

a2
21= -[0 sin2x(log tan x + log cotx)dx
w2 .
= Io sin2x log(tanx cotx)dx
w2
=-[n (sin2x).log 1dx
w2
=.L 0.sin2xdx

72
=0x I sin2xdx =0.
0
s I=0.
Example 21:

w2 ginx — cosx

Show that |, o oosx -

Solution:
Do your self.

Example 22:

T xdx
Evaluate L Trsinx:
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12 w2 dx
=n[x]y “-[o —
1+sin (En-x) (Refer prop. 4)
n w2 dx n? 2 dx
*ﬁ[i_o _nju 1+cosx _T_n-fo 2 1
2cos > X
w2 w2 ] 21 _n- 1 w2
mT—nL fsec —2-xdx— > n[tan-z-x]o
“ﬁ—ﬂ tanln—tano]————u n(——l)
T2 4 T2 B )
Example 24
JN X sinx
Evaluate Jy ( ] -!-r.'ozx)
Solution:
® X sinx
1= —/—=_ (1
IO 1+cos® x* M

. I (m-xsin(n-x) . [ J':f(x)dx-_-j;f(a—x)dx]

1+cos?(n—x)

J- (m—x)sinx x)smx
1+ cos® x
Adding (1) and (2), we get

21:""‘ msinX dx=nr sinx dx

(2)

0 1+cos’x 0 |+cos?x
- j- _sinx Ref p
= efer prop.
l+c05' ( prop. 6)
smx
or l*“_[
l+cos x

Now put cos x = t,
so that — sin x dx = dt.
Alsot=1whenx =0

and t = 0 when x=%n.

0 —d I d -
crenfl ot i o]
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= n(tan" 1-tan~! 0) = n(ln _0) 1 n2.

4 q
Example 25:
T xlanx _ _{
Show that Ja secx + cosx = 4 s
Solution:

The given integral

(smx]
__\eosx)

I= J X
[ ]+cosx
COSX

x X sinx n?
=J —de=__‘
0 1+cos?x 4

Example 26:
T _xtanxdx tanx dx
Show that A{ 37 1)

0 secx + :am:
Solution:

Do your self.

sinx \

I=
Let secx +tanx

_In X sinx
“Jo T+sinx
Example 27:

(]

T
Evaluate L xsin®xcos?xdx.

Solution:

R cinb 4
Let Izjoxsln X cos” xdx

= I:(:: - x)sin®(n - x)cos® (1 - x)dx,

n
= | (n-x)sin® x cos* xdx
0

™ Xtanx x x( cost

J dx =I -
0 o _1_),(sinx
cosX €OosX

175

dx

(Refer prop. 4)
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6 x cos* xdx

x - & 4 n .
=j 7 sin” X cos xdx—J X sin
0 (]
R 4
=nfusm x cos” xdx-1.
T o6 4 "2 .6 4
- 2]=1tJ0 sin® x cos xdx=21:_|-o sin® x cos” x dx,

"2 . g 4
or I=ﬂIO sin® x cos” xdx

__ 53131 =m_3n? .
=T108642 2 512° (by Walli’s formula)
Example 28:

Evaluate the following integrals:

(i) j:sinjB(J +2cos0) (1 +cos Qz do

(i) J':sin’x(f —cosx)’ dx.

Solution:

(i) Let I= J:sin3 0(1+2cos8) (1+cosb)de
= j: sin®8(1+2cos0) (1+2cos0 + cos? 6)dO
= _[: sin’§(1+4cos0 + Scos? 8 +2cos’ 6)do
= J‘(:‘(siﬂ3 0 +4sin3 6 cos® + 5sin> 6 cos? 0 + 2sin> 6 cos? B)dB.

a2

Now I:sin“’ 0 cos"0do = 2!0 sin™ 0 cos"8d0 or = 0,
according as n is an even or an odd integer. [Refer prop. 6]

~1=2 [ sin"™8d0 + 5 x 2 [sin’6 cos? 66,

because the integrals containing odd powers of cos 8 vanjsh

2.2 1020 _4.4_8
=23gtl0537=3v 37

(ii) Let l=_|::sin5 x(1-cosx)’ dx

5 3
= [*(2sinXcosX) [2sin2 X
-Jo (Zsmzmsz) (Zsm 2) dx



Definite Integrals 179

w2 . 2 2 w2 .
Sous jo (log smx)';dx = —;J‘O log sinxdx,

n2
Now let I=J'J log sinxdx.

