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Foreword

Authored by Professors P. Liu and H. Li, "Fuzzy Neural Network Theory
and Application,” or FNNTA for short, is a highly important work. Essentially,
FNTTA is a treatise that deals authoritatively and in depth with the basic
issues and problems that arise in the conception, design and utilization of fuzzy
neural networks. Much of the theory developed in FNTTA goes considerably
beyond what can be found in the literature.

Fuzzy neural networks, or more or less equivalently, neurofuzzy systems, as
they are frequently called, have a long history.- The embryo was a paper on
fuzzy neurons by my former student, Ed Lee, which was published in 1975.
Thereafter, there was little activity until 1988, when H. Takagi and I. Hayashi
obtained a basic patent in Japan, assigned to Matsushita, which described
systems in which techniques drawn from fuzzy logic and neural networks were
employed in combination to achieve superior performance.

The pioneering work of Takagi and Hayashi opened the door to development
of a wide variety of neurofuzzy systems. Today, there is an extensive literature
and a broad spectrum of applications, especially in the realm of consumer
products.

A question which arises is: Why is there so much interest and activity in
the realm of neurofuzzy systems? What is it that neurofuzzy systems can do
that cannot be done equally well by other types of systems? To understand
the underlying issues, it is helpful to view neurofuzzy systems in a broader
perspective, namely, in the context of soft computing.

What is soft computing? In science, as in many other realms of human
activity, there is a tendency to be nationalistic-to commit oneself to a particular
methodology and employ it exclusively. A case in point is the well-known
Hammer Principle: When the only tool you have is a hammer, everything
looks like a nail. Another version is what I call the Vodka Principle: No matter
what your problem is, vodka will solve it.

What is quite obvious is that if A, B, ..., N are complementary methodolo-
gies, then much can be gained by forming a coalition of A, B, ..., N. In this
perspective, soft computing is a coalition of methodologies which are tolerant
of imprecision, uncertainty and partial truth, and which collectively provide a
foundation for conception, design and utilization of intelligent systems. The
principal numbers of the coalition are: fuzzy logic, neurocomputing, evolution-
ary computing, probabilistic computing, rough set theory, chaotic computing
and machine learning. A basic credo which underlies soft computing is that, in
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general, better results can be obtained by employing the constituent method-
ologies of soft computing in combination rather in a stand-alone mode.

In this broader perspective, neurofuzzy systems may be viewed as the do-
main of a synergistic combination of neurocomputing and fuzzy logic; inherit-
ing from neurocomputing the concepts and techniques related to learning and
approximation, and inheriting from fuzzy logic the concepts and techniques re-
lated to granulation, linguistic variable, fuzzy if-then rules and rules of inference
and constraint propagation.

An important type of neurofuzzy system which was pioneered by Arab-
shahi et al starts with a neuro-based algorithm such as the backpropagation
algorithm, and improves its performance by employing fuzzy if-then rules for
adaptive adjustment of parameters. What should be noted is that the basic
idea underlying this approach is applicable to any type of algorithm in which
human expertise plays an essential role in choosing parameter-values and con-
trolling their variation as a function of performance. In such applications, fuzzy
if-then rules are employed as a language for describing human expertise.

Another important direction which emerged in the early nineties involves
viewing a Takaga-Sugeno fuzzy inference system as a multilayer network which
is similar to a multilayer neural network. Parameter adjustment in such systems
is achieved through the use of gradient techniques which are very similar to
those associated with backpropagation. A prominent example is the ANFIS
system developed by Roger Jang, a student of mine who conceived ANFIS as
a part of his doctoral dissertation at UC Berkeley. The widely used method of
radical basis functions falls into the same category.

Still another important direction—a, direction initiated by G. Bortolan—
involves a fuzzification of a multilayer, feedforward neural network, resulting in
a fuzzy neural network, FNN. It is this direction that is the principal concern
of the work of Professors Liu and Li.

Much of the material in FNNTA is original with the authors and reflects
their extensive experience. The coverage is both broad and deep, extending
from the basics of FNN and FAM (fuzzy associate memories) to approximation
theory of fuzzy systems, stochastic fuzzy systems and application to image
restoration. What is particularly worthy of note is the author’s treatment of
universal approximation of fuzzy-valued functions.

A basic issue that has a position of centrality in fuzzy neural network
theory—and is treated as such by the authors— is that of approximation and,
in particular, universal approximation. Clearly, universal approximation is an
issue that is of great theoretical interest. A question which arises is: Does the
theory of universal approximation come to grips with problems which arise in
the design of fuzzy neural networks in realistic settings? I believe that this
issue is in need of further exploration. In particular, my feeling is that the
usual assumption about continuity of the function that is approximated, is too
weak, and that the problem of approximation of functions which are smooth,
rather than continuous, with smoothness defined as a fuzzy characteristic, that



Foreword xiii

is, a matter of degree, must be addressed.

FNNTA is not intended for a casual reader. It is a deep work which ad-
dresses complex issues and aims at definitive answers. It ventures into ter-
ritories which have not been explored, and lays the groundwork for new and
important applications. Professors Liu and Li, and the publisher, deserve our
thanks and congratulations for producing a work that is an important contri-
bution not just to the theory of fuzzy neural networks, but, more broadly, to
the conception and design of intelligent systems.

Lotfi A. Zadeh

Professor in the Graduate School, Computer Science Division
Department of Electrical Engineering and Computer Sciences
University of California

Berkeley, CA 947201776

Director, Berkeley Initiative in Soft Computing (BISC)

Maich, 2004
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Preface

As a hybrid intelligent system of soft computing technique, the fuzzy neu-
ral network (FNN) is an efficient tool to deal with nonlinearly complicated
systems, in which there are linguistic information and data information, simul-
taneously. In view of two basic problems—Ilearning algorithm and universal
approximation, FNN’s are thoroughly and systematically studied in the book.
The achievements obtained here are applied successfully to pattern recogni-
tion, system modeling and identification, system forecasting, and digital image
restoration and so on. Many efficient methods and techniques to treat these
practical problems are developed.

As two main research objects, learning algorithms and universal approxi-
mations of FNN’s constitute the central part of the book. The basic tools to
study learning algorithms are the max—min (V — A) functions, the cuts of fuzzy
sets and interval arithmetic, etc. And the bridges to research universal approx-
imations of fuzzified neural networks and fuzzy inference type networks, such
as regular FNN’s, polygonal FNN’s, generalized fuzzy systems and generalized
fuzzy inference networks and so on are the fuzzy valued Bernstein polynomial,
the improved type extension principle and the piecewise linear functions. The
achievements of the book will provide us with the necessary theoretic basis for
soft computing technique and the applications of FNN’s.

There have been a few of books and monographs on the subject of FNN’s
or neuro-fuzzy systems. There are several distinctive aspects which together
make this book unique.

First of all, the book is a thorough summation and deepening of authors’
works in recent years in the fields related. So the readers can get latest infor-
mation, including latest research surveys and references related to the subjects
through this book. This book treats FNN models both from mathematical
perspective with the details of most proofs of the results included: only simple
and obvious proofs are omitted, and from applied or computational aspects
with the realization steps of main results shown, also many application exam-
ples included. So it is helpful for readers who are interested in mathematical
aspects of FNN’s, also useful for those who do not concern themselves with the
details of the proofs but the applied aspects of FNN’s.

Second, the perspective of the book is centered on two typical problems on
FNN’s, they are universal approximation and learning algorithm. The achieve-
ments about universal approximation of FNN’s may provide us with the theo-
retic basis for FNN applications in many real fields, such as system modeling
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and system identification, information processing and system optimization and
so on. And learning algorithms for FNN’s may lead to rational treatments of
FNN’s for their architectures, implementation procedures and all kinds practi-
cal applications, etc. So readers may easily enter through this book the fields
related by taking the two subjects as leads. Also the book includes many
well-designed simulation examples for readers’ convenience to understand the
results related.

Third, the arrangement of contents of the book is novel and there are few
overlaps with other books related to the field. Many concepts are first in-
troduced for approximation and learning of FNN’s. The constructive proofs
of universal approximations provide us with much convenience in modeling or
identifying a real system by FNN’s. Also they are useful to build some learning
algorithms to optimize FNN architectures.

Finally almost all common FNN models are included in the book, and
as many as possible references related are listed in the end of each chapter.
So readers may easily find their respective contents that they are interested.
Moreover, those FNN models and references make this book valuable to people
interested in various FNN models and applications.

The specific prerequisites include fuzzy set theory, neural networks, interval
analysis and image processing. For the fuzzy theory one of the following books
should be sufficient: Zimmermann H. -J. (1991), Dubois D. and Prade H.
(1980). For the neural networks one of the following can provide with sufficient
background: Khanna T. (1990), Haykin S. (1994). For the interval analysis
it suffices to reference one of following books: Alefeld G. and Herzberger J.
(1983), Diamond P. and Kloeden P. (1994). And for image processing one of
the following books is sufficient: Jain A. K. (1989), Astola J. and Kuosmanen
P. (1997). The details of these books please see references in Chapter L.

Now let us sketch out the main points of the book, and the details will
be presented in Chapter I. This book consists of four primary parts: the first
part focuses mainly on FNN’s based on fuzzy operators ‘v’ and ‘A’, including
FNN’s for storing and classifying fuzzy patterns, dynamical FNN’s taking fuzzy
Hopfield networks and fuzzy bidirectional associative memory (FBAM) as typ-
ical models. They are dealt with in Chapter II and Chapter III, respectively.
The second part is mainly contributed to the research of universal approxima-
tions of fuzzified neural networks and their learning algorithms. The fuzzified
neural networks mean mainly two classes of FNN’s, i.e. regular FNN’s and
polygonal FNN’s. A series of equivalent conditions that guarantee universal
approximations are built, and several learning algorithms for fuzzy weights are
developed. Also implementations and applications of fuzzified neural networks
are included. The third part focuses on the research of universal approxima-
tions, including ones of generalized fuzzy systems to integrable functions and
ones of stochastic fuzzy systems to some stochastic processes. Also the learn-
ing algorithms for the stochastic fuzzy systems are studied. The fourth part is
contributed to the applications of the achievements and methodology on FNN’s
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to digital image restoration. A FNN representation of digital images is built
for reconstructing images and filtering noises. Based on fuzzy inference net-
works some efficient FNN filters are developed for removing impulse noise and
restoring images.

When referring to a theorem, a lemma, a corollary, a definition, etc in
the same chapter, we utilize the respective numbers as they appear in the
statements, respectively. For example, Theorem 4.2 means the second theorem
in Chapter IV, while Definition 2.4 indicates the fourth definition in Chapter
I1, and so on.

Although we have tried very hard to give references to original papers,
there are many researchers working on FNN’s and we are not always aware
of contributions by various authors, to which we should give credit. We have
to say sorry for our omissions. However we think the references that we have
listed are helpful for readers to find the related works in the literatures.

We are indebted to Professor Lotfi A. Zadeh of University of California,
Berkeley who writes the preface of the book in the midst of pressing affairs
at authors’ invitation. We are specially grateful to Professors Guo Guirong
and He Xingui who read the book carefully and make their many of insightful
comments. Thanks are also due to Professor Bunke Horst who accepts this book
in the new book series edited by him. Finally we express our indebtedness to
Dr. Seldrup Ian the editor of the book and the staff at the World Scientific
Publishing for displaying a lot of patience in our final cooperation.

We were supported by several National Natural Science Foundation Grants
of China (e.g., No.69974041, No.60375023 and No0.60174013) during the years
this book was written.

Puyin Liu and Hongxing Li
March 2004



CHAPTER I

Introduction

As information techniques including their theory and applications develop
further, the studying objects related have become highly nonlinear and com-
plicated systems, in which natural linguistic information and data information
coexist [40]. In practice, a biological control mechanism can carry out com-
plex tasks without having to develop some mathematical models, and without
solving any complex integral, differential or any other types of mathematical
equations. However, it is extremely difficult to make an artificial mobile robot
to perform the same tasks with vague and imprecise information for the robot
involves a fusion of most existing control techniques, such as adaptive control,
knowledge-based engineering, fuzzy logic and neural computation and so on. To
simulate biological control mechanisms, efficiently and to understand biological
computational power, thoroughly a few of powerful fields in modern technology
have recently emerged [30, 61]. Those techniques take their source at Zadeh’s
soft data analysis, fuzzy logic and neural networks together with genetic algo-
rithm and probabilistic reasoning [68-71]. The soft computing techniques can
provide us with an efficient computation tool to deal with the highly nonlin-
ear and complicated systems [67]. As a collection of methodologies, such as
fuzzy logic, neural computing, probabilistic reasoning and genetic algorithm
(GA) and so on, soft computing is to exploit the tolerance for imprecision,
uncertainty and partly truth to achieve tractability, robustness and low solu-
tion cost. In the partnership of fuzzy logic, neural computing and probabilistic
reasoning, fuzzy logic is mainly concerned with imprecision and approximate
reasoning, neural computing with learning and curve fitting, and probabilistic
reasoning with uncertainty and belief propagation.

81.1 Classification of fuzzy neural networks

As a main ingredient of soft computing, fuzzy neural network (FNN) is a
hybrid intelligent system that possess the capabilities of adjusting adaptively
and intelligent information processing. In [36, 37] Lee S. C. and Lee E. T.
firstly proposed the fuzzy neurons and some systematic results on FNN’s were
developed by softening the McCulloch—Pitts neurons in the middle 1970s when
the interest in neural networks faltered. So such novel neural systems had not
attracted any attention until 1987 when Kosko B. developed a fuzzy associa-
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tive memory (FAM) to deal with intelligent information by introducing some
fuzzy operators in associative memory networks [32]. Since the early 1980s the
research on neural networks has increased dramatically because of the works
done by Hopfield J. J. (see [26]). The FNN models have also atiracted many
scholars’ attention. A lot of new new concepts, such as innovative architecture
and training rules and models about FNN’s have been developed [30, 32, 61].
In practice FNN’s have found useful in many application fields, for instance,
system modelling [16, 24], system reliability analysis [7, 42], pattern recogni-
tion [33, 56], and knowledge engineering and so on. Based on fuzziness involved
in FNN’s developed since the late of 1980s, one may broadly classify all FNN
models as three main types as shown in Figure 1.1:

Feedforward neural networks (1980’s),
Feedback neural networks (1990’s),
Regular FNN’s (1990’s),

Improved FNN’s (1990’s),

Mamdani type (1990’s),

Fuzzy inference networks { Takagi-Sugeno type (1990’s),
Generalized type (1990’s).

Based on fuzzy operators {

FNN Fuzzified neural networks {

Figure 1.1 Classification of FNN’s

§1.2 Fuzzy neural networks with fuzzy operators

FNN’s based on fuzzy operators are firstly studied by Lee and Lee in 1970s.
Such FNN’s have become one of the foci in neural network research since Kosko
introduced the fuzzy operators ‘v’ and ‘A’ in associative memory to define fuzzy
associative memory (FAM) in 1987. A FAM is a feedforward FNN whose in-
formation flows from input layer to output layer. It possesses the capability of
storing and recalling fuzzy information or fuzzy patterns [32, 41]. So storage
capability and fault-tolerance are two main problems we focus on in the re-
search on FAM’s. In practice a applicable FAM should possess strong storage
capability, i.e. as many fuzzy patterns as possible can be stored in a FAM.
So far many learning algorithms, including the fuzzy Hebbian rule, the fuzzy
delta rule and the fuzzy back propagation (BP) algorithm and so on have been
developed to train FAM’s and to improve storage capability of a FAM [32].
Equally, fault-tolerance, i.e. the capability of a FAM to recall the right fuzzy
pattern from a distorted input is of real importance, for in practice many fuzzy
patterns to handle are inherently imprecise and distorted. The research on
feedforward FAM’s, including their topological architecture designs, the selec-
tion of fuzzy operators for defining the internal operations, learning algorithms
and so on attracts much attention [41]. The achievements related to FAM’s
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have found useful in many applied areas, such as pattern recognition [33, 59],
pattern classification [41, 58], system analysis [38], signal processing [27] and
S0 on.