We get
1 1
1= 57 logi
=272 1 0ol Cjoe
u=—=I= - 21tlog2 —Iogz.
Example 32:
Evaluate I;x fog sinxdx.
Solution:
Let I= J:x log sinxdx.
Then I = J;(n -x) log sin(m — x)dx, (Refer prop. 4)

=J:(r(— x) log sinxdx
zjln log s'mxdx—rx log sinxdx
0 0
~nJ'“lo sinxdx -1
= 0 g .
T w2 .
L 21 =nL log sinxdx=211_[0 log sinxdx, (Refer prop. 6)
1= [ log sinxdx
orI=n}" log sinxdx.

n2 .
Now let n:j0 log sinxdx.

1

We have u= 3

1
nlogi.

l=nu=mtinlogt=tn210p)
o lqnu_n.zn!ogz—zn ]ogz.

Example 33:

w2
Evaluate J;} log cosxdx.
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Solution:
w2
Let 1= L log cosxdx. (1)
w2 1
Then I= .[o log 005(511 - x)dx (Refer prop. 4)
2
= _[0 log sinxdx. -(2)

Adﬂing (1) and (2), we get

w2 w2
2= L (log cosx +log sinx)dx = I lo

) g(sinx cosx)dx.

and we get l=in_log%.

2

Example 34:

o 2

Evaluate -[o log sin2xdx.
Solution:

Let I-Imlo sin2xdx

- =), '8 .

Put 2x =1t,

so that 2dx = dt.

Also t = 0 when x = 0

and t = ™ when x=%n.

I¢n . 1 w2 .
= —Z—L log sintdt =5_.2J-0 log sintdt, [Refer prop. 6]

n2

=J- log sintdt,
0

1

7 lo —]—
271087

Now we get [=
Example 35:
3 w2 1
Show that -{a x cotxdx =3 rlog2.
Solution:
ﬂ e
Letl= jﬂ x cot xdx. Integrating by parts taking cot x as the second

function, we get

2
I=[xlog simc]:;"2 ~J-0 1.log sinxdx
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= [ilog 1- lim x log sin x] - Jm log sinxdx
x—0 0

2
log sinx
=0- I:m x log sinx = lim g form 2
=0 x—=0 IVx ? -4}
1
—+—— |cosX 5
. \sinx .. =X~ COSX
= lim = lim — ®
x—=0 1 x—0 SIMX form —
- e o]
x2
~2x cosx + x? sinx
= lim =0 =0
x—=0 COSX 1 ’

2 2
‘. l=t'J—_|'0 !ngsinxdx=~lo log sinxdx.

w2 .
Now let u= J-o log sinxdx.

Then we have u =—%n log2.
tl=-u =%1t log2.
Example 36:

@ tan'x &

Evaluate L; m

Solution: .
© tan~! x
I=| ———dx
J“ x(l+x2) :
Puttan”! x = t,
1
so that {(H ]}dx dt
and x = tan t.

Also when x =0, t =

and when x = o, t=

w2 tdt 2
= J' J t cottdt
tant 0 ’

Now we get [ = %n log2.
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Example 37:
2
Show that [ (25 do=nog2.
Solution:
_ ™8 2
Let I_Io [smﬁ) d6 = J- “062 cosec?0do .

Integrating by parts taking cosec® 8 as the second function, we get

1=[62(-cot )] —IOMZB.(—cotﬁ)dB

2 2
—(i) cot = + lim 6 cot® + 2.{ 0 cot0do
00 0

2 2
2
=0+ lim 82 cotB = lim L [formg
80 8—0Tang’ 0
26 0

= lim =—==0,
8-+0sec’® |

. i=2.[0 9 cotfde.

Example 38:

Evaluate J‘: (cof - x)2 dx.
Solution:

Let I—J (cot x) dx.

Put cot' x =0
ie,x =cot 6,
so that dx = — cosec? O d@.

The new limits for 6 are -1-:': to 0.

2
= .[:-292 _[~cosec39)d9 = Jl:’lez cosec’df.

Example 39:

sin_ xdx=-£:r!og2.

Show that I 3

Solution:
Isin~!
Let | = j M X gx.
0 X
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Put x = sin t,
so that dx = cos t dt.
Also t =0 when x = 0

and t*—-%ﬂ when x = 1,

L= —-—costdt I tcottdt
0 sint o
Example 40:
Show that _[ log(1+ cosx)dx = :r!og-;—
Solution:
Let I=J:[og(l+costdx. (1)
Then I=J:Iog{l+cos(n—x}}dx, (Refer prop. 4)
= J-: log(1-cosx)dx. -(2)

Adding (1) and (2), we get
m

21 =In [log(1+ cosx) + log(1 - cosx)]dx

=Klog{(“cosx){l-—cusx)}

_(m 2 (" .3 L X

_-[o log(1- cos? x)dx —Iﬁ log sin’ xdx = ZIU]og sin xdx.
X 2

o I=j log smxdx=2_[ log sinxdx. (Refer prop. 6)
0 0

Now let u= [*log sinxdx

ow let u=| " log sinxdx.

1 1
We have u= 5T IogE.

 1=2u=22n10g) = xloel
. l—2u-2.21'tlog2—n]og

5.
Example 41:
@ 1Y dv
Show that _L 10g[X+:r—] TS mlog 2.
Solution:

Put x = tan 8, so that dx = sec? 8 d®.
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Also whenx=0,0=0

and when x — o, B—)%.

l) dx
- I=] log| x+
. jog( &
_J' |0g[lan9+ )sec sec? @ 4o

tan® ) sec2 @
=J;10 (““‘“ e)dﬂ [0

0
kG i -1

'j (SIDBCOSﬁ]dB_J;) log(sin© cosB) ™ do

S I
= -jo log sin®do - jn log cosBde .

n2
Now let u= jo log sin6do.
'II-Q T
We have u= ju log cosBdd = - log2.

=_u_u=A2u=_2[—%nlog2)=nlog2_

Example 42:
« log [1 +x )dx
Show that I -————sz) = mlog2
Solution:
Put x = tan 0,

so that dx = sec’ & df.

The new limits for 6 are 0 to ln.

2
) J.ao log(1+ x?) o jm»g log(1+ tan’ E)]sec2 0do
0 (l+x2) sec- B
=2 2
=j0 log sec” 0d8, (v 1+ tan® O = sec? 0)

= ij log secHd8 = 2_[1'2 log (cos6)™' do
0 0

= 2[®log cos0d
== -[0 og cos0do.
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2

Now let u= Io log cos0do.

We have u =—%‘.It log2.

L l=-2u= -2.(- %n log2) =nlog2.

Example 43:

ot T
Show that Ia log(! +tan8)dlo= EfogZ .
Solution:

4
Let I=J0 log (1+1tan0)d8.

nd 1
Then I= J-O log{l +(ZT[ —9}}(19’

[ J':f(x)dx = I:f(a - x)dx]

4 1-tanf)
=Jo log[i EI tane{lde I 103{]+t23n9}d8

= [ 1og2.d0 - [ 10g(1+ tan0)do
=), log2.d0-| " log(l+tan6)
= IogZ.[B]’nd'i -1.
1
2I—4nlog2
1
or l-snlogl

Example 44:
Hog(1+x)
Show that ""W
Solution:

Put x = tan 6,

so that dx = sec? 0 d6.

!
dx = E:rlog?_

And the new limits are 8 = 0 to 8= g—
= jl lc»g[l+x}dx J--ti-% log{l+tan0)s

ec?6do
0 1+x3 0 sec? 0
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w4 1
= L} log(1+tanB)dé = - log2.

8
Example 45:
©2 sinxdx T
Show that -[9 sinx+cosx 4
Solution:
_J _sinxdx
SiNX + CoSX
. (1
sin| =m—-x
.
Then 1= J'O

Text Book of Imtegral Calculus

(1)

_ Iﬂ cosxdx
“Jo cosx+sinx-
Adding (1) and (2), we get

21=J-m'2 sinxdx "'Im

. (1 1
sm(-2-n —x]+cos(§-n -

cosxdx

) (Refer prop. 4)
X

-(2)

0 sinX+cosx

sinx cosX

- [ . '
(1] SINX+4+Cosx

_ 2 _ m—lf
_-[u Ldx =[x]g =3

- l=%1’l’.