A main object of the research on FAM’s is to improve the storage capability,
which relates closely to fuzzy relational equation theory. Blanco et al in [4, 5]
express a fuzzy system as a fuzzy relational equation, thus, the feedforward
FAM'’s can identify a fuzzy relation by designing suitable learning algorithm.
On the other hand, many methods for solving fuzzy relational equations are
employed to improve the storage capability of FAM’s. Li and Ruan in [38] use
FAM’s based on several fuzzy operator pairs including ‘v —A’, ‘V — x’, ‘4 — x’
and ‘+ — A’ etc to identify many fuzzy system classes by building a few of novel
learning algorithms. Moreover, they show the convergence of fuzzy delta type
iteration algorithms. Liu et al utilize the approaches for solving fuzzy relational
equations to build a series of equivalent conditions that a given fuzzy pattern
family can be stored by a FAM [41]. Furthermore, some learning algorithms for
improving storage capability of FAM’s are developed. These constitute one of
the main parts in Chapter II. Pedrycz in [51] put forward two logic type fuzzy
neurons based on general fuzzy operators, and such FAM’s can be applied to
realize fuzzy logic relations efficiently.

Adaptive resonance theory (ART) is an efficient neural model of human
cognitive information processing. It has since led to an evolving series of real-
time neural network models for unsupervised category learning and pattern
recognition. The model families include ART1, which can process patterns
expressed as vectors whose components are either 0 or 1 [8]; ART2 which
can categorize either analog or binary input patterns [9], and ART3 which
can carry out parallel search, or hypothesis testing, of distributed recognition
codes in a multi-level network hierarchy [10]. The fuzzy ART model developed
by Carpenter et al in [11] generalizes ART1 to be capable of learning stable
recognition categories in response to both analog and binary input patterns.
The fuzzy operators ‘v’ and ‘A’ are employed to define the operations between
fuzzy patterns. The research related to fuzzy ART is mainly focused on the
classification characteristics and applications to pattern recognition in all kinds
of applied fields, which is presented in Chapter II.

Another important case of FNN’s based on fuzzy operators is one of feed-
back FNN’s. It imitates human brain in understanding objective world, which
is a procedure of self-improving again and again. A feedback neural network
as a dynamical system finishes information processing by iterating repeatedly
from an initial input to the equilibrium state. In practice, an equilibrium state
of a dynamical FNN turns out to be the right fuzzy pattern to recall. So the
recalling procedure of a dynamical FNN is in nature a process that the FNN
evolutes to its equilibrium state from an initial fuzzy pattern. In the book we
focus mainly on two classes of dynamical FNN’s, they are fuzzy Hopfield net-
works and fuzzy bidirectional associative memory (FBAM). By the comparison
between the two dynamical FNN’s and the corresponding crisp neural networks
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Wwe can see

1. The FNN’s do not need the transfer function used in the crisp networks,
for a main function of the transfer function in artificial neural networks lies in
controlling output range, which may achieve by the fuzzy operators ‘V’, ‘A’
and ‘A’ is a threshold function [4, 5].

2. In practice, it is much insufficient to represent fuzzy information by the
strings only consisting of 0, 1. We should utilize fuzzy patterns whose compo-
nents belong to [0, 1] to describe fuzzy information. So the dynamical FNN’s
may be applied much more widely than the crisp networks may.

Similarly with crisp dynamical networks, in the research related to the dy-
namical FNN’s, the stability analysis, including the global stability of dynam-
ical systems and Lyapounov stability of the equilibrium state (attractor), the
attractive basins of attractors and the discrimination of attractors and pseudo-
attractors and so on are main subjects to study. Those problems will be studied
thoroughly in Chapter III.

§1.3 Fuzzified neural networks

A fuzzified neural network means such a FNN whose inputs, outputs and
connection weights are all fuzzy set, which is also viewed as a pure fuzzy system
[61]. Through the internal relationships among fuzzy sets of a fuzzified neural
network, a fuzzy input can determines a fuzzy output. One most important
class of fuzzified neural networks is regular FNN class, each of which is the
fuzzifications of a crisp feedforward neural network. So for a regular FNN, the
topological architecture is identical to one of the corresponding crisp neural
network, and the internal operations are based on Zadeh’s extension principle
[44] and fuzzy arithmetic [20]. Since regular FNN’s were put forward by Buckley
et al [6] and Ishibuchi et al [28] about in 1990s, the systematic achievements
related have been built by focusing mainly on two basic problem—Ilearning
algorithm and universal approximation.

1.3.1 Learning algorithm for regular FNN’s

There are two main approaches to design learning algorithms for regular
FNN’s, they are a—cut learning [28, 41], and the genetic algorithm (GA) for
fuzzy weights [2]. The main ideas for the a—cut learning algorithm rest with the
fact that for any a € [0, 1], we utilize the BP algorithm for crisp neural networks
to determine the two endpoints of a—cut and consequently establish the a—cut
of a fuzzy weight, and then define the fuzzy weight. Thus, the fuzzy connection
weights of the regular FNN is trained suitably. However, the a—cut learning
algorithm loses its effectiveness frequently since for aq, a2 € [0, 1] 1 a1 < g,

by the BP algorithm we obtain the a—cuts W, , Wa,, and if no constraint is
added, the fact W, CW,, can not be guaranteed. And therefore the fuzzy set
I/?/' can not be defined. So in order to ensure the effectiveness of the algorithm
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it is necessary to solve the following optimization problem:

min{E(I/?/l, ooy I/?/n )II/IN/'l, vy V?/n are fuzzy sets },

N 1.1)
st. YV, ag €[0,1]: a3 < ag, Vi€ {1,...,n}, (W;) (

C(VT/z) )

2 23]

where E(-) is an error function. If no constraint is added, (1.1) is generally
insolvable. Even if we may find a solution of (1.1) in some special cases the
corresponding solving procedure will be extremely complicated. Another diffi-
culty to hinder the realization of the a—cut learning algorithm is to define a
suitable error function E(-) [41], so that not only its minimization can ensure
to realize the given input—output (I/O) relationship, approximately, but also
its derivatives related are easy to calculate. To avoid solve (1.1), a common
method to define E(-) is to introduce some constraints on the fuzzy connec-
tion weights, for instance, we may choose the fuzzy weights as some common
fuzzy numbers such as triangular fuzzy numbers, trapezoidal fuzzy numbers
and Gaussian type fuzzy numbers and so on, which can be determined by a
few of adjustable parameters. Ishibuchi et al utilize the triangular or, trape-
zoidal fuzzy numbers to develop some a~cut learning algorithms for training
the fuzzy weights of regular FNN’s. And some successful applications of regular
FNN’s in the approximate realization of fuzzy inference rules are demonstrated
in [28]. Park et al in [50] study the inverse procedure of the learning for a reg-
ular FNN, systematically. That is, using the desired fuzzy outputs of the FNN
to establish conversely the conditions for the corresponding fuzzy inputs. This
is a fuzzy version of the corresponding problem for crisp neural networks [39].
Solution of such a problem rest in nature with treating the a—cut learning.

However, no matter how different fuzzy weights and error functions these
learning algorithms have, two important operations ‘v’ and ‘A’ are often in-
volved. An indispensable step to construct the fuzzy BP algorithm is to differ-
entiate V — A operations by using the unit step function, that is, for the given
real constant a, let

dzva) |1, z2a  9xAa) | 1, v<a (1.2)
dx ] 0, z<a; or ] 0, z>a. '
Above representations are only valid for special case x # a. And if z = a, they
are no longer valid. Based on these two derivative formulas, the chain rules
for differentiation of composition functions are only in form, and lack rigorous
mathematical sense. Apply the results in [73] to analyze the V — A operations
fully and to develop a rigorous theory for the calculus of vV and A operations
are two subsidiary results in Chapter IV.

The GA’s for fuzzy weights are also developed for such fuzzy sets that
they can be determined uniquely by a few of adjustable parameters when it is
possible to code fuzzy weights and to ensure one to one correspondence between
a code sequence in GA and fuzzy connection weights. For instance, Aliev et
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al in [2] employ simple GA to train the triangular fuzzy number weights and
biases of regular FNN’s. They encode all fuzzy weights as a binary string
(chromosome) to complete the search process. The transfer function o related
is assumed to be an increasing real function. The research in this field is at
its infancy and many fundamental problems, such as, how to define a suitable
error function? what more efficient code techniques can be employed and what
are the more efficient genetic strategies? and so on remain to be solved.

Regardless of a—cut learning algorithm and GA for the fuzzy weights of
regular FNN’s they are efficient only for a few of special fuzzy numbers, such
as triangular or trapezoidal fuzzy numbers, Gaussian type fuzzy numbers and
so on. The applications of the learning algorithms are much restricted. And
therefore it is meaningful and important to develop the BP type learning algo-
rithms or, GA for fuzzy weights of regular FNN’s within a general framework,
that is, we have to build learning algorithms for general fuzzy weights. The
subject constitutes one of central parts of Chapter IV. To speed the conver-
gence of the fuzzy BP algorithm we develop a fuzzy conjugate gradient (CG)
algorithm [18] to train a regular FNN with general fuzzy weights.

1.3.2 Universal approximation of regular FNN’s

Another basic problem for regular FNN’s is the universal approximation,
which can provide us with the theoretic basis for the FNN applications. The
universal approximation of crisp feedforward neural networks means such a fact
that for any compact set U of the input space and any continuous function f
defined on the input space, f can be represented with arbitrarily given degree
of accuracy € > 0 by a feedforward crisp neural network. The research related
has attracted many scholars since the late 1980s. It is shown that a three-layer
feedforward neural network with a given nonlinear activation function in the
hidden layer is capable of approximating generic class of functions, including
continuous and integrable ones [13, 14, 57]. Recently Scarselli and Tsoi [57]
present a detail survey of recent works on the approximation by feedforward
neural networks, and obtain some new results by studying the computational
aspects and training algorithms for the approximation problem. The approxi-
mate representation of a continuous function by a three layer feedforward net-
work can with the approximate sense solve the 13—th Hilbert problem with a
simple approach [57], and Kolmogorov had to employ a complicated approach
to solve the problem analytically in 1950s [57]. The achievements related to
the field have not only solved the approximation representation of some mul-
tivariate functions by the combination of finite compositions of one-variable
functions, but also found useful in many real fields, such as the approximation
of structural synthesis [57], system identification [14], pattern classification [25],
and adaptive filtering [52], etc.

Since the middle 1990s many authors have begun to paid their attentions
to the similar approximation problems in fuzzy environment [6, 22, 28, 41].
Firstly Buckley et al in [6] study systematically the universal approximation
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of FNN’s and obtain such a fact: Hybrid FNN’s can be approximator to fuzzy
functions while regular FNN’s are not capable of approximating continuous
fuzzy functions to any degree of accuracy on the compact sets of a general
fuzzy number space. Considering the arbitrariness of a hybrid FNN in its ar-
chitectures and internal operations, we find such a FNN is inconvenient for
realizations and applications. Corresponding to different practical problems
the respective hybrid FNN’s with different topological architectures and in-
ternal operations have to be constructed [6]. However, regular FNN’s, whose
topological architectures are identical to the corresponding crisp ones, internal
operations are based on extension principle and fuzzy arithmetic, have found
convenient and useful in many applications. Thus some important questions
arise. What are the conditions for continuous fuzzy functions that can be ar-
bitrarily closely approximated by regular FNN’s? that is, which function class
can guarantee universal approximation of regular FNN’s to hold? Whether the
corresponding equivalent conditions can be established? Since the inputs and
outputs of regular FNN’s are fuzzy sets, the common operation laws do not
hold any more. It is difficult to employ similar approaches for dealing with
crisp feedforward neural networks to solve above problems for regular FNN’s.

Above problems attract many scholars’ attention. At first Buckley and
Hayashi [6] show a necessary condition for the fuzzy functions that can be ap-
proximated arbitrarily closely by regular FNN’s, that is, the fuzzy functions
are increasing. Then Feuring et al in [22] restrict the inputs of regular FNN’s
as trapezoidal fuzzy numbers, and build the approximate representations of
a class of trapezoidal fuzzy functions by regular FNN’s. Also they employ
the approximation of the regular FNN’s with trapezoidal fuzzy number inputs
and connection weights to solve the overfitting problem. We establish some
sufficient conditions for fuzzy valued functions defined on an interval [0, Tg]
that ensure universal approximation of three layer regular FNN’s to hold [41].
However these resuits solve only the first problem partly, and do not answer
the second problem. To solve the universal approximation of regular FNN’s
completely, Chapter IV and Chapter V develop comprehensive and thorough
discussion to above problems. And some realization algorithms for approxi-
mating procedure are built.

In practice many I/O relationships whose internal operations are charac-
terized by fuzzy sets are inherently fuzzy and imprecise. For instance, the
natural inference of human brain, industrial process control, chemical reaction
and natural evolution process and so on [17, 30]. Regular FNN’s have become
the efficient tools to model these real processes, for example fuzzy regression
models [28], data fitting models [22], telecommunication networks [42] and so
on are the successful examples of regular FNN applications.

§1.4 Fuzzy systems and fuzzy inference networks

Fuzzified neural networks as a class of pure fuzzy systems can deal with
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natural linguistic information efficiently. In practice, in addition to linguistic
information, much more cases relate to data information. From a real fuzzy
system we can get a collection of data information that characterizes its 1/0
relationship by digital sensor or data surveying instrument. so it is of very real
importance to develop some systematic tools that are able to utilize linguistic
and data information, synthetically. Fuzzy systems take an important role in
the research related. In a fuzzy system we can deal with linguistic information
by developing a family of fuzzy inference rules such as ‘IF...THEN...’. And
data information constitutes the external conditions that may adjust system
parameters, including the membership functions of fuzzy sets and defuzzifica-
tion etc, rationally. Using fuzzy inference networks we may represent a fuzzy
system as the I/O relationship of a neural system, and therefore fuzzy systems
also possess the function of self-learning and self-improving.

Since recent twenty years, fuzzy systems and fuzzy inference networks have
attracted much attention for they have found useful in many applied fields
such as pattern recognition [30, 33, 56], system modelling and identification
[16, 24], automatic control [30, 53, 61], signal processing [12, 35, 60], data
compression [47] and telecommunication [42] and so on. As in the research of
neural networks we study the applications of fuzzy systems and fuzzy inference
networks by taking their universal approximation as a start point. Therefore,
in the following let us take the research on approximating capability of fuzzy
systems and fuzzy inference networks as a thread to present a survey to theory
and application of this two classes of systems.

pure fuzzy system
fuzzy rule base

1
\
‘
|
1
1
1
:
input x singleton| ) fuzzy output! crisp output
X Y ! Yo
1

Figure 1.2 Fuzzy system architecture

1.4.1 Fuzzy systems

In practice there are common three classes of fuzzy systems [30, 61], they
are pure fuzzy systems, Mamdani fuzzy systems and Takagi-Sugeno (T-S)
fuzzy systems. Pure fuzzy systems deal mainly with linguistic information
while the latter two fuzzy systems can handle both linguistic information and
data information [61]. We can distinguish a Mamdani fuzzy system and a
T-S fuzzy system by their inference rule consequents. The rule consequent
forms of a Mamdani fuzzy system are fuzzy sets while ones corresponding to
a T-S fuzzy system are functions of the system input variables. As shown in
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Figure 1.2 is the typical architecture of a fuzzy system, which consists of three
parts: fuzzifizer, pure fuzzy system and defuzzifizer. The internal structures of
the pure fuzzy system are determined by a sequence of fuzzy inference rules.
Suppose the fuzzy rule base is composed of N fuzzy rules Ri,..., Rn. For a
given input vector x, by fuzzifizer we can get a singleton fuzzy set X . Using

the fuzzy rule R; and the implication relation we can establish a fuzzy set Y;
defined on the output space [30]. By a t—conorm S (generally is chosen as

S = V) we synthesize }71, - 17N to determine the fuzzy set )7 defined on the
output space:

V) = S(Y1(y) S(Ya), - S(Yn())---))-

We call Y a synthesizing fuzzy set [30]. Finally we utilize the defuzzifizer D,

~ to establish the crisp output yg = D, (Y)

As one of main subjects related to fuzzy systems, universal approximation
has attracted much attention since the early 1990s [61, 62, 65, 72]. we can
classify the achievements in the field into two classes. One belongs to existential
results, that is, the existence of the fuzzy systems is shown by the Stone-
Weierstrass Theorem [30, 61]. Such a approach may answer the existence
problem of fuzzy systems under certain conditions. However its drawbacks
are obvious, since it can not deal with many importantly practical problems
such as, how can the approximating procedure of fuzzy systems express the
given 1/0O relationship? How is the accuracy related estimated? With the
given accuracy how can the size of the fuzzy rule base of the corresponding
fuzzy system be calculated? and so on. Moreover, such a way gives the strong
restrictions to the antecedent fuzzy sets, the inference composition rules and
defuzzification. That is, the fuzzy sets are Gaussian type fuzzy numbers, the
compositions are based on ‘3" —x” or *V — x’, and the defuzzifier usually means
the method of center of gravity. Another is the constructive proving method,
that is, we may directly build the approximating fuzzy systems related by
the constructive procedures. Recent years the research related has attracted
many scholars’ attention. Ying et al in [65] employ a general defuzzification
[23] to generalize Mamdani fuzzy systems and T-S fuzzy systems, respectively.
Moreover, the antecedent fuzzy sets and the composition fuzzy operators can
be general, that is, the fuzzy sets may be chosen as general fuzzy numbers
with certain ranking order and the composition may be ‘v — T”, where T is a
t—norm. And some necessary conditions for fuzzy system approximation and
their comparison are built. Zeng et al in [72] propose some accuracy analysis
methods for fuzzy system approximation, and an approximating fuzzy system
with the given accuracy may be established accordingly. So the constructive
methods can be more efficient and applicable.

Up to the present the research on the related problems focuses on the ap-
proximations of the fuzzy systems to the continuous functions and the realiza-
tion of such approximations. Although the related achievements are of much
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real significance, their application areas are definitely restricted. There are
many important and fundamental problems in the field remain to be solved.

First, in addition to continuous functions, how about the universal approxi-
mation of fuzzy systems to other general functions? For instance, in the control
processes to many nonlinear optimal control models and the pulse circuits, the
related systems are non-continuous, but integrable. Therefore the research in
which the fuzzy systems are generalized within a general framework and more
general functions, including integrable functions are approximately represented
by the general fuzzy systems with arbitrary degree of accuracy, are very im-
portant both in theory and in practice.

Another problem is ‘Rule explosion’ phenomenon that is caused by so called
‘curse of dimensionality’, meaning that in a fuzzy system the number of fuzzy
rules may exponentially increases as the number of the input variables of the
system increases. Although the fuzzy system research has attracted many
scholars’ attention, and the achievements related have been successfully applied
to many practical areas, particularly to the fuzzy control, the applications are
usually limited to systems with very few variables, for example, two or at most
four input variables [62]. When we increase the input variables, the scale of the
rule base of the fuzzy system is immediately becoming overmuch, consequently
the system not implementable. So ‘rule explosion’ do seriously hinder the
applications of the fuzzy systems.

To overcome above drawbacks, Raju et al defined in [53] & new type of fuzzy
system, that is the hierarchical fuzzy system. Such a system is constructed by
a series of lower dimensional fuzzy systems, which are linked in a hierarchical
fashion. To realize the given fuzzy inferences, the number of fuzzy rules needed
in the hierarchical system is the linear function of the number of the input vari-
ables. Thus, we may avoid the ‘rule explosion’. Naturally we may put forward
an important problem, that is, how may the representation capability of the
hierarchical fuzzy systems be analyzed? Kikuchi et al in [31] show that it is
impossible to give the precise expression of arbitrarily given continuous func-
tion by a hierarchical fuzzy system. So we have to analyze the approximation
capability of hierarchical fuzzy systems, i.e. whether are hierarchical fuzzy sys-
tems universal approximator or not? If a function is continuously differentiable
on the whole space, Wang in [62] shows the arbitrarily close approximation of
the function by hierarchical fuzzy systems; and he also in [63] gave the sensi-
tivity properties of hierarchical fuzzy systems and designed a suitable system
structure. For each compact set U and the arbitrarily continuous, or integrable
function f on U, how may we find a hierarchical fuzzy system to approximate
f uniformly with arbitrary error bounds €7

The third important problem is the fuzzy system approximations in stochas-
tic environment. Recently the research on the properties of the artificial neural
networks in the stochastic environment attracts many scholars’ attention. The
approximation capabilities of a class of neural networks to stochastic processes
and the problem whether the neural networks are able to learn stochastic pro-
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cesses are systematically studied. It is shown that the approximation identity
neural networks can with mean square sense approximate a class of stochastic
processes to arbitrary degree of accuracy. The fuzzy systems can simultane-
ously deal with data information and linguistic information. So it is undoubt-
edly very important to study the approximation in the stochastic environment,
that is, the approximation capabilities of fuzzy systems to stochastic processes.

The final problem is to estimate the size of the rule base of the approximat-
ing fuzzy system for the given accuracy. The research related is the basis for
constructing the related fuzzy systems.

The systematic study on above problems constitutes the central parts of
Chapter VI and Chapter VII. Also many well-designed simulation examples
illustrate our results.

1.4.2 Fuzzy inference networks

Fuzzy inference system can simulate and realize natural language and logic
inference mechanic. A fuzzy inference network is a multilayer feedforward net-
work, by which a fuzzy system can be expressed as the I/O relationship of a
neural system. So a fuzzy system and its corresponding fuzzy inference network
are functionally equivalent [30]. As a organic fusion of inference system and
neural network, a fuzzy inference network can realize automobile generation
and automobile matching of fuzzy rules. Further, it can adaptively adjust to
adapt itself to the changes of conditions and to self-improve. Since the early
1990s, many achievements have been achieved and they have found useful in
many applied areas, such as system modeling [15, 16], system identification
[46, 56], pattern recognition [58] and system forecasting [45] and so on. More-
over, fuzzy inference networks can deal with all kinds of information including
linguistic information and data information, efficiently since they possess adap-
tiveness and fault-tolerance. Thus, they can successfully be applied to noise
image processing, boundary detection for noise images, classification and de-
tection of noise, system modeling in noise environment and so on.

Theoretically the research on fuzzy inference networks focuses mainly on
three parts: First, design a feedforward neural network to realize a known fuzzy
system, so that the network architecture is as simple as possible [30]; Second,
build some suitable learning algorithms, so that the connection weights are
adjusted rationally to establish suitable antecedent and consequent fuzzy sets;
Third, within a general framework study the fuzzy inference networks, which
is based on some general defuzzifier [54]. Defuzzification constitutes one im-
portant object to study fuzzy inference networks and it attracts many scholars’
attention. There are mainly four defuzzification methods, they are center of
gravity (COG) method [33, 54], maximum of mean(MOM) method [61], a—
cut integral method, and p—mean method [55]. In addition, many novel de-
fuzzifications to the special subjects are put forward in recent years. They
have respective starting point and applying fields, also they have themselves
advantages and disadvantages. For example, the COG method synthesizes all
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actions of points in the support of the synthesizing fuzzy set to establish a crisp
output while some special functions of some particular points e.g. the points
with maximum membership, are neglected. The MOM method takes only the
points with maximum membership under consideration while the other points
are left out of consideration. The a—cut integral and p—mean methods are two
other mean summing forms for all points in the support of the synthesizing set.
The research on how we can define defuzzifications and fuzzy inference net-
works within a general framework attracts much attention. Up to now many
general defuzzifiers have been put forward [23, 54, 55, 61]. However, they pos-
sess respective drawbacks: Either the general principles are too many to be
applied conveniently or, the definitions are too concrete to be generalized to
general cases.

To introduce some general principle for defuzzidication and to build a class
of generalized fuzzy inference network within a general framework constitute a
preliminary to study FNN application in image processing in Chapter VIII.

§1.5 Fuzzy techniques in image restoration

The objective of image restoration is to reconstruct the image from degraded
one resulted from system errors and noises and so on. There are two ways to
achieve such an objective [3, 52]. One is to model the corrupted image degraded
by motion, system distortion, and additive noises, whose statistic models are
known. And the inverse process may be applied to restore the degraded images.
Another is called image enhancement, that is, constructing digital filters to
remove noises to restore the corrupted images resulted from noises. Originally,
image restoration included the subjects related to the first way only. Recently
many scholars put the second way into the field of image restoration [12, 35, 60].
Linear filter theory is an efficient tool to process additive Gaussian noise, but
it can not deal with non-additive Gaussian noise. So the research on nonlinear
filters has been attracting many scholars’ attention [3, 60, 66].

In practice, it is imperative to bring ambiguity and uncertainty in the ac-
quisition or transmission of digital images. One may use human knowledge
expressed heuristically in natural language to describe such images. But this
approach is highly nonlinear in nature and can not be characterized by tradi-
tional mathematical modeling. The fuzzy set and fuzzy logic can be efficiently
incorporated to do that. So it is convenient to employ fuzzy techniques in
image processing. The related discussions appeared about in 1981 [48, 49],
but not until 1994 did the systematic results related incurred. Recently fuzzy
techniques are efficiently applied in the field of image restoration, especially
in the filtering theory to remove system distortion and impulse noises, smooth
non-impulse noises and enhance edges or other salient features of the image.

1.5.1 Crisp nonlinear filters

Rank selection (RS) filter is a useful nonlinear filtering model whose sim-
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plest form is median filter [52]. The guidance for building all kinds of RS
type filters is that removing impulsive noise while keeping the fine image struc-
ture. By median filter, impulsive type noise can be suppressed, but it removes
fine image structures, simultaneously. When the noise probability exceeds 0.5,
median filter can result in poor filtering performance. To offer improved per-
formance, many generalizations of median filter have been developed. They
include weighted order statistic filter, center weighted median filter, rank con-
ditioned rank selection (RCRS) filter, permutation filter, and stack filter, etc
(see [3, 52]). The RCRS filter is built by introducing feature vector and rank
selection operator. It synthesizes all advantages of RS type filters, also it can
be generalized as the neural network filter. Moreover, as a signal restoration
model, the RCRS filter possesses the advantage of utilizing rank condition and
selection feature of sample set simultaneously. Thus all RS type filters may
be handled within a general framework [3]. However, although RS type filters
improve median filter from different aspects, their own shortcomings are not
overcome, for the outputs of all these filters are the observation samples in the
operating window of the image. For example a RCRS filter may change the
fine image structure while removing impulsive noise; when the noise probability
p > 0.5 it is difficult to get a restoration with good performance; the complex-
ity of the RCRS filter increases exponentially with the order (the length of
operating window). Such facts have spurred the development of fuzzy filters,
which improve the performance of RS filters by extending output range, soft
decision and adaptive structure.

1.5.2 Fuzzy filters

The RCRS filter can not overcome the drawbacks of median filter thoroughly
since its ultimate output is still chosen from the gray levels in the operating
window. So fuzzy techniques may be used to improve the RS type filters from
the following parts: extending output range, soft decision and fuzzy inference
structure. Recent years fuzzy theory as a soft technique has been successfully
applied in modeling degraded image and building noise filters.

Extending output range means generalizing crisp filters within a fuzzy
framework. For example, by fuzzifying the selection function as a fuzzy rank,
the RCRS filter can be generalized a new version—rank conditioned fuzzy se-
lection (RCFS) filter [12]. It utilize natural language, such as ‘Dark’ ‘Darker’
‘Medium’ ‘Brighter’ ‘Bright’ and so on to describe gray levels of the image re-
lated. And so the image information may be used more efficiently. Although
the RCFS filter improves the performance of RCRS filter, as well as the fil-
tering capability, the problems similar to RCRS filter arise still. So in more
cases, soft decision or fuzzy inference structure are used to improve noise filters.
Soft decision means that we may use fuzzy set theory to soften the constraint
conditions for the digital image and to build the image restoration techniques.
Civanlar et al in [17)] firstly establish an efficient image restoration model by
soft decision, in which the key part is to define suitable membership functions
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of fuzzy sets related. Yu and Chen in [66] generalize the stack filter as a fuzzy
stack filter, by which the filtering performance is much improved. One of key
steps to do that is fuzzifying a positive Boolean function (PBF) as a fuzzy
PBF, by which we may estimate a PBF from the upper and the lower, re-
spectively. And so the fuzzy stack filter concludes the stack filter as a special
case. Fuzzy inference structure for image processing means that some fuzzy
inference rules are built to describe the images to be processed, and then some
FNN mechanisms are constructed to design noise filters. An obvious advantage
for such an approach is that the fuzzy rules may be adjusted adaptively. The
performance of the filters related may be advantageous in processing the high
probability (p > 0.5) noise images [35, 60]. A central part of Chapter VIII is
to build some optimal FNN filters by developing suitable fuzzy inference rules
and fuzzy inference networks.

Furthermore in [47], the fault-tolerance of fuzzy relational equations is the
tool for image compression and reconstruction; And the classical vector median
filter is generalized to the fuzzy one, and so on. Of course, the research of image
restoration by fuzzy techniques has been in its infancy period, many elementary
problems related are unsolved. Also to construct the systematic theory in the
field is a main object for future research related to the subject.

81.6 Notations and preliminaries

In the following let us present the main notations and terminologies used
in the book, and account for the organization of the book.
Suppose N is the natural number set, and Z is the integer set. Let R? be

d—dimensional Euclidean space, in which || - || means the Euclidean norm. R =
R!, and R, is the collection of all nonnegative real numbers. If x € R, Int(x)
means the maximum integer not exceeding x.

By A, B, C, ... we denote the subsets of R, and A is the closure of A. For
A, B C R, let dy (A, B) be Hausdorff metric between A and B, i.e.

dn(4, By =max{ VA {be=ylh V. A{K=31H) )

where ‘V’ means the supremum operator ‘sup’, and ‘A’ means the infimum oper-
ator “nf’. For the intervals [a, b], [c, d] C R, define the metric dg([a, ], [c, d])
as follows: s

de(la, 8], [c, d])= {(a—c)* + (b—d)*}*. (1.4)

Give the intervals [a, 8], [c, d] C R, it is easy to show
dir((, Y, [e, d)< du(la, b, le d)< V3-dn(fa, b, [e d]),  (15)

that is, the metrics dg and dg are equivalent. If X is universe, by F(X) we
denote the collection of all fuzzy sets defined on X. Using A, B, ... we denote the
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fuzzy sets defined on R. Anci Fo(R) means a subset of F(R) with the following
conditions holding, i.e. for A€ Fy(R), we have

(i) The kernel of A satisﬁes Ker(:l) = {r e R| ;1(:1:) =1} £ §;

(ii) Yo € (0, 1], then A2 [al, a2] is a bounded and closed interval;

(o3

(iii) The support of A satisfies, Supp( )= {.’L‘ eR| A( ) > 0} is a bounded
and closed set of R. o
We denote the support Supp( ) of a fuzzy set A by Ao - If A, B€ F(R),

define the metric between 4 and B as (19, 20]:
D@4, B)= \/ {da(Aa, B)}= \/ {du(4a, By)}.  (16)

«€[0,1] agl0,1)
By [19] it follows that (fo(R), D) is a complete metric space. If we generalize
the condition (ii) as
(ii)’ A is a convex fuzzy set, that is the following fact holds:

Vi, x5 € R, Va € [0, 1], Z(am +(1- Oé).'EQ)ZZ(.Tl)/\ Z(@)

Denote the collection of fuzzy sets satisfying (i)(ii)’ and (iii) as F.(R). If A€
F.(R), then A is called a bounded fuzzy number. Obviously, Fo(R) C F.(R).
Also it is easy to show, (ii)’ is equivalent to the fact that Vo € [0, 1], AoC R
is a interval. Denote

Fo(R)? = Fo(R) x -+ x Fo(R).

d

And for (:11, ey Zd), (El, weny ]}d) € Fo(R)4, we also denote for simplicity that

D((A1, ... Ag), (B1,- B Z (Ai, Ba)- (1.7)

It is easy to show, (fo(R) , D) is also a complete metric space. For Ac
Fo(R), | A| means D(A4,{0}), that is

Al =\ {Iai]V |a2l} (Aa=[al, a2)).

a€[0,1]

For a given function f : R? — R, we may extend f as ]N‘: Fo(R)¢ — F(R)
by the extension principle [44]:

V(:h,...,A)E]:o() f(A1, Zd)(y)= \/ {/\{Ale } (1.8)

F@ryza)=y i=1
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For simplicity, we write also f as f. And f is called an extended function.