Similarly we can prove that

J-m'l cosxdx =«
0 sinx+cosx 4-°

sinx +cosx

0 sinx+cosx

Jox

Example 46:
2 gy
Evaluate J; T+ tanx-
Solution:
(™ dx "2 dx
We have l_.[n +tanx ‘-[0 R sinx
cosx

cosxdx
.[ COSX +sinX
n
1



Definite Integrals 187
Example 47:

Evaluate _[
Solution:

w2 dx
We have Io 1+cotx

_J'»Q dx _J'm‘! sinxdx
“Jo [ cosX “Jo sinx+cosx
sinx

1+cotx

.
=7
Example 48:
» _x& oz
Show that 0{!+x)(1+x2) 4.
Solution:
Put x = tan 0,

so that dx = sec? 6 do.
Also when x =0,0=0

and when X — o, 9—»%.

J-m'l tan® sec? 6d6
0 (l+lan9)(l+tan29)
ilil_(i
=j“f2£an9d9= ©2  cos@

o 1+tan® Jo (sinﬁ)

-. the given integral I=

_J‘ﬂ sinbdé ¢
b Cos@+sin® 4°

Example 49:
J‘*___ff&___ -z
Show that do . , ‘K&,z__xz) 4
Solution:
Put x = a sin 6,

so that dx = a cos O do.

Also the new limits are 6 = 0 to 6 —E
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188
. . _ 2 acosBdod
*. the given integral I—IO asinf+acos
_ [~ cosBdé
“Jo sinO+cosb 4
Example 50:

\(sinx) T

Show that j J{s:nx)+J(cosx)ux 7
Solution:
Inf smx ()
,f‘ (sinx) +,((cosx
- J sm(%n—x) dx
Then I=j - = = , (Refer prop. 4).
" lsnlim-a)]Jeod 5]
sin| 57X ||+, /| cos 57X
(cosx) dx _
.(2)

J ,f’ (cosx) +/(sinx)

Adding (1) and (2), we get

20 = jnn (sinx) J(cosx) dx
J(sinx) +J{cosx) J(sinx) + f(cosx)

B [mfz,l (sinx) +f(cosx) dx—jmldx-n
‘0 [(sinx) + /(cosx) o 2
" I=%n.
Example 51:
[ & 7
Show that )y 777 (tanx) 4
Solution:
We have
“rfl dx _Jﬂ dx
o 1+,(tanx) 70 14 |[sinx
COSX
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‘—‘Im (sin? x +cos? x) _J‘m dx

0 (sinx+cosx) 90 (sinx+cosx)
1
()e

——Jl— ]sm X+ (-j_—) cosx (Note)
)

1

2
_ 1 1 1
= —2[103(5121:;1: +tan— 3 -

1 1
=Llog sec, m+tan =Llog[@]
2 sec(—%n)+tan(—%n] V2 V2-1

‘-._.J
o_
-]
——
&
Lz
—_
I
PN
A
T
4
—
I
|-
~
——t
| SOS—

[(vZ+1)(vZ+1)]
=712=Iog E )T Iog(J_ +1)?

(T] 2log(v2 +1).
ﬁlog(J— +1).

Example 55:
cos’x

o2
Evaluate IB (sinx +cosx)

Solution: -
Do your self.

Example 56:
Evaluate r adk
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Solution:
Put x = a sin 6,
so that dx = a cos © dO.
When x =0,8=10
T
E.
- the given integral 1= I

and when x = a, 6=
2 a.acos0do

=rﬂ cosBdo
0 (sin®+cos@)” °
1

n cos(in -B)dﬁ
Also 1= | -

’ sin(ln—e)ﬂos(lu—e)

2 2
=J'w'2 sin6do
0 (cosb+sin@)”

Adding (1) and (2), we get
_[v2 cosB+sin® . 2 4
2l _Jo (sin8+cose)2 d 'Io sin@ + cosO

=(%).2Iog(ﬁ+ l),
l=(71§=]log(ff+l)_

Exampk 57:

J'w‘-’ xdx
Evaluate |, S coon
Solution:

l

0 (—n—x)dx

Let I=J-0‘ 1 2 1 »
Sll'l('i m- X)‘FCOS(ETC —X]

: 2 [%n—x)dx
Then I=J-

0 sin(ln— x)+cos[ln -X ‘
2 2

0 a2(sin® + cos6)’

191

1)

(Refer prop. 4)

2)

(1)

(Refer prop. 4)
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Example 60:

x?sin2x sin[% 4 cosx)
dx

2x—-r

Show that r
0
Solution:

_8
r

3 . . (l )

X~ sin2x.sin En cOSX

Let 1=J' d
0 2x—-n

X.

Put x=%1t—t,
so that dx = — dt.