C*(R) is the collection of all continuously differentiable functions on R; and
C'([a,b]) is the set of all continuously differentiable functions on the closed
interval [a, b].

Definition 1.1 [14] Suppose g: R — R, and Fy : R? — R is a three
layer feedforward neural network whose transfer function is g. That is

P d
Y (21, ta) €RY, Fy(zn, .y ) = Zvj ‘g<2wi]~ - I +0j>.
j=1 i=1

If Fn(:) constitute a universal approximator, then g is called a Tauber-Wiener
function.

If ¢ is a generalized sigmoidal function o : R — R, that is, o is bounded,
and 1i13_1 o(z) =1, lim o(z) = 0. Then by [14], it follows that g is a
T—TO0 rT——00

Tauber-Wiener function.
We call g : R — R a continuous sigmoidal function, if g is continuous and
increasing, moreover, liI_il_l o(z) =1, lim o(z)=0.Obviously, a continuous
T—T00 r——0c0

sigmoidal function is a Tauber-Wiener function.

Let p be a Lebesgue measure on R?, and f : R? — R be a measurable
function. Give p € [1,+oc0). If f is a p—integrable function on R?, define the
Ly(4t)—norm of f as follows:

o = { [ 1700}

If A CR? and p is Lebesgue measure on A, we let

I1an={ [ I15@0Fau}’.

A
LP(R,B,p) = Ly(p) = {f : R* — R[ || fllp < +00},
LP(A) ={f: R" — R ||fllap < +oo},
where B is a o—algebra on R. And Cr is a sub-class of collection of continuous
fuzzy functions that Fp(R)? — Fo(R). For n, m € N, by f,xm we denote
the collection of all fuzzy matrices with n rows and m columns. For x! =
(z1, ... zl), x2 = (23, ...,22) € [0,1]", we denote
x!'vx? = (z} Vi, ..,z Val),
x! Ax? = (2t Aad, .zl Axl).

Other terminologies and notations not being emphasized here, the readers may
find them in the respective chapters, or sections, in which they are utilized.
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§1.7 Outline of the topics of the chapters

The book tries to develop FNN theory through three main types of FNN
models. They are FNN’s based on fuzzy operators which are respectively
treated in Chapter II and Chapter III; Fuzzified neural networks taking reg-
ular FNN’s and polygonal FNN’s as main components, which are dealt with
by Chapter IV and Chapter V, respectively; Fuzzy inference networks being
able to realize the common fuzzy systems, such as Mamdani fuzzy systems,
T-S fuzzy systems and stochastic fuzzy systems and so on, which are handled
in Chapter VI, Chapter VII and Chapter VIIL In each chapter we take some
simulation examples to illustrate the effectiveness of our results, especially the
FNN models and the learning algorithms related.

Chapter II treats two classes of FNN models—feedforward fuzzy associative
memory (FAM) for storing fuzzy patterns, which can also recall right fuzzy
patterns stored, and fuzzy adaptive resonance theory (ART) for classifying
fuzzy patterns. A fuzzy pattern related can be expressed as a vector whose
components belong to [0, 1]. To improve the storage capability of a FAM, we in
§2.1 build a novel feedforward FNN—FAM with threshold, that is, introduce
a threshold to each neural unit in a FAM. Some equivalent conditions that a
given family of fuzzy pattern pairs can be stored in the FAM completely are
established. Moreover, an analytic learning algorithm for connection weights
and thresholds, which guarantees the FAM to store the given fuzzy pattern pair
family is built. To take advantage of the adaptivity of neural systems we build
two classes of iteration learning algorithms for the FAM, which are called the
fuzzy delta algorithm and the fuzzy BP algorithm in §2.2 and §2.3, respectively.
§2.4 focuses on a fuzzy classifying network—fuzzy ART. After recalling some
fundamental concepts of ART'1 we define a fuzzy version of ART1 through fuzzy
operators ‘V’ and ‘A’. We characterize the classifying procedure of the fuzzy
ART and develop some useful properties about how a fuzzy pattern is classified.
Finally, corresponding a crisp ARTMAP we propose its fuzzy version—fuzzy
ARTMAP by joining two fuzzy ART’s together. Many simulation examples
are studied in detail to illustrate our conclusions.

Chapter III deals with another type of FNN’s based on fuzzy operators ‘V’
and ‘A’— feedback FAM’s, which are dynamic FNN’s. We focus on two classes
of dynamic FAM’s, they are fuzzy Hopfield networks and fuzzy bidirectional as-
sociative memories (FBAM’s). §3.1 reports many useful dynamic properties of
the fuzzy Hopfield networks by studying attractors and attractive basins. And
based on fault-tolerance we develop an analytic learning algorithm, by which
some correct fuzzy patterns may be recalled through some imprecise inputs. To
improve the storage capability and fault-tolerance the fuzzy Hopfield networks
with threshold are reported in §3.2. It is also shown that the dynamical sys-
tems are uniformly stable and their attractors are Lyapounov stable. In §3.3
and §3.4 the corresponding problems for FBAM’s are analyzed, systematically.
At first we show the fact that the FBAM’s converge their equilibrium stables,
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i.e. attractors or limit cycles. And then some learning algorithms based on
fault-tolerance are built. Many simulation examples are shown to illustrate
our conclusions. The transitive laws of attractors, the discrimination of the
pseudo-attractors of this two dynamical FNN’s are presented in §3.5 and §3.6,
respectively. The basic tools to do these include connection networks, fuzzy
row-restricted matrices and elementary memories and so on.

Chapter IV develops the systematic theory of regular FNN’s by focusing
mainly on two classes of important problems, they are learning algorithms for
the fuzzy weights of regular FNN’s and approximating capability, i.e. universal
approximation of regular FNN’s to fuzzy functions. To this end, we at first
introduce regular fuzzy neurons, and present their some useful properties. Then
we define regular FNN’s by connecting a group of regular fuzzy neurons. Here
a regular FNN means mainly a multi-layer feedforward FNN. And give some
results about the I/0 relationships of regular FNN’s. Buckley’s conjecture ‘the
regular FNN’s can be universal approximators of the continuous and increasing
fuzzy function class’ is proved to be false by a counterexample. However it can
be proven that regular FNN’s can approximate the extended function of any
continuous function with arbitrarily given degree of accuracy on any compact
set of F.(R). In §4.3 we introduce a novel error function related to three layer
feedforward regular FNN’s and develop a fuzzy BP algorithm for the fuzzy
weights. The basic tools to do that are the V — A function and the polygonal
fuzzy numbers. Using the fuzzy BP algorithm we can employ a three layer
regular FNN to realize a family of fuzzy inference rules approximately. To
speed the convergence of the fuzzy BP algorithm, §4.4 develops a fuzzy CG
algorithm for the fuzzy weights of the three layer regular FNN’s, whose learning
constant in each iteration is determined by GA. it is also shown in theory
that the fuzzy CG algorithm is convergent to the minimum point of the error
function. Simulation examples also demonstrate the fact that the fuzzy CG
algorithm improves indeed the fuzzy BP algorithm in convergent speed. In
§4.5 we take the fuzzy Bernstein polynomial as a bride to show that the four
layer feedforward regular FNN’s can be approximators to the continuous fuzzy
valued function class. The realization steps of the approximating procedure are
presented and illustrated by a simulation example. Taking these facts as the
basis we in §4.6 develop some equivalent conditions for the fuzzy function class
Cr, which can guarantee universal approximation of four layer regular FNN’s
to hold. Moreover, an improved fuzzy BP algorithm is developed to realize
the approximation with a given accuracy. Thus, the universal approximation
problem for four layer regular FNN’s is solved completely. Finally in the chapter
we in §4.7 employ a regular FNN to represent integrable bounded fuzzy valued
functions, approximately with integral norm sense.

In Chapter V we proceed to analyze universal approximation of regular
FNN’s. The main problem to solve is to simplify the equivalent conditions of
the fuzzy function class Cr in Chapter IV, which can ensure universal approxi-
mation of four layer regular FNN’s. The main contributions are to introduce a
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novel class of FNN models—polygonal FNN’s and to present useful properties
of the FNN’s, such as topological architecture, internal operations, 1/0 rela-
tionship analysis, approximation capability and learning algorithm and so on.
To this end we in §5.1 at first develop uniformity analysis for three layer, and
four layer crisp feedforward neural networks, respectively. For a given function
family the crisp neural networks can approximate each function uniformly with
a given accuracy. Also we can construct the approximating neural networks
directly through the function family. §5.2 reports the topological and analytic
properties of the polygonal fuzzy number space F/2(R), for instance, the space
is a completely separable metric space; also it is locally compact; a subset in
the space is compact if and only if the set is bounded and closed; a bounded
fuzzy number can be a limit of a sequence of polygonal fuzzy numbers, and
so on. Moreover, Zadeh’s extension principle is improved in F£?(R), by devel-
oping a novel extension principle and fuzzy arithmetic. Thus, many extended
operations such as extended multiplication and extended division and so on
can be simplified strikingly. Based on the novel extension principle §5.3 defines
the polygonal FNN, which is a three layer feedforward network with polygo-
nal fuzzy number input, output and connection weights. Similarly with §4.3
a fuzzy BP algorithm for fuzzy weights of the polygonal FNN’s is developed
and it is successfully applied to the approximate realization of fuzzy inference
rules. §5.4 treats universal approximation of the polygonal FNN’s, and shows
the fact that a fuzzy function class can guarantee universal approximation of
the polygonal FINN’s if and only if each fuzzy function in this class is increas-
ing, which simplifies the corresponding conditions in §4.6, strikingly. So the
polygonal FINN’s are more applicable.

Chapter VI deals mainly with the approximation capability of generalized
fuzzy systems with integral norm. The basic tool to do that is the piecewise
linear function that is one central part in §6.1. Also a few of approximation
theorems for the piecewise linear functions expressing each L,(u)—integrable
function are established. In §6.2 we define the generalized fuzzy systems which
include generalized Mamdani fuzzy systems and generalized T-S fuzzy systems
as special cases. And show the universal approximation of the generalized
fuzzy systems to L,{4)—integrable functions with integral norm sense; For
a given accuracy € > 0, a upper bound of the size of fuzzy rule base of a
corresponding approximating fuzzy system is estimated. One main impediment
to hinder the application of fuzzy systems is ‘rule explosion’ problem, that is,
the size of the fuzzy rule base of a fuzzy system increases exponentially as
the input space dimensionality increasing. To overcome such an obstacle we
in §6.3 employ the hierarchy introduced by Raju et al to define hierarchical
fuzzy systems, by which the ‘rule explosion’ problem can be solved successfully.
Moreover, a hierarchical fuzzy system and the corresponding higher dimension
fuzzy system are equivalent. So the hierarchical fuzzy systems can be universal
approximators with maximum norm and with integral norm respectively, on
which we main focus in §6.4. Thus, the fuzzy systems can also applied to the
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cases of higher dimension complicated system. Many simulation examples are
presented to illustrate the approximating results in the chapter.

Some further subjects about approximation of fuzzy systems are studied in
Chapter VII, that is, we discuss the approximation capability of fuzzy systems
in stochastic environment. To this end we in §7.1 recall some basic concepts
about stochastic analysis, for instance, stochastic integral, stochastic measure
and canonical representation of a stochastic process and so on. §7.2 introduces
two class of stochastic fuzzy systems, they are stochastic Mamdani fuzzy sys-
tems and stochastic T—S fuzzy systems, which possess many useful properties.
For example, their stochastic integrals with respect to an orthogonal incremen-
tal process exist, and the stochastic integrals can expressed approximately as an
algebra summation of a sequence of random variables. Using the fundamental
results in §6.2 the systematic analysis of approximating capability of stochastic
fuzzy systems including stochastic Mamdani fuzzy systems and stochastic T-S
fuzzy systems with mean square sense is presented, which is central part in
§7.3 and §7.4, respectively. Learning algorithms for stochastic Mamdani fuzzy
systems and stochastic T-S fuzzy systems are also developed, and approxi-
mating realization procedure of some stochastic processes including a class of
non-stationary processes by stochastic fuzzy systems are demonstrated by some
simulation examples.

Chapter VIII focuses mainly on the application of FNN’s in image restora-
tion. At first we treat fuzzy inference networks within a general framework, and
s0 §8.1 introduces a general fuzzy inference network model by define generalized
defuzzifier, in which includes the common fuzzy inference networks as special
cases. In theory the generalized fuzzy inference networks can be universal ap-
proximators, which provides us with the theoretic basis for the applications of
generalized fuzzy inference networks. In dynamical system identification we
demonstrate by some real examples that the performance resulting from gen-
eralized fuzzy inference networks is much better than that from crisp neural
networks or fuzzy systems with the Gaussian type antecedent fuzzy sets. In
§8.2 we propose the FNN representations of a 2-D digital image by define the
deviation fuzzy sets and coding the image as the connection weights of a fuzzy
inference network. Such a representation is accurate when the image is un-
corrupted, and the image can be completely reconstructed; when the image is
corrupted, the representation may smooth noises and serve as a filter. Based
on the minimum absolute error (MAE) criterion we design an optimal filter
FR, whose filtering performance is much better than that of median filter. FR
can preserve the uncorrupted structure of the image and remove impulse noise,
simultaneously. However, when the noise probability exceeds 0.5, i.e. p > 0.5
FR may result in bad filtering performance. In order to improve FR in high
probability noise, §8.3 develops a novel FNN—selection type FNN, which can
be a universal approximator and is suitable for the design of noise filters. Also
based on MAE criterion, the antecedent fuzzy sets of the selection type FNN
are adjusted rationally, and an optimal FNN filter is built. It preserves the
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uncorrupted structures of the image as many as possible, and also to a greatest
extend it removes impulse noise. So by the FNN filter the restoration image
with high quality may be built from the corrupted image degraded by high
or low probabilities impulse noises. Further, the FNN filter also can suppress
some hybrid type noises. By many real examples we demonstrate that the
restoration images with good performances can be obtained through the filter
FR, or the FNN filter. Especially the filtering performances of FNN filters to
restore high probability (p > 0.5) noise images may be much better than that
of RS type filters, including RCRS filter.
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CHAPTER I

Fuzzy Neural Networks for Storing
and Classifying

If the fuzzy information handled by a FNN flows in one direction, from
input to output, such a FNN is called a feedforward FNN. In this chapter, we
focus mainly on such feedforward FINN’s whose internal operations are based
on the fuzzy operator pair ‘v — A’, which is called fuzzy associative memories
(FAM’s). A FAM constitutes a fuzzy perceptron, which was firstly proposed
by Kosko B. about in 1987. It is developed based on a crisp feedforward neural
network by introducing the fuzzy operators ‘v’ and ‘A’. The fuzzy information
can be described by vectors in [0, 1]”. An important subject related to FAM’s
is the storage capacity of the network [9, 10, 20, 23, 48], since the hardware
and computation requirements for implementing a FAM with good storage
capacity can be reduced, significantly. So there exist a lot of researches about
the storage capacity of FAM in recent years. At first Kosko [25] develops a
fuzzy Hebbian rule for FAM’s, but it suffers from very poor storage capacity.
To make up the defects of the fuzzy Hebbian rule, Fan et al improve Kosko’s
methods with maximum solution matrix in [12] to develop some equivalent
conditions, under which a family of fuzzy pattern pairs can be stored in a
FAM, completely. Recent years FAM’s have been applied widely in many real
fields, such as fuzzy relational structure modeling [18, 21, 39], signal processing
[42], pattern classification [43, 45-47] and so on.

The classifying capability is another important subject related to the storage
capacity of a FNN. The stronger the classifying ability of a FNN is, the more
the FNN can store fuzzy patterns. By introducing the fuzzy operators ‘v’ and
‘A’ the crisp adaptive resonance theory (ART) can be generalized as a FNN
model—fuzzy ART, which can provide us with much easier classification for s,
given fuzzy pattern family [7].

In the chapter we present further researches about FAM’s in storage ca-
pacity, learning algorithm for the connection weight matrices, associative space
and so on. Some optimal connecting fashions of the neurons in a FAM, and
some learning algorithms are developed based on storage capacity of the FAM.
Finally we propose some systematic approaches to deal with the fuzzy ART,
and its many classifying characteristics are developed. Some real examples
show stronger classifying capability of the fuzzy ART.
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§2.1 Two layer max—min fuzzy associative memory

Since the fuzzy operators ‘v’ and ‘A’ can adapt the outputs to prefix range,
such as [0, 1], also the operation ‘A’ is a threshold function [2, 3], no transfer
function in FAM’s is considered in the following. Suppose the input signal
x € [0, 1]*, and the output signal y € [0, 1]™. Thus the input—output (I/0)
relationship of a two layer FAM can be expressed as: y = xoW, where ‘o’ means
‘V — A’ composition operation, W = (W )nxm € Hnxm is the connection weight
matrix, that is, if let x = (21,...,%n), ¥ = (¥1,..-;Ym), then

v = V{z Awi} (G =1,..,m). (2.1)

=1

Give a fuzzy pattern pair family as (X, y)é {(xk, yk)|k: € P}, where x; =
(@%, .., 28), yi = (yF,...,4E), and P = {1,...,p} (p € N). One of the main
objects for studying (2.1) is to develop some learning algorithms for W, so that
each pattern pair in (X, JV) can be stored in (2.1). Next let us present the
topological architecture corresponding to (2.1}, as shown in Figure 2.1.

Input layer Output layer

Figure 2.1 Topological architecture of two layer max—min FAM

For the fuzzy pattern pair family (X, ¥)= {(xk, yx)|k € P}, Kosko in [25]
develops a fuzzy Hebbian learning algorithm for W, that is by the following
formula W can be established:

W= \/ {XE o Yk}v (2'2)
keP

where x; means the transpose of x;. The analytic learning algorithm (2.2)
can not ensure each pattern pair (X, yx) (k € P) to be stored in (2.1). To
guarantee more pattern pairs in (X, ) to be stored in (2.1), we improve the

algorithm (2.2) in the following. Denote M = {1,...,m}, N = {1,...,n}, and
Gij (X, Y)={k € Plzf > ¢}, Ei;(X, V)= {k € Plz} =y},
GEi;(X, Y)= Gy (X, Y)UE; (X, V),
Lij (X, ¥)= {k € Plaf <yf}, LEy;(X, V)= Ly(X, V)UE;(X, V).
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By the following analytic learning algorithm we can re-establish the connection
weight matrix W = Wo = (w{;)nxm in (2.1):

w? = { reGiy(x,y) (2.3)
1 Gij (X, Y)=10
For i € N, j € M, define the sets S{(Wo,Y) and M™ respectively as follows:

SE(Wo, V)= {k € GE;;(X, V) [yF < wl};
MY ={W € tnxm|Vk €P, x 0 W =y}

Theorem 2.1 For the given fuzzy pattern pair family {(xz, yx)|k € P},
and Wo = (w;)nxm, we have

(i) Vk € P, x, o Wy C yi, and if the fuzzy matric W satisfies: Vk €
P, xx oW Cyp, then W C Wo;

(it) If MY # 0, it follows that, Wy € MY, and VW = (W;j)pnxm €
MY, W C Wy, ie. VieN, jeM, Wi < ’LU?]-;

(iii) The set M # O if and only if Vj € M, |J S5(Wy,Y)=P.

iEN

Proof. (i) By the definition of Wy, Vk € P, Vj € M, easily we can show,

ke Gy (X, y), = w?j < y;c Moreover

Viwgnab=( \  fufasi vV {wdack)< b

iEN ilkea; (x,¥) ilkgGy; (¥, )

Therefore, Yk € P, x;, o Wy C yi. Also if W € py, <o satisfies the given condi-
tions, then we can conclude that

\/{Ef /\wij}g y;-c, = Vi € N, Wij /\:L'i-c < y;c,:>Vk € Gij(X, y), Wi < y;c

iEN

So if Gi; (X, V)# 0, wi; < A {yF}, by (2.3) we have, Vi € N, j € M, wy; <
keP

wy;, that is, W € W°. So (i) is true.
(i) By the assumption we suppose W = (wij)nxm € M™Y. For any k €

P, j € M, we can conclude that
\/{.’EiC /\wij}= y;c, —Vie N, Wi 4 /\.’L‘i—C < y;-c, = Vk € Gij(X, ))), W5 < y;c
{EN

Similarly with (i) we can show, W C W°. Also for any k € P, j € M, it is easy
to show the following fact:

VieN, w); Aaf <yf, = yf > \/{wf/\w?j}z V {=f Awig}=of.
iEN i€N
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Thus, V {zf Aw);}=y¥F,= Wy € M™. (ii) is proved.
1EN
(iil) Let M¥ # @, and W = (w;;)rnxm € M®. Then by (1), Wo = (w;)nxm €

MY, W C Wy. If there is jo € M, satisfying U o & (Wo, )7& P, then there

exists ko € P, but Vi € N, kg ¢ ZJO(WO,JJ), and hence, either z¥ < yk° or,

yi° > wl > wi;. Therefore, w;j, Azk < Y. So \/N{:ck" A wm}< Y5, which
i€
is a contradiction since W € M*. SoVj e M, U Sz] (Wo,Y)= P. On the other
€N

hand, let U (Wo,y) P (j € M). For any j € M, k € P, there is ig € N,
so that k E SW Thus

k 0
mzo = yja ij0 _y],:>33 Awlo] = y],:> \/{IL' /\’U)”}> y_] (24)

iEN

By the definition (2.3) for w?,, it is easy to show

35

VieN,jeM, kebP, xf/\w?j Sy?,:> \/{xf/\w?j}g y;“
ieN

Synthesizing (2.4) we get, Wy € M™, == M™ # {. (iii) is true. O

z1 W;p /D Wy /1\\ n

Input layer Hidden layer Output layer

Figure 2.2 Topological architecture of three layer FAM

In the network (2.1), for the given connection weight matrix W € ppym,
define
PEW)={(x,y) €0, 1]" x [0, 1]"|x o W =y},

The set P¢(W) is called the associative space of (2.1}. In practice, a main
problem to study FAM is how to design the network (2.1) so that it can store
as many fuzzy pattern pairs as possible, which can be viewed as such a problem
that enlarging the associative space of (2.1). For the FAM’s based on the fuzzy
operator pair ‘v — A’, it is impossible to treat the problem by increasing unit
or, node layers of FAM’s. To account for the fact, we propose a three layer
FAM, as shown in Figure 2.2.
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Suppose the output of the hidden unit & in Figure 2.2 is og, then the cor-
responding I/0 relationship can be expressed as follows:

o = \7 {z; /\""E;)} (k=1,..,10),
(2.5)
y; = V{OkAwa)}(J_l m).

(2.5) stands for a three layer FAM. Next let us prove that the storage capacities
of (2.1) and (2.5) are identical.

Theorem 2.2 Let W, = (wg,t))nxl, Wy = (wgi))lxm, and P§(Wy, Wa) is
the associative space of the three layer FAM (2.5), i.e.

P3(Wy, Wa) = {(x, y)|x = (#1,.,Zs), ¥ = (1, .-, Ym) satisfy (2.5) }.

Then we can conclude that

(i) For given W1, Wa, there is W € liyxm, o that P$(Wy,Ws) C P&(W);

(ii) If | > m A n, then for given W € pinxm, there are W1 € ppnxi, Wa €
Wixm, S0 that P§(W) C Pg(Wq, Wa).

P’f‘OOf. (l) For any (X, y) € P??(WhWQ) X = (xl,...,xn), y = (y17~-'aym)7
by the assumption we get

14

{(v{%Aw“Hywﬁ@ kxﬁg{%AwﬁAwm}}

n
(1) (2) 1
(4 ol ) = e (3 0}
(2.6)
where, j € M. Define the connection weight matrix of (2.1), W = (wi;)nxm as
follows:

Yj

I

V{w(l)/\wk]} i €N, jeM).

Then by (2.6) it follows that, Vix,y) € P¢(W1,W2) : x = (21, ...,Tpn),y =
(y1, -, Ym), we have

VieM, y; = \/{xz/\ww}

ie. xoW =y,= (x,y) € P&(W). Therefore, Pg(Wq,Wa) C P¢(W). (i) is
proved.
(ii) Let I > m. For any X y)ePs(W): x=(21,..,Zn), ¥ = (Y1, -1, Ym),

then for j € M, y,; = V{zl/\w”} Forie N, jeMand k=1,...,/, define

(1) _
i 0, m<k<l ki

(1) Wik, k <m, (2) 1y k< m, k =.7
0, otherwise.
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Then for k =1, ...,1, by (2.5) easily we can get

n
" x; ANwi}, k< m,
o = \/{wz /\wg,i)}z z\:/l{ ‘ i} -
i=1 0, m <k <Ll

Thus, we may conclude that

1 n
Vi e M, \/{ok /\w,(:;.)}: 0; = \/{mz Awij} = yj.
k=1 i=1

So if let Wy = (W) )nxi, Wa = (W), ..+ then (x,y) € P§(Wi, Ws). There-
fore, Pg(W) C P$(W1,Ws). (ii) is proved. O

By Theorem 2.2, increasing unit layer of a FAM based on ‘v — A’ can not
improve the storage capacity. To improve FAM’s in their storage capacity or
associative space, let us now aim at the optimization of the connecting fashions
among the units.

2.1.1 FAM with threshold

In the FAM’s as shown in Figure 2.1, we introduce thresholds c;, d; to the
input unit ¢ and output unit j, respectively, where ¢ € N, 57 € M. Then the
corresponding 1/0 relationship can be expressed as

y; = <\/{(xi V) A wij})Vdj = \/{@:iveavd)A(w;vd)}, (27
i=1 i=1
(2.7) is called a FAM with threshold. Using the fuzzy matrix W = (w;j)nxm
and the fuzzy vector ¢ = (cy, ..., ¢p), d = (dy, ..., dyp,) We re-write (2.7) as
y = ((xVec)oW)vd. (2.8)
For j € M, we introduce the following set:
Ji(X, ¥)={j € MILE; (X, Y)# 0}.

By the following (2.9) (2.10) we establish the connection weight matrix Wy =
(w2 )nxm and the threshold vectors c¢® = (c,...,c%), d° = (49, ...,d2,) :

ij
A {uf) Giy(x, Y)#0,

O (x,¥) (2.9)
1, Gij (X, ¥)=0;
V {ys}, Ji(x, V)#0,
&0 = keLEy (%,9),5e7(x,) (2.10)

0, Ji(x, ¥)=0.
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And dj = /\ {yJ }. For i € N, j € M, define the sets

Gis (¥, e0); do, V)= {k € Plat v v ) > o3},

By ( ); do, ):{kEPI$§VC?VdO_yJ}
TLU((X CO) do,y): {k: €P|x’.€\/c()vd0 <y]}
TGEij((X Co)-do,y):TGij((X Co); do,y)UTEij((X 00)'d0,y),
7SS (Wo, do)s )= {k € TGy (X, o) do, V)| < wly v ).

(X, o
(X, co

Since Vi € N, j € M, TGE;;((X,co);do,Y)D GE;;(X, V), and df < w); are
obviously true, we have

TSE ((Wo, do); V)= {k € TGE:;((X, co); do, V) |y < wd},
TS5 ((Wo,do); ¥)2 S5 (Wo, V).

In (2.8) we give the connection weight matrix W € i, m, and the threshold
vectors ¢, d. Define the set

TP“(VV, c, d)= {(x, y) €[0,1]" x [0, 1]m|((x\/c) oW)\/d = y}.

We call TP*(W, c, d) the associative space of the FAM with threshold. Let
{(xk, yk)|k € P} be a given fuzzy pattern pair family. define

M¥ = {(W, ¢, d)|Vk € P, (xx Ve) o W)vd =y }.

Theorem 2.3 Let W = (wij)nxme Pnxm, € = (C1,...,¢n) € [0, 1], and
d = (d1, .y dm) € [0,1]™, (W, ¢, d)e MY Then Vi € N, j € M, wy; <
d; <d
1]’

Proof. Let a, b € [0, 1], define ‘@ as follows:

1, a<hb,

“©b_{ b, a>b.
Then we can show, Va, b, c€ [0,1],a ® (aAb) > b. And b>c,—=a® b >
a ® c. Since (W, ¢, d) EM“’Cd, it follows that Vj € M, d; < /\{y’c}—d0
So next it suffices to prove wwgw If G”(X y) (Z)thenw —1>wZJ If

Gij (X, V)# 0, there is ko € Gy (X, 3}), so that

k
ye= A {fh=uwl= A\ {F=y <.

keGi; (X, ) M ERY)
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Using the definition of ‘®’ and the assumptions easily we can show

\77 {(.’Ei—c,o VeV dj) A (’wi/]‘ \Y dj)})

w; = Y=z} e = @ (
=1
> ko ko NP
> 27°0) (x° ANwyiy) > wyy.
The theorem is therefore proved. [

By Theorem 2.3, ¢®, Wy defined by (2.9) possess a maximality with the
sense of storing fuzzy patterns

Theorem 2.4 Let (W, c,d) € M wed . Then there is a threshold vector
c1 = (c},...,cl), so that Vi € N, ¢} < ¢?, and (W, ¢y, dg) € Mwed.

Proof. For any i € N, define ¢} as follows:

/\ {y.;c}7 J'i (X’ y)# w?

1 _ ) kePjeM
0, Ji(x, ¥)=0.