Also t=%n when x =0 a
nd (=—%n when x = 1.

) R i G )

AI=f 1 (
2 (i—n —t] -n

) j""z [%n —t)- sinzt.sin(zln :v;int)dt
-n2 =2t

—dt)

1> 2 Yeinny cinf Lo e
| px2 (Z“ —mt+t )stn2t.sm[2ﬂsml) _
=-3] at
-2

t

—|-1r2-sin2l.sin(1xsint) ) (1.
Now 4 . 2 and t sin 2t. sin| 57 Sint | are both

t
1.
odd functions of t while sin Zt.sin[jﬂsmt) is an even function of t.
Ci=-4 2Iw(—n}sin21 sin( Lx sint |dt
o 3% S| 5 . (Refer prop. 5)

n2_ L
= TI:I 2sint cost.sin| = sint |dt
o 2

1_ .
Now put 3% sint=2z,
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' so that —;-fr costdt =dz.
Alsoz=0whent=10

- =1 =1
and 2-211 when t—2'.'r.
w2 w2
I=1tj g—’-z—z--sinz--z-dz=—s—j zsinzdz
dooom T Jo

= %[{z(—cos z)}:;JFZ - I:Q 1.(—cos z}dz]

Example 61:
Evaluate I:xz dx directly from the definition of the integral as the
Imit of a sum.

Solution:
From the definition of a definite integral as the limit of a sum,
we know that
[f(x)ax = lim b [£(2)+£(a+20+...+ F{a+(n-Dh)],
]

where h® Oasn ® ¥andnh ® b - a.
Here f(x) = x% \ fa), fla + h), f{a + 2h), etc. will be a?, (a + h)?,
(a + 2h)?, ..., respectively.

b
j x2dx = lim h[a? +(a+h)’ +(a+2h)* +...
a n—sw

+ {a + (n- 1) h}},
where h > 0asn—->oand nh > b-a
=l phina? + 2ah (14243 +..+(@- 1)
+h12+22+ 32+ .+ (n- 1P}]
But we know that

- n{n-1)

Zn 3
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_n(n+1)(2n+1)
—
Taking n = (n — 1) in the above results, we get

and ¥ n?

n=—$o0

Jx dx = lim h[na +2ah- (n- l)n h (n-])n(Zn—l)]

= lim [(nh)a2 +a(nh)(n-1) h+%{nh)(n—l}h(2n—l)h:l

=n]Ln-:o[(nh]az +a(nh)2(!—%J ++-2(nh) (1*‘}(1'515)]

Nowasn—>w,h->()andnh—>b—-a.
b
g J )|;2dx=(l:|—a)az-+-af.'b—a)2+%(b—a)3
a
=%(b—a){3a2+3(b—a}a+b2—2ab+a2}

=%(b—a) (a? +ab+b)2 =%(b3 -a%).

Example 62:
- b
Find by summation the value of Lxdr,
Solution:
Here f{(x) = x;

~flay=a fla+hy=a+h,
fla + 2h) = a + 2h, etc.

b .
Now J f(x)dx =J"J'o h{f(a) + fla + h) + ... + f{a + (n - 1)h}],
wheren > wandnh - b-aash — 0.

b .
Lxdx = hh_r.nnh{a +(@+h)y+@+2h)+.+{a+@- 1h}]
= lim h[—;-{Za +(n- l)h}], summing the A.P.
. nh
= |}13310—2—[2:1 +nh-h]

b-
= lim 25222+ (b-a)-h], [~ nh=b-a]
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=%(b-a) [2a+(b—a)]=%(b~a} (b+a) =%(b3 -a?),

Example 63:
2
Evaluate the summation L xdx.

Solution:
Do your self.
Hereb=2,a=1.
Thus, we get

2 1, 3
Lxdx_5(4 D=3
Example 64:

2
Evaluate by summation -[o x3dx.
Solution:
Here fix) =x*and a =0, b = 2; ~nh=2-0=2,

2
j x3dx = lim h[o3 +h3 42303 +33p3 +..‘+(n—])3h3]
0 h—0

=limh*| 1P +2° 4334 +(n-1) -
, where nh = 2

h—0
- lim b (n—l}z{(n~l)+'l}2
wh-a)() 4 !

summaing up the series using the formula En> =[ 3
.1y 2 2

= I *"h - l n =
ey (n=1)"n% where nh = 2

T 1 2 2_1 —m? 2 _
—glﬂ'loz(nh-h] {nh) _3{2 0)°.2° =4

Example 65:
b o brm-l' —gmt!
Show that [ x"dx = i
Solution:

Here fix) = x™; . fla) = a™,
fla + h) = (a + h)™, etc.
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bemdx = ,f-—u:lgh[a“' +(@+h)" +..+{a+(n- l)h}m]'

where b — a = nh.
- [H'h)mﬂ _lmﬂ — d _m4 — m
Now gino—w—h——at =(m+1)t™,
m+l _  m+l
lim (t+h) t
h—0 h.t™
Putting t = a, (a + h), (a + 2h), etc. in (1), we get

m+l __me+l m+l m+1
in (a+h) a™ _ lim (a+2h) (a+h) -

=(m+1), ie, a constant.

h—0 h.a™ h—0 h(a+h)™
a+nh)™' —{a+(n-Dh}™"'
T L)l U UL SR
h—0 h{a+(n-1)h}
ie., a constant. .(2)
Fa_c_e.
Also we know that if P-aFo
L. a+c+e+...
then each of these ratios is equal to brdifr. .(3)

Now we apply the property (3) to various limits given in (2). Thus,
forming a new numerator and denominator by adding the numerators
and denominators of the various ratios in (2), we get

m+l __m+l
lim (a+nh) a

h—0 h[a“" +(a+h)" +..+{a+(n- I)h}m]

=(m+1)

| [a+(b‘—a)m+] _ameI] (
. = 1
or h'_rfloh[am +(a+h)™+..+{a +[“-Uh]m] "

[* nh=Db-a)

or hlimoh[a“‘ +(a+h)"+.+fa+(n-Dh}"]

bm+l m+1

m+1 a (m+1)
Example 66:

From the definition of a definite integral as the limit of a sum,

b
evaluate _[ evdx.
a
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Solution:
Here f{x) = %, .. fla) =, fla+ h) = e** 1 etc.
b .
-, _L t‘:"t:lx=hh_r:1[l hiet + e *h+ ety 4grrm-Dhy

where nh=b -a
andn—>oash -0

=|:E.n|]he' {l + eh + e2h 4 e +ogln- l}h}

() -

= lim he*{~———

h—0 eh—1 [, summing the G.P.
o e ) . eb2 |
_hh—Tohea[ eh_]]—gl_r’nohe“[ eh ]’ [~ nh=(b - a)]
. .1
= b-a “ lim = lim —-1
et (e 1, { beh ] m }
=e-e.
Example 67:
Evaluate by summation J sinxdx.
Solution:
Here f(x) = sin x; .~ f(a) = sin a,

fla + h) = sin (a + h), etc.

h - - . -
J; sinxdx = hll_l:'joh[sma+sm(a+h)+m +..sin {a+(n-1)h}],

sin[% th

wherenh=b-aandn— wash — 0

. . 1

- |,h_1;noh sinlh Sin {a+5(n— I)h} . (from Trigonometry)
2
1

= lim 2. 2" .sin(bga).sin(a+b_;hh) [~ nh=b-a

h—6 sin h )
- ; ]
_2'1'5“{ ) ( ) { oM e ]}
=2sin b- 2 sin2L b =cosa—cosb.

2 2
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Example 68:
Using the definition of integral as the limit of a sum, show that
b
J- cosx dx—sinb-sina.
a
Solution:
Do your self.
Example 69(c):
o2
Evaluate by summation jﬂ sin x dx.
Solution:
Here f(x) = sin x;
= —3 1
a=0and b 5

nh:b——a=ln—0=-!~1t.

2 2
"2, 1
We get ju sinxdx = cosD—cosi-n =]-0=1.
Example 70:
w2
Evaluate by summation J-.-; cos xdx.
Solution:
Here f(x) = cos x; 2= 0
=T
and b= >
1 1
nh=b-a -Enﬁ)- 5.
2 1 .
We get Jo cosxdx=s:n~j-n~sm0= 1-0=1.
Example 71:
b ]
Evaluate the summation j —5dx.
ax
Solution:
Do your self.
Put m = - 2,
Example 72:

Show that the limit of the sum
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1,1, 1 4
n n+l n+2 7 3n’
when n is indefinitely increased is log 3.
Solution:

Here the general term of the series is F-l'r_r and r varies from 0
to 2n.