If J; (X, V)= 0, then ¢} =0 < ), and Vk € P, j € M, zF > y¥. Then by (2.9)
and Theorem 2.3 it, follows that ¥ > w; V dJ > wy; V d;. Therefore

Ji(X, y): @, — (.’I,'?VCinj)/\(wij\/dj):’U.)ij\/dj (2 11)
< (eFve vdd) A (wi vdd) < gk '
If J;(X,V)# 0, define the set KJi(c,Y) = {(k,j) € P x Mle; > y¥}. If
K J;(c,Y) =D, then we get

VieM, keP, e <y, < N {¥f}=cl.

k€P,jEM
Therefore Vj € M, k € P, by KJ;(c,Y) = 0, we imply
(zF Ve Vidy) A (wig vds) < (2 Vel vdd) A (wi; v d)) < yf. (2.12)

If KJ;(c,Y) # 0, then we can conclude that
(k.3) € KJi(e,¥), = wyy <yf,=wiz < N\ {y}
(k,j)EK Ji(c,Y)
Also it is easy to show the following facts:
k
A s A gl ow < Ay
That is, when KJ;{c,Y) # 0 (2.12) holds also. So
Ji(X, ‘)))7é @, - (:L‘ic Ve VvV dj) A (wij vV d]) =w V dj

(2.13)
< (zkvel vdd) Awi; vdd) <.
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Thus, by (2.11) (2.13) and (W, ¢, d) € M™%, we get

o= VA{EEvavd) A, vd))
as

\/ {(mf\/civdj)/\(wij\/dj)})\/

il (x,v)=0
V( Vo {@fvevd) Aw Vdj)}>
il (X, V)20
< V o {@Fvevd) A (w vdg)})v
il (%, ) =0
vV GV va) A, vad})
ilJ: (%, )70
— (et v el V) A v D} o
i€N
Hence Vj € M, k € P, V {(zF vl vdd) A (wy; v d))}= yF. Thatis, y =
ieN

((x V1) o W)Vdy. Consequently, (W, c1, dg) € M™% O

Lemma 2.1 Suppose j € M, k € P. Then the following facts hold:

go= Vo {@veavaaw v
i|keTSE ((Wo,do);y)
> Voo {Evava Al va)

ilkgTSS ((Wo.do);y)

Proof. 1f k € TSS ((Wo,do); V), then

either 2 V ) Vd) < yF or, zF v Qv dd >y > wd; v dy,

which can implies, (z} V ¢ V d9) A (w; V d9) < y¥. Therefore
k
\/ {(«f v & vdd) A (wd; vd)) <yl
ilkgTSE ((Wo,do);)

If k € TS5 ((Wa,do); )), then we have

either zf v ) v d) = y¥ <wd; vd? or, z¥ v ) v dl >y

And y¥ < wl; v dj. Also by the definitions of w; and dY, it follows that
wi; v d) < y¥. Hence

w?j Vd? =y;-°, (zF vl Vdg) A (w?j \/dg) = y;“
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That is, the following equality holds:
\/ {(xf\/cgvd?)/\(ngvd?)}z y;“
ilkeTSS ((Wo,do)¥)

And hence the lemma, is proved. [

Theorem 2.5 For the given fuzzy pattern pair family {(xx, y&)|k € P},
the set M¥°? #£  if and only if Vj € M, | TSg((WO,dO);y): P.
tEN

Proof. Necessity: Let W = (wij)nxm € Hnxm, €= (c1,...,¢n) € [0, 1],
d = (di,...,dn) € [0,1]™, so that (W,c,d) € M>e. If the conclusion is
false, there is jo € M, satisfying | T'SS ((Wo,do);V)# P. Thus, there is
iEN

k € P, so that Vi € N, k & TSiCj0 ((Wo,do); V). Therefore, Vi € N, either
ke TLijO((X,co);do,y) or, k € TGEijO((X,co);dO,y), yfo > w?jo Vd?. So
V {(gFvdvdd)Awdvd))}
iEN
= V {(@F vV d) A @l v d;?)})v
i|lk€TGEiz0 ((Wo,c0)ido,Y) (2.14)

v v {(aE Ve v d) A (W v} )< o
i|k€T Lyj, ((Wo,co);doyy)

By the assumption and Theorem 2.4, there is a fuzzy vector ¢; = (ci,...,cl) :
Vi € N, ¢} <Y, so that (W, ¢, dg) € M¥%. So by (2.14) and Theorem 2.3 it
follows that
y;»co = \/N{(a:i-“\/ci\/dj)/\(wij \/dj)}: VN{(:B?VC,} Vd?)/\(wi]‘ \/dg))}
i€ 1€
<V {(avic Vv d?) A (w?j \% d?)}< yfo,
ieN
Which is a contradiction. The necessity is proved.

Sufficiency: Vj € M, k € P, there is i € N, so that k € T'SZ (Wo,do); V).

Hence if let w;; = w?j, ¢ =c, d; = d?, then Lemma 2.1 implies that

V {(zF Ve vdy) A (wi; v d;)}

€N

- V {(mf\/c?Vd?)/\(w%Vd?)})\/
ilkeTSS ((Wo,do);y)

v( V {(b Vvl A s va})
ilkgr'sS (Wo,do):)

= V {(@Fvdvdd)n(whvdd)}=yk.
ilkeTSE ((Wo,do);y)



Chapter II Fuzzy Neural Networks for Storing and Classifying

35

Then put Wo = (wY;), co = (¢, ...,¢}), do = (4, ..., d3,). Thus, (Wo, €o,do) €

Mwed, That is, MY £ 0. O

Theorem 2.6 For a given fuzzy pattern family {(xx, yx)|k € P}, let MY #
0, i.e. there is W € pnxm, S0 that Vk € P, x, 0o W = yy. Let Wo = (w));), co =
(c(l)’ . CO), do = (d(1)7 7d9n) Then (W(J? Co, dO) € Mwed,

ey Cpy

Proof. By Theorem 2.1 we get,

vieM, U S5(Wo,Y) =P.

i€EN

Since SZ(Wp,Y) € TSS((Wo,do); V), it follows that igN TSG ((Wo,do); V)=

P. Theorem 2.4 implies, M # (), and (Wp, co,dy)

2.1.2 Simulation example

€ Mwed. O

In the subsection we demonstrate that FAM (2.8) with threshold possesses
good storage capacity by a simulation example. Let N = {1, 2, 3,4, 5}, M =
{1, 2, 3}, and P = {1, ..., 8}. By Table 2.1 we give a fuzzy pattern pair family as
{(xx,yx)|k € P}. Using the following steps we can realize the algorithm (2.9).

Table 2.1 Fuzzy pattern pair family

k Xk Yk

1 (0.5,0.5,0.4,0.4,0.3) (0.5,0.6,0.3)
2 (0.1,0.3,0.3,0.4,0.4) (0.5,0.6,0.4)
3 (0.8,0.4,0.6,0.7,0.4) (0.6,0.8,0.4)
4 (0.3,0.4,0.4,0.3,0.4) (0.5,0.6,0.4)
5 (0.6,0.4,0.7,0.7,0.5) (0.7,0.7,0.5)
6 (0.1,0.1,0.2,0.2,0.1) (0.5,0.6,0.3)
7 (0.7,0.2,0.4,0.3,0.2) (0.5,0.7,0.3)
8 (0.8,0.4,0.3,0.4,0.2) (0.5,0.8,0.3)

Step 1. For any i € N, j € M, calculate the sets G;;(X, V), LE;; (X, ),

and establish wg;, ¢}, dJ;

Step 2. For i € N, j € M, calculate and determine the following sets:

TGi; ((X,co);do, V), TE;((X,co)

;dan)a

TGE;((X,¢0);do, V), TS ((Wo,do); V);

Step 3. For any j € M, discriminate the following equality:

U TSZ ((Wo,do); V)= P?
€N



36 Liu and Li Fuzzy Neural Network Theory and Application

if yes go to the following step, otherwise go to Step 5;

Step 4. Put Wo = (w()), co = (], ...,c}), do = (d}, ..., dD,);

Step 5. Stop.

By above steps we get, ¢co = (0.3,0.3,0.3,0.3,0.3), dg = (0.5,0.6,0.3), the
threshold vectors of input units and output units, respectively, the connection
weight matrix Wy as follows:

05 1.0 1.0 06 1.0
Wg =] 10 1.0 1.0 1.0 1.0
03 03 03 03 1.0

we may easily show that the given fuzzy pattern pair family {(xx, yx)|k €
P} satisfies the conditions that for each j € M, |J T'SZ((Wp,do); V)= P. So
€N

by Theorem 2.5, all fuzzy pattern pairs in Table 2.1 can be stored in FAM (2.8).
If we use the Hebbian learning rule, easily we may imply that only (x5, ys5)
can be stored in FAM (2.1) [38]. Therefore, we can improve a FAM in storage
capacity by introducing suitable thresholds and learning algorithms.

§2.2 Fuzzy /—learning algorithm

Introducing threshold to units and designing analytic learning algorithm
can improve a FAM as (2.1) in its storage capacity. However, analytic learning
algorithm can not show the adaptivity and self-adjustability of FAM’s. To
overcome such defects we in this section develop a dynamic learning scheme,
the fuzzy §—learning algorithm, and present its convergence.

2.2.1 FAM’s based on ‘v — A’

Give a fuzzy pattern pair family {(xg, yx)|k € P}, and by the matrices
X, Y we denote X = (x1,...,%p)%, Y = (y1,---,yp) ", that is

1 1 1 1 1 1
1 T3 z, Y1 Y2 o YUnm
2 2 2 2 2 2
7 T3 0 X yi Y2 o ¥
X = "l Y= m
p P p PP P
Ty Tq Ty 1 Ya Ym

Then all (x1, ¥1), ..., (Xp, ¥p) can be stored in FAM (2.1) if and only if there is
a fuzzy matrix W = (w;;)nxm, satisfying

XoW =Y. (2.15)

(2.15) is a fuzzy relational equation based on ‘V — A’ composition [27-29, 41,
42]. All (x1, y1),--- (Xp, ¥p) are memory patterns of FAM (2.1) if and only
if the solutions of (2.15) exist. Moreover, using the following algorithm we
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can demonstrate the learning procedure for the connection weight matrix W
of FAM (2.1), and establish a solution of (2.15).

Algorithm 2.1 Fuzzy §—learning algorithm. With the following steps we
can realize the iteration of w;; for i € N, j € M :

Step 1. Initialization: Vi € N, j € M, put w;;(0) =1 and ¢ = 0;

Step 2. let W(t) = (wi;(t))nxm;

Step 3. Calculate the real output: Y (t) = X o W(¢), that is

Vk € P,VjeM, yi(t)=\/{zF Aw;(®)}.
i=1

Step 4. Adjust the connection weights: Let n € (0, 1] be a learning constant,
denote

wij(t) —n- (W5 () —v5), wi(t) Az > yf,

(2.16)
wi(t), otherwise.

wij(t+1) :{

Step 5. Vi € N, j € M, discriminate w;;(t + 1) = w;;(t)? if yes stop;
otherwise let £ = ¢ 4+ 1, go to Step 2.

Preceding to analyze the convergence of the fuzzy é—learning algorithm 2.1,
we present an example to demonstrate the realizing procedure of the algorithm.
To thisend let P = N = {1, 2, 3, 4}, and M = {1, 2, 3}. Give the fuzzy pattern
pair family {(xg, yx)|k € P} for training as follows:

x; = (0.3,0.4,0.5,0.6), y1 = (0.6,0.4,0.5),
xz = (0.7,0.2,1.0,0.1), yz = (0.7,0.7,0.7),
x3 = (0.4,0.3,0.9,0.8), ys = (0.8,0.4,0.5),
x4 = (0.2,0.1,0.2,0.3), ya = (0.3,0.3,0.3).

Then we can establish the fuzzy matrices X, Y in (2.15) as

03 04 05 06 0.6 04 0.5
0.7 02 1.0 01 0.7 0.7 0.7
04 03 09 08 0.8 04 05
02 01 02 03 0.3 03 03

Choose n = 0.8, and with 40 iterations, the sequence of connection weight
matrices {W(¢)} converges to the matrix W:

1.000000 1.000000 0.700000 1.000000
wT =] 1.000000 1.000000 0.400000 0.400000
1.000000 1.000000 0.500000 0.500000

Obviously (2.15) is true for W.
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Theorem 2.7 Suppose the fuzzy matriz sequence {W(t)|t = 1,2...} is
obtained by Algorithm 2.1. Then

() {W()|t =1,2,...} is a non-increasing sequence of fuzzy matrices;

(i) {W ()|t =1,2,...} converges.

Proof. (i) Let t mean the iteration step. For any i € N, j € M,k € P, by
(2.16), if &F Awi;(t) > y¥, we get, y¥(t) > aF Awi;(t) > y¥. Then wi;(t+1) =
w;;(t) — n(yf(t) — yf) < wi (). If 28 A wy(t) < y;?, then w;;(t + 1) = w;; (¢).
Therefore, for i € N, j € M, w;;(t + 1) < w;;{t),= W(t+ 1) C W(t). That
is, {W(#)|t = 1,2,... } is a non-increasing fuzzy matrix sequence.

(ii) Since Vt =1, 2, ..., w;;(t) € [0, 1], we have, Vi € N, j € M, the limit
lim w;;(t) exists, that is, the matrix sequence {W(t)|t =1, 2, ... } converges.

tStoo

O

Theorem 2.7 can guarantee the convergence of Algorithm 2.1. If the solution
set of (2.15) is non-empty, we in the following prove the limit matrix of the
matrix sequence in Algorithm 2.1 is the maximum solution of (2.15).

Theorem 2.8 For a given fuzzy pattern pair family {(xk, yx)|k € P},
the fuzzy matriz sequence {W( )Nt = 1,2,...} defined by (2.16) converges to
Wy = (w”)nxm, where w” can be deﬁned by (2.9). Moreover, iof M¥ # 0,
then Wy € MY is the mazimum element of M¥; if MY = {, then Wy is the
maximum element of the set {W‘X oW C Y}.

Proof. For any i € N, j € M, if Gy (X, )7): @, then Vk € P, zF < y;“

In Algorithm 2.1, for any iteration step ¢, we have, w;;(t) A z¥ < y;“ Then by
(2.16) it follows that

Gij (X, y)-_— @, - wij(t + 1) = wij(t) == wij(l) = w”(O) =1. (217)
If Gij (X, V)# 0, there is ko € Gy (X, V), sothatyf* = A {y*}. Then
keGi; (2,

wi;(0) Ao = g0 > y . Next let us use (2.16) to show that
vt € {1,2,... }, w(t) > yie. (2.18)

In fact, if ¢ = 1, considering 1 > zf > y;?" and (2.16) we get, w;;(1) =
w;5(0) —n - (yfo (0) — y;co): 1—n- (xfg — yf°)> y;-c", where ig € N satisfies the
following condition:

o =\ {wi;(0) Azl )= \/ {afo}= 2y
/€N €N
If (2.18) is false, there is t' € N, so that w;;(t') < y;co. Let to € N: tp =
max{t € N|w;;(t) > yf“} Then we get, to > 1, and w;;(to + 1) < y’-co So by
(2.16) it follows that xfo A wij(to +1) < y] O = wito+2) =1> yk‘) >
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w;;(to + 1), which is a contradiction, since by (i) of Theorem 2.7, the fuzzy
matrix sequence {W(t)|t = 1,2,...} is non-increasing. Hence (2.18) is true.

‘ k i LSk
Therefore, t_l}gloo wiy(t) > y;°. If t£$w wi;(t) = lij > y;°, then

Y () = \/ {zh ANwy(t)}, = Tim yho(t) = \/ {ahe Ny }> yfe. (2.19)

t—+o0 .
i’eN €N

Also by (2.16), wij(t + 1) = wi;(t) — n- (yf°() — y). Therefore, l;; = l;; —
. k k - Koy _ ok . .
- (t—l—}r—gloo Yo (t) — yjo), and t“l}?ooyj"(t) = y;°, which contradicts (2.19). So
Gij (X, V)£ 0, = . ligrn w;;(t) = y;-“". Considering (2.17) we can conclude that
— oo

iy = | el
1, Gij(Xa y):®7

So the first part of the theorem holds. And the other part of the theorem is a
direct result of Theorem 2.1. UJ

Il
g

In Algorithm 2.1 if we choose the learning constant # as an adjustable value
changing with the iteration step ¢, that is n(t), then the convergence speed of
the algorithm can speed up, strikingly. We choose

wij () — wi; () Ayy
yi(t) —yr

Then (2.16) is transformed into the following iteration scheme:

n=mn(t) =

wij(t) A yf, wij(t) A :L‘ic > y}c,

w;;(t), otherwise.

By Theorem 2.8 the following theorem is trivial.

Theorem 2.9 Let {(Xk, yx)lk € P} be a fuzzy pattern pair family, and
W(t) = (wij(t))nxm be a fuzzy matric defined by (2.20). Then the sequence
W)t = 1,2,...} converges to Wo = (wy)nxm as t — +oo, where wy; is
defined by (2.9). Moreover, if MY # ), then Wy € M™ is a mazimum element
of M¥; if MY =, then Wy is a mazimum element of the {W{X oW C Y}.

2.2.2 FAM’s based on ‘v — %’

Since the fuzzy operator pair ‘v — A’ can not treat many real problems, it
is necessary to study the FAM’s based on other fuzzy operator pairs. To this
end we at first present the following definition [18, 35, 42, 52].

Definition 2.1 We call the mapping T : [0,1]? — [0, 1] a fuzzy operator,
if the following conditions hold:



40 Liu and Li Fuzzy Neural Network Theory and Application

(1) T(0,0) =0, T(1,1) = 1;

(2)Ifa, b c,de0,1], thena <¢, b <d,=> T(a,b) < T(c,d);

(3) Va, b€ [0,1], T(a,b) = T(b,a);

(4) Va, b, ¢ € [0,1], T(T(a,b),c) = T(a,T(b,c)).

If T is a fuzzy operator, and Va € [0,1], T(a,1) = a, we call T a t—norm; If
the fuzzy operator T satisfies: Va € [0,1], T(0,a) = a, we call T a t—conorm.
From now on, we denote T'(a,b) = aT b, and write the t—norm T as ‘x’.

For a, b € [0,1], define aa,b € [0,1] : aa.b = sup{z € [0,1]|la Tz < b}.
Let us now present some useful properties of the operator ‘a,’, the further
discussions can see [18, 40, 52].

Lemma 2.2 Leta, b, a1, by € [0,1], and T be a t—norm. Then

(i) a * (aasb) <b, aa.(a *b) >b, (aca,b)a.b>aq;

(ii) e € a1,= aa. b > aj o, b;

(iii) b < by,=— aa. b < aa, by;

Proof. (i) By the definition of the operator ‘a,’ it follows that a * (a a. b) <
b. Since a * b < a * b, also using the definition of ‘o’ we get, a o (a * b) > b.
Moreover, considering that a * (a a, b)) < b, == (a o b) * @ < b, we can conclude
that, (a . b) @ b > a. (i) is true. As for (ii) (iii), they are also the direct results
of the definition of ‘e,’. [J

In (2.1) we substitute the t—norm ‘*’ for ‘A’, and get a FAM based on the
fuzzy operator pair ‘V — %’

y; = \/{x * wi; } (j € M). (2.21)

If choose ‘®’ as the ‘v — %’ composition operation, then (2.21) becomes as
y = x® W. Similar with (2.1), we can in (2.21) develop some analytic learning
algorithms and iterative learning algorithms for the connection weight matrix
W. For a given fuzzy pattern pair family {(xg, yx)|k € P}, we can obtain a
conclusion for the FAM (2.21) being similar with Theorem 2.1. To this end we
at first design an analytic learning algorithm for W. Define W, = (w};)nxm €
nxm as follows:

wi = N\ {aFa.yf} (GeN, jeM) (2.22)
kep

Recalling Sg(Wo,y) and MY we may introduce the sets S;"]-G (W, X,Y) (i €
N, j € M) and M respectively as follows:

S;C(W., X, V)= {k € Plzk * w}; > yF},
M;w = {W € ﬂnXm|Vk S P, X, ®W = yk}

Theorem 2.10 Given a fuzzy pattern pair family (X, y){(xk, vi)|k € P},
and W, = (0};)nxm is defined by (2.22). Then
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(i) Vk € P, xix ® W, C yk, and if the fuzzy matric W satisfies: Vk €
P, x, ® W C yi, we have, W C W,;

(ii) If MY # 0, it follows that W, € MY, and VW = (Wsj)nxm € M, W C
Wi, ie. Vi €N, j €M, wi; < wjj;

(iii) The set MY # @ if and only if Vj € M, g\l SZJ-G(W*,X,J/): P.

1

Proof. (i) For any k € P, and j € M, by Lemma 2.2 and (2.22) it follows

that the following inequalities hold:

V{at wib= e« (A {ef aui'}) )< Vet » o)< ol

ieN iEN k'epP

that is, xx ® Wi C yr. And if W = (Wij)nxm € Hnxm satisfies: xx ® W C
vk (k € P), for any k € P, j € M, we can conclude that

k k k k k k
\/{xi *wi S YL, = xf * wi <yf, == wij < 2 .y
ieN

Therefore, wi; < A {aF . y¥}=w};. So W C W.. Thus, (i) is true.
kep

(i) Let W = (wij)nxm € M. Then Yk € P, x; ® W = y;. Similarly with
(i) we can show, W C W.,. And for any j € M, k € P, the following fact holds:

\/{:1:5c ¥ wij p=yf, = \/{:Bic x wi; > b,
ieN ieN

Lemma 2.2 and (2.22) can imply the following conclusion:

mf * w;-“j < mf * (mic iy y;“) < y;“, - \/{xf * w;‘j}g yf
1EN

Therefore, é/N{xf * wfj}: yf That is, W, € M. (ii) is proved.

K3

(ili) At first assume M # 0, and W = (wij)nxm € M¥. By (i) we
have, W, = (wfj)nxm € MY, moreover W C W,. Then suppose there is
jo € M, satisfying |J S} (W.,X,V)# P. So there is kg € P, so that Vi €
i€EN
N, ko ¢ S;*Jf (W*,X ,y). Then we can imply the following facts: w;j, * xfo <
yf(?, V {xf" * wij0}< y;c(f’, which is a contradiction since W € M™. Thus,
iEN

vieM, | S;}G(W*,X,y): P. Conversely, let {J S;”JG(W*,X,JJ): P(e
iEN iEN

M). For any j € M, k € P, there exists ig € N, satisfying k € S;*g (W, x,Y).
And so zf xw} ;> Y, = é/N{xf * w}; }> y¥. By the definition of w};, (2.22)
1

0] — R
and Lemma 2.2 it is easy to show, Vi € N, j € M, k € P, we have z¥ * wi; =
zh % (k/\P{ﬂvéC Cy yf })S Tk« (2% o, yf) < yf Thus, V {xf /\w;“j}g Y5
S i€N

Therefore, Wy € MY, = M # §. (iii) is true. O
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Next let us illustrate the application of Theorem 2.10 by a simulation ex-
ample. Using the analytic learning algorithm (2.22) to establish the connection
weight matrix W,. Let P =N = {1, 2, 3, 4}, M = {1, 2, 3}, and the t—norm =
is defined as follows: Ya, b € [0,1], @ * b = max{a + b — 1, 0}. Give the fuzzy
pattern pair family {(xx, yx)|k € P} :

x1 = (0.6,0.5,0.4,0.3), y1 = (0.3,0.6,0.1);

= (0.5,0.7,0.8,0.6), y2 = (0.6,0.5,0.4);
x3 = (0.4,0.7,0.6,0.4), y3 = (0.4,0.5,0.2);
x4 = (0.8,0.9,0.7,0.3), ys = (0.5,0.8,0.4).

Yor i e N, j € M, k € P, by the definition of ‘x’ it 1s easy to show

= sup{z € [0, 1]jzf + 2 — 1 < ¢¥} = min{l + % - 2F, 1}.

Therefore, by (2.22), w /\ {zF o, yF}= /\ {min{1 + ¥ — z¥,1}}. So we
get W* = (U];-kj)4><3 M

07 06 08 1.0
wrX=| 1.0 08 07 09
0.5 0.5 0.6 0.8

Moreover, for i € N, j € M, S;F(W.,X,¥)= {k € Plzf * w}; > y¥}. Easily
we have, Vj e M, U S;}G (W*,X,y)z P. Therefore, by Theorem 2.10, Each
iEN

pattern pair in {(xx, yx)|k € P} can be stored in the FAM (2.21), and the
corresponding connection weight matrix is W,.

Similarly with Algorithm 2.1, we can develop an iteration scheme for learn-
ing the connection weight matrix W of the FAM (2.21), that is

Algorithm 2.2 Fuzzy é—learning algorithm based on t—norm. With the
following steps we can establish the connection weights of FAM (2.21):

Step 1. Initialization: put ¢ = 0, and w;;(t) = 1;

Step 2. Let W(t) = (wij(t))nxm;

Step 3. Calculate the real output: yi(t) = x, ® W(¢), i.e

yy (1) =\ {af xwii ()} (G €M,k € P).
iEN
Step 4. Iteration scheme: The connection weights iterate with the following
scheme (where 1 € (0, 1] is a learning constant):

(2.23)

wss (£ + 1) :{ wij(t) —n- (YFE) —uf), wiy(t) x zF > o,

w;; (), otherwise.
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Step 5. Discriminate W (t + 1) = W(¢)? if yes, stop; otherwise let t =t 41
go to Step 2.

Similarly with the equation (2.15), the FAM (2.21) can store each fuzzy
pattern pair in {(xx, yx)|k € P} if and only if the following equalities hold:

1 1 1 1 1 1
ry Xz - Ty w1y Wiz ccc Wim Y1 Y2 o Unm
2 .2 2 2 2 2
Ty TZ - Xy, w1 W2 - Wam Yi Y2 o U,y
® = s

PP PP

] Ty o T Wnl Wn2 " Wnm Y1 Y2 o Um

(2.24)

that is, X ®W =Y. By Theorem 2.8 and Theorem 2.9, we can get the following
result.

Theorem 2.11 Let {(xx,yx)|k € P} be a given fuzzy pattern pair family,
and {W ()|t = 1,2,...} be a sequence of fuzzy matrices obtained by Algorithm
2.2. The t—norm “’ is continuous as a two—variate function. Then

(i) vt=1,2,.., W{t+1) C W), and so {W(t)[t =1,2,...} converges;

(i) If there is W € tnxm, S0 that (2.24) holds, then {W (t)|t = 1,2,... } con-
verges to the mazimum solution of (2.24), i.e. tlhrpooW(t) = W, = (0];)nxm;

(i6i) If YW € pinxm, (2.24) is false, then {W ()|t = 1,2,...} converges to
the maximum solution of X ® W CY ast — +oo.

Proof. it suffices to prove (ii), since the proofs of (i) (iii) are similar with
ones of Theorem 2.8 by Theorem 2.10.

There is ko € Gi; (X, y), satisfying xf“ Oy y;“o = A {xf Oy y;“} If xf" <

keP

y;.“", then we can conclude that

Vt=1,2, .., 2"

K3

° % w;;(t) < yf°,=> wii(1) = w;;(2) =--- = 1. (2.25)

if xi-c(’ > y;-co, by the continuity of the t—norm ‘*’, xf“ Ol yf" < 1. Similarly with
(2.18), let us next to prove by (2.16) that

Vi€ {0,1,2,... }, wi;(t) > zf° an gl (2.26)

In fact, if ¢ = 0, then w;;(0) =1 > mf‘J Oy y;“’. And if there is t; € N, so that
wi(t) < ¥, y}“o, let to = max{t € {0,1,... }wi;(t) < 2 o, yf”} Then
to > 0, and w;;(tg +1) < zF0 yko By Lemma 2.2 we get, w;;(tg +1) % 27 <

zk « (2% a, y;“") < yko So (2.23) may imply, ws;(to +2) = 1 > w;;(to + 1),
which contradicts (), . AW (@)t = 0,1,...} is non-increasing. Therefore
(2.26) is true. Thus, hm wi(t) > z¥0 o, yko = wy;. If hm Wy (t) =1 >

xko o™ y]" =w} then by the definition of ‘a’,

0
i) * lij > y,°, s0

k:
T;

O(t) = v {zko % wyj(t)}, = hm Y; ko (1) = \/ {x, * lm}> (2.27)

€N i'EN
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And by (2.23) (2.26) and the definition of ‘e’ it follows that
wij(t+ 1) = wii (t) =1+ (¥ (8) = ¥5°),
=l =l —n- (lim_yi°(t) —y;°), = lim y°(t) =y}°,
which contradicts (2.27). Thus, =% > yé“’, = tEElm wi;(t) = z¥0a, y;?O.
Hence by (2.25), t_légloo wi(t) = 2™ a, yf“ =wj;. O

Next we discuss an application of Algorithm 2.2. Define the t—norm * as
follows [27-29):

axb=max{0,a+b—1} (a, b €0, 1]).
And P ={1,2,3}, N={1,2 3}, M= {1}. Let

X=|x |=[05 01 03], v=]y |=1{ 02
X3 1.0 0.2 0.1 V3 0.7

By Theorem 2.10, the fuzzy pattern pair family {(xx, yx)|k = 1,2,3} can be
stored in the FAM (2.21). So the maximum solution of X ® W =Y exists, that
is W, = (0.7,1.0,0.9)T. Table 2.2 shows the iteration step number of Algorithm
2.2 with different learning constants n’s and the ultimate connection weight
matrix W :

Table 2.2 Simulation results of Algorithm 2.2

No. learning constant () iteration () converged matrix (W)

0.90000 5 (0.64000, 1.00000, 0.90000) T

0.80000 7 (0.68000, 1.00000, 0.90000) T

0.50000 16 (0.69531, 1.00000, 0.90000)T

0.30000 30 (0.69948, 1.00000, 0.90000) T
( )
( )

0.10000 86 0.69999, 1.00000, 0.90000)
0.01000 594 0.70000, 1.00000, 0.90000) T

S T W N

By Table 2.2 we may see, the larger the learning constant # is , the quicker
the convergent speed of the matrix sequence {W(¢)[t = 1,2,... } is. The limit
value W and the maximum solution W* of (2.20) are not completely identical,
for example, when n = 0.9 and n = 0.8, the difference between W and W*
is obvious. As 1 becomes smaller and smaller, W is close to W*, gradually.
When n = 0.01, we get W = W*. Therefore, a meaningful problem related
to Algorithm 2.2 is how to determine 5 so that the convergent speed and the
sufficient closeness between W and W* can be guaranteed, simultaneously.
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§2.3 BP learning algorithm of FAM’s

In the section we present the back propagation (BP) algorithm for the
connection weight matrix W of the FAM (2.1). Since for a given a € [0, 1], the
functions aVz and aAz are not differentiable on [0, 1] (see [51]), as a preliminary
for the BP algorithm of FAM’s we at first define the differentiable functions
‘La’ and ‘Sm’, by which the fuzzy operators ‘v’ and ‘A’ can be approximated,
respectively and the derivatives in the BP algorithm can be calculated.