1
Now we have to find 11m E—:on T

2n

1. 1 _
We have nll'mm EOF nITmrEo;T(L)’ expressing the

1
general term in the form (H] f(i’)

2
= lim + Zn——l-— taking -[l? outside the sign of summation.

1
n—sco N =01 4 r
n

lim 1 ‘fs_"" 1 .1 r
Now on S 1...(1] is of the form nlﬂnmng(;). where
n

(O ()

r_0
Whenr =0, —=—=0
nn

The limits of r in this summation are 0 to 2n.

and when r = 2n, Lﬁ2_n”2
n n

As n — oo, these values of % tend to 0 to 2 respectively, giving
us the limits of integration.
Now replacing % by x, % by dx, n‘lﬂ, Z by the sign of integration

| . taking the limits of integration of x from 0 to 2, we get
2n 1

21
- n = r - —
e '°1+(;J Iol-t-xdx

=[log(1+x)]§ =log 3 -log1=1log3~-0=log3.
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Example 73:
Evaluate the following:

lim S A -;-L
i ] n+l ﬂ+2 2n|
Solution:
Here the general term (i.e., the rth term) =n—L-_-mdrvmu from

1 to n. Thus we have to find Im'.{n'}z:lm

A 1
= lim = ¥
n—e N 1+ L
- n -
The limits of r in this summation are 1 to n. Therefore the lower
N

imit of i ion = lim —=0
limit of integration an T

o . N h_ -
and the upper limit of integration = IL"'L n n‘l}“’;‘ 1,

Hence the required limit
X l T dx= [log (1+x)]; = log2.

Example 74:
Evaluate the following:

, [ I I I ]
lim + +..+
n—see | H+M n+2m n+nm)|

Solution:

and r varies from | to n.

Here the rth term = - =

i 21
-, the given limit o E}F 1I+(1)m
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N 1
=lim — %
noe gy, .—r-Jm-

n
Also the lower limit of integration

. (1 '
= lim (;;)-0, [~ r=1 for the first term]

n—sw

I n
and the upper limit of integration = nl_"& (H) =1, |
[*- r = n for the last term].

|
:. the required limit = || -—-—dx

= [# log(1+ mx)]:) = (#]Iog(l +m),

Example 75:
Find the limit, when n — o of the series
n n ., n
(n+1)? (142 (n+n)?
Solution:
Here the rth term
n _ n

=T G
n
_____l____? and r varies from 1 to n.
()
n
*. we have to find
N | ]

lim B —
=ar L)
n

The lower limit of integration

. 1
=n111.nm (H)=0, [-c:r =1 for the Ist term]
s _Il | gx=|-—t ]
. the required limit = °(l+x)2 .| (+x) )

¥
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*——-( 1)_-%+1 %

Example 76:
Evaluate the following limits:

() nlimm[{‘}(n+ D) +4f(n+2) +A,.+J(2n)}/nJ;]_

o ! !
(i) ,,"i’.'i,[(nn)(mz)*(n+z)(n+4)

1 !
NS (n+6)+"'+ﬁ]»
Solution:
(i) The given limit
n J(n+r)
li = lim
nl»moo r§l nJ_ n—aw N rz.:| [ n]

i
[ =yax= (H;)
2
= %[{1 +x) ]; = %[23'2 -1]= -?3-[25- 1]
(ii) The given limit
n 1

|1]l—1;nmnr 1 (H‘P r) (n +2f)

.ﬂm—im
n n
. n
BT Lt

1]

1 A B
Let Tix)(1+2x)  T+x  1+2x°
ThenA=-1,B =2.
- the regired limit
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1
. the required limit = .[n H—de

=[tan"! x]L =n1=7.

Example 78:
Evaluate
n n i
ﬁiﬂ»[u’ PRSI et 2"]‘
Solution:
Here the rth term = -Lf.andrvaries from 0 to n.

+T

We get the required limit =%.

Example 79:
Evaluate
. n+l n+2 1
nh—f:o[n2+lz +n2+22 Tm+"]'
Solution:

Here the rth term
l+(-r—)
__n+r n
2,2 2
nl4r n{:+(5)}
n

and r varies from 1 to n.
.. the given limit

n l i
gL ([_))
n

o x+l J'[ ]dx
’Jx +l 0 +l xZ +1

1 2 1 ! 1 Rid
=[Elog(x + l}+tan x]o = -2-1052 7

1]
|-

!
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Example 80:

Evaluate lim l:—'—ij (I +4+9+16 +..‘+n2)]_
n—xl
Solution:

Here the rth term =-I;!§-(r2) (—) and r varies from 1 to n.