2.3.1 Two analytic functions

Next we build the approximately analytic representations of the fuzzy op-
erators ‘V’ and ‘A’, respectively, and establish the partial derivatives related.
Define d—variate functions La, Sm: Ry x [0,1]¢ — [0,1] as

d d
>z - exp{sxi} > z; - exp{—sz;}
— i=1 . i=1

;o Sm(s;xy, ..y Tq) =

La(s;z1, ..., Tq) y
exp{—sx;

(2.28)
By (2.28) it is easy to show, Vz1,...,z4 € [0, 1], the following facts hold:

d
>~ exp{sz;}
i=1

Vs >0, La(s;xy,...,zq), Sm(s;x1,...,2q) € [ml AN Nzg, LTIV -V xd].
A A :
For z1,...,z4 € [0,1], denote Zpin = T1A- ALy, Tmax = L1 V- - -Vag4. Moreover

{ max{m € {xy, ...,xd}|x < wmax}, this set nonempty,
Ts =

Tmax, this set empty;

min{x € {z1, ...,xd}|x > xmin}, this set nonempty,
T =
e Tmin, this set empty;

Lemma 2.3 Suppose d > 1, s > o, and x1,...,24 € [0,1]. Then we have
the following estimations:
d
V {z;} — La(s; z1, ...,wd)‘g (d—1) ‘exp{—s(xmax — 3:5)};

i=1

il{xi} — Sm(s;x1, ...,xd)‘g (d—1) - exp{—s(z, — Tmin) }-

2

d

d
Therefore, lim La(s;zi,...,zq) = V {z;}, lIm Sm(s;z1,...,zq) = A {zi}.
s—+oo i=1 s—to0 i=1

Proof. At first let Tmax > Tmin, 80nd &) = <+ = T4 = Tmax. Then Vi €
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{g+1,...,d}, z; < Tmax. Thus, when s > 0, we can conclude that

M=

x; exp{sz;}

— Tmax

3

...,xd)l:

[l
Q|-

Y. exp{sz;}

=1

.

d d
2 (% ~ Tmax) exp{s®i} | 2 |Ti — Tumax| exp{sz;}
— =1 < =1
d = d
S exp{sz;} > exp{sz;}
i=1 i=1
d d
3% — Tmax| exp{s(zi —Tmax)} 21 — Tmax| exp{s(x; —Tmax) }
i=1 _ =g+l

d d
1:2:1 exp{s(Z; — Tmax)} ; exp{s(x; — Tmax)}

d
Z |xz _xmax| eXp{S(xi _xma,x)}

d
i=q+1 lxmax_wmin|
e <R ) exp{s(w— )}
g+ Z eXp{s(xi - xma,x)} i=q+1
1=g+1
1 & Qg
< - Z exp{—$ - (Tmax — T5)} < -exp{—5 - (Tmax — %5)}
i=q+1 q
<(d—q) exp{—5 (Tmax — Ts)} < (d—1) - exp{—5 (Tmax — Ts)}

So if Zmax > Tmin, then we can obtain the following limit:

ligl La(s; 1, .. \/{xz} hm ( —1) - exp{—5 (Tmax —xs)} =0

=1

d
when zpax > zs5. And therefore, liril La(s; 21y, 2q) = VA{zi}; If Zmax =
88— o0

i=1

d
Tomin, then 7 = -+ = z4,= La(s;x1,...,z4) = 1 = \ {z;}. Hence the limit
=1
of La(s;x1,...,zq4) 88 s — +oo exists, and hm La(s;zy, ..., Tq) = \/ {z:}.
S—)
The first part of the theorem is proved. Slmllarly we can prove the other
conclusions. O

Lemma 2.4 The functions La(s; 1, ...,zq) and Sm(s;z1,...,Lq) are con-
tinuously differentiable on [0,1]%. Moreover, for j € {1,...,d}, we have
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S E1y ey & —ex ; d
(i) 8La(s,8x? 22d) _ 7 exp(sz;) Z{Z(sxi ~ 8T — l)exp(sxi)};
! (;exp(sxi)> =1
d
(i) 6Sm(s;8fcz,...,xd) _ exp(—sz;) - {Z(Swi —sz;+1) exp(—sa:i)}.

(ii exp(—sxi)) =1

Proof. Tt suffices to show (i) since the proof of (ii) is similar. By the
definition of La(s;x1,...,24) We can prove

OLa(s;x1,...,Ta) i 0 [ i exp(sz;) +i x; - exp(sz;)
8511j N BI]'

d Or. \ d
i=1,i#j > exp(sz;) 7 > exp(sw;)
i=1 i=1
— exp(sz;) d ’
= ~d—]——2 sx;exp(sx;) + Z sx; exp(sz;) —(1+sz;) ZGXP(SQH)
(Z exp(sxi)) i=1,i#j =1
i=1

— exp(sz;)

d
= (swi — sey — Dexp(sz) 1.
(i; exp(szi)) {1:1 }
So (i) is true. O

By Lemma 2.4, we may conclude that the following facts hold for the con-
stant a € [0,1] :

dLa(s;x,a)_ L —{(sa —sx — 1) exp(s(a — ;
& GremGaoap G Dkl )k
dSm(s;z,a) 1
dr T em(s@omp i e st etz a)

(2.29)
Therefore, z > a,—> liI_il_l (dLa(s; x,a)/dz)= 1, lim (dSm(s;z,a)/dz)=
§—1 00 §—r1-00

0; and z < a,=> lim (dLa(s;z,a)/dz)=0; lim (dSm(s;z,a)/dz)= 1. So
s—-+00 s——4o00

for a given constant a € [0, 1], it follows that

d(a V)
. dLa(s;z,a) iz * # a,
N A . (2:30)
27 _—
d(e A x)
. , T #a,
Hm M = dz (2‘31)
s§—-+00 dx

N | =
8

i

=
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2.3.2 BP learning algorithm

To develop the BP learning algorithm for the connection weight matrix W
of (2.1), firstly we define a suitable error function. Suppose {(xx, yx)|k € P} is
a fuzzy pattern pair family for training. And for the input pattern xj of (2.1),
let the corresponding real output pattern be oy = (0%, ...,0%,) : or = x 0 W,
that is

of = \/{z¥ Awi;} (k €P,j e M).
iEN
Define the error function E(W) as follows:

_ %Z”ok —yel2 =230 S0k - ). (2.32)
k=1 k=1 j=1

Since E(W) is non-differentiable with respect to w;;, we can not design the
BP algorithm directly using E(W). So we utilize the functions La and Sm to
replace the fuzzy operators V and A, respectively. By Lemma 2.3, when s is
sufficiently large, we have

N =

E(W) ~ e(W) 2 %ZZ La(s; Sm(s; 2%, w1y), ..., Sm(s; 28, wn;)) y]) )

(2.33)
e(W) is a differentiable function, so we can employ the partial derivative
W) /0w;; to develop a BP algorithm of (2.1).

Theorem 2.12 Give the fuzzy patiern pair family {(x, yr )|k € P}. Then
e(W) is continuously differentiable with respect to w;; fori € N, j € M. And

Oe(W) i —exp(s - A4, k))T(s) 'l—i—(smk—sw”—l-l)exp( s(zk wij))‘
Ow;; Pt (Zexp( p,k:)))2 (1 + exp(—s(zF —w;;)))?

where T'(s) {s exp(s- A(p, k))—exp(s- A(i, k))—1}exp(s- A(p, k), and
p_
A(i, k) = Sm(s; 2, wij).
Proof. By Lemma 2.4, considering A(i, k) = Sm(s;z¥,w;;) fori €N, j €
M, we have

dLa(s; Sm(s; ak, wij), ..., Sm(s; zh wny))  —exp(s- A, k) T(s)

0Sm(s; z¥, w;;) (é exp(s - A(p,k)))

2

And by (2.29) easily we can show
OSm(s;zf,wi;) 1+ (sa¥ — swy; + 1) exp(—s(zF —wiy))
Qi (1 + exp(—s(zf —wy)))? '
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By 8e(W)/0wi; = Xp:( W)/0Sm(s; zf, wi;))-(0Sm(s; f, wij) [ Owig ), it

follows that

i —exp s - A2, k‘)) (s) ] 1+(Sx§_swij+1)eXP(‘5($§—’wij))
k=1 (Z exp(s - A(p,k)))* (1 + exp(=s(zf —wy;)))?

awz y

Therefore, e(W) is continuously differentiable with respect to w;;. O

Using the partial derivatives in Theorem 2.12 we can design a BP algorithm
for W of (2.1).

Algorithm 2.3 BP learning algorithm of FAM’s.

Step 1. Initialization. Put w;;(0) = 0, and let W(0) = (wi;(0))nxm, set
t=1.

Step 2. Denote W (t) = (w;;(t))nxm-

Step 3. Iteration scheme. W(t) iterates with the following law:
de(W(t))

Owi;(t)

Step 4. Stop condition. Discriminate |e(W (t + 1))| < €? If yes, output
w;;(t + 1); otherwise, let t = ¢+ 1 go to Step 2.

In the following we illustrate Algorithm 2.3 by a simulation to train FAM
(2.1). To this end, Give a fuzzy pattern pair family as shown in Table 2.3.

Q:wij(t)—ci- +a~Awij(t), wij(t+1):(Q\/0)/\1

Table 2.3 Fuzzy pattern pair family for training

No. Input pattern Desired output Real pattern

1 (0.64,0.50,0.70,0.60) (0.64,0.70) (0.6400, 0.7000)
2 (0.40,0.45,0.80, 0.65) (0.65,0.80) {(0.6500, 0.7867)
3 (0.75,0.70,0.35,0.25) (0.75,0.50) (0.7250, 0.5325)
4 (0.33,0.67,0.35,0.50) (0.67,0.50) (0.6700, 0.5000)
5 (0.65,0.70,0.90,0.75) (0.75,0.80) {0.7500,0.7867)
6 (0.95,0.30,0.45, 0.60) (0.80, 0.60) (0.7250, 0.6000)
7 (0.80, 1.00,0.85,0.70) (0.80,0.80) (0.7864,0.7867)
8 (0.10,0.50,0.70,0.65) (0.65,0.70) (0.6500, 0.7000)
9 (0.70,0.70,0.25,0.56) {0.70,0.56) (0.7000, 0.5600)

Choose o = 0.05, 7 = 0.3. Let s = 100. With 1000 iterations, by Algorithm
2.3 we can establish the real output of (2.1), as shown Table 2.3. By compar-
ison we know, Algorithm 2.3 possesses a quicker convergent speed and higher
convergent accuracy.
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The further subjects for FAM’s include designing the learning algorithms
related based on GA [5, 49|, analysis on fault—tolerance of systems [22, 33-35,
37, 38], and applying the results obtained to many real fields, such as, signal
processing [42], system modeling and identification [21, 44, 50], system control
[31, 32] and so on. These researches are at their infancy, and so they have a
great prospect for the future research.

§2.4 Fuzzy ART and fuzzy ARTMAP

Through the learning of a FAM, a given family of fuzzy patterns may be
stored in the FAM, and the connection weight matrix W is established. If a new
fuzzy pattern is presented to the FAM and asked to be stored in W, the FAM
has to be trained to violate the original W. Thus, FAM’s as competitive net-
works do not have stable learning in response to arbitrary input patterns. The
learning instability occurs because of the network’s adaptivity, which causes
prior learning to be eroded by more recent learning. How can a system be
receptive to significant new patterns and yet remain stable in response to irrel-
evant patterns? Adaptive resonance theory (ART) developed by Carpenter et
al addresses such a dilemma [6]. As each input pattern is presented to ART,
it is compared with the prototype vector that it most closely matches. If the
match between the prototype and the input vector is no adequate, a prototype
is selected. In this way previously learned memories are nor eroded by new
learning. ART1 can process patterns expressed as vectors whose components
are either 0 or 1. Fuzzy ART is a fuzzy version of ART1 [7], so let us now recall
ART1 and its architecture.

2.4.1 ARTI1 architecture

An ART1 network consists of five parts, two subsystems which are called
the attentional subsystem C (comparing layer) and the orienting subsystem
R (recognition layer), respectively, and three controllers, two gain controllers
G1 and Gs, which generate the controlling signals G, G2, respectively. and
reset controller ‘Reset’. The five components act together to form an efficient
pattern classifying model. The ART1 has an architecture as shown in Figure
2.3.

—G—_ R B

threshold
Gy C_J Reset — cr

X |$1

Figure 2.3 Architecture of ART1 Figure 2.4 Attentional subsystem
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Let us now describe the respective functions of five parts of ART1 in Figure
2.3. When an input x = (x1,...,2,) € {0,1}" is presented the network, the
gain controller Gy tests whether it is 0, and the corresponding controlling signal
Gs = z1 V.- V&, that is, Vi € {1,..,n}, z; = 0,— Gy = 0, otherwise
G = 1. Suppose the output of the recognition layer R is r = (74, ...,7p,), and
Ry = r1V---Vry,. Then the controlling signal GG of the gain controller G, is the
product of G2 and the complementary of Ry, that is, G1 = G- (1—Rg) = Go-R§.
Therefore, r = 0, x # 0,— G = 1; otherwise G; = Q. The reset controller
‘Reset’ makes the wining neuron in competition in layer R lose efficacy.

Io Tj Tm

Layer C

Figure 2.5 Orienting subsystem

There exist n units (nodes) in the comparing layer C, which are connected
respectively with each node in the recognition layer, as shown in Figure 2.4.
Each node in C accepts three signals, the input z;, gain controlling signal
G and the feedback signal of the wining node in the recognition R, t;;- €
{0,1}. Outputs ¢;’s of the nodes in C are determined by the 2/3 criterion, i.e.
the majority criterion: The value of ¢; is identical to the common one of the
majority in Gy, t5;+, ;.

There exist m nodes in the recognition layer R, each of which is connected
with the nodes in C to form a feedforward competing network, as shown in
Figure 2.5. m means the number of classified fuzzy patterns. By R the new
fuzzy patterns can be added to the set of the patterns classified, dynamically.
Suppose the connection weight between the i—th node in C and the 7—th node
in R is b;;. And the output vector of C is ¢ = (cy, ..., ¢,), which propagates
forwardly to R, and the nodes in R compete to generate a wining node j*. All
the components of the output vector r = (r1,...,ry,) of R are zero but r;» = 1.
In the following we will explain how an ART1 works.

First step—matching. When there is no input signal the network is in
a waiting state, and let x = 0. Thus G2 = Ry = 0, and there is no competition
in the recognition layer R, and consequently #;; = 0; When the signal x # 0 is
presented to the network, Go = 1, Ry = 0,= G; = G2- R§ = 1, and so by the
2/3 criterion, ¢ = x. And we get the input of the j—th node in R as follows:

n

Pj = Zb” i s (] = 1,...,m),

i=1

We call P; the matching degree between x and b; = (b1, ..., bn;). Choose such
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a node j*, whose matching degree is maximum, that is, Pj» = \/ {P;}. The
1<j<m
node is called a wining node, and so r;« =1, r; = 0(j # j*). ’

Second step—comparing. The output vector r = (11, ..., 7, ) of R return
to C through the connection weight matrix T = (t;;)nxm. The fact that r;» =1
results in the weight vector tj« = (¢1;,...,tn;~) being active, and others being
inactive. Thus, Ry = 1,= G1 = G5 - B§ = 0. The output ¢ = {c1,...,¢,) of C
characterizes the matching degree My between t;- and the input x :

n n
M() = <X, t;I;>: Zti]‘* s Xy = ZCZ'.
i=1 =1

Since z; € {0,1}, My is the number of overlapping nonzero components
between t;- and x. Suppose there exist M; nonzero components in x, i.e.
My =z + -+ 4+ zn. Mp/M; also reflect the similarity between x and t;-.
Give p € [0, 1] as a minimum similarity vigilance of the input pattern x and
the template t; corresponding to a wining node. If My/M; < p, then x and
t; can not satisfy the similarity condition, and through the reset signal ‘Reset’
let the match finished in the first step lose its efficacy, and the wining node
become invalid. Go to third step, searching; If My/M; > p, then x and t; are
close enough, and the ‘resonance’ between x and t; takes place, the match in
the first step is effective. Go to fourth step, learning.

Third step—searching. Reset signal makes the wining node established
by the first step keep restrained, and the restraining state is kept until the
ART1 network receives a new pattern. And we have, By = 0, G; = 1. The
network returns the matching state in the first step, and go to first step. If
the circulating procedure does not stop until all patterns in R are used, then
(m + 1)— th node have to be added to store the current pattern as a new
template, and let t;(;my1) = 1, bigme1y = 2 (1 = 1,...,m).

Fourth step—Ilearning. b;; and i;; iterate according to the following
Algorithm 2.4, so that the stronger