1,

n

1(r
- the given limit = lim E;(;)

N—=® ]
3!
= [ x%dx= ["] =1
- [oace] %] -1
Example 81:
Prove that
I? 22 "2 ]
lim Ho+ =Zlog2
"-"n[f’+n P Baem | 28
5 "

I R ) _l_{ (rm)?
f3+n3“n3 (f)l n (l’fﬂ) +1
+1

and r varies from 1 to n.

= lim z-‘-_[_‘.:r_)i_

u—ner=|n L 3+l
. n

lxzdx ] 3 1
°x ol Iog(x +I)]0

_1 _1
= ,31032 3log!-- 3Iog2.
‘Example 82:

Evaluate 1im l+ n’ i—. _{_
vauaen_,m n (n+!)3 {"+2)3 8" H
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we have _[;a f(x)dx = nﬁf{x)dx.

Note: Similarly, we can prove that
na a
L f(x)dx:(n—l)_[of(x)dx.
Example 84:

Evaluate Jlxeos"“x dx.
Solution:

22
We have J:cosz“ xdx =2Iu cos?" xdx,

[ I:‘ f(x)dx = 2I:f(x)dx if f(2a-x)=f(x)
Here taking f(x) = cos® x, we see that
f(n-x) = cos?" (x — x) = (~cosx)*" = cos?" x = f[x)]
._(@2n-1)(2n-3)..31 ¢ _
2n(2n-2)(2n-4)..42 2° by Walli’s formula
_@n-N@n-3)..31 _

2" n!
Example 85:

Evaluate ‘[xcosﬁxdx‘
Solution: ’
Let f{(x) = cos® x. Then
fim — x) = cos® (7 - x) = (- cos x)°® = cos® x = f{(x).

Now I;" f(x)dx =2I:f(x} dx, if f(2a - x) = f(x).

-
Jmcosé xdx = 2_[ cos® xdx
(1] [}

53.1

2533

, (by Walli’s formula)

L=
n| =

5%

Example 86:

n . 3
Evaluate L sin’ xdx.
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Solution:
Let f{x) = sin® x.
The fin — x) = sin’ (x — x) = sin® x = f{x).

Now j:’ F(x)dx =2 f(x)dx, if 22 - x) = 0.
I;sinl xdx = 2_[:asin3 xdx

2 4

=237l=7, . (by Walli’s formula.)
Example 86:
Evaluate | 8sin’ 6de.
Solution:
Let 1= I:B.sin’ﬁ do. D)

Then 1=j:(u-a}sm?(n-e)de,

[ [Pex0ax = [Ts(a~x)ax, refer prop. 4]
='_[:(u_e)sin3 0de. A2)
Adding (1) and (2), we get2] = [[Bsin’ 6 + (x ~6)sin’ 6]do
- L"(eﬂ-e)sm’ 0do

= [, = sin’6d6 == ["sin’ 6d6

X2
= 21:!0 sin*8d0, (by a property of definite integrals; prop. 6)
=2m-201, (by Walli’s formula)

" Example 87:
* ' Evaluate the following integrals:
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= —xf[a? - x2) = -f(x).

Therefore f{(x) is an odd function of x.

s I= r x1/ az -x?)dx=0. (Refer property 5)

xsin~ x

(iii) Let l—J. \(1__

Proceeding as in part (i) of this question, we have
n2

I=J tsintdt
-n2

Let f{t) = t sin t. Then f (- t) = (- t) sin -1
=t sin t, so that f(t) is an even function of t.

‘.’2 -
" 1=2_[0 tsintdt, (Refer property 5)
w2
=2[t(—c:c)st)]:;"2 —2I L(~cost)dt
-2>‘0+2J' costdt =2[sint]}” = 2[1-0]=2.

Example 88:
Prove without performing integration that
J-Zﬂ xde (20 xdx

caxZap? o x4 p2-

Solution: .
We hgve
J~2a xdx _Ja xdx-‘ﬁ 28 xdx
-ax2 4 p? ax2 +p a x24p?- (1)
But if f(x)= )
=72
then f(—x): 2_x 3 =—f(x).
xX +p
Therefore f(x) is an odd function of x.
2 xdx
. J' ; =0

-ax2 4 p?
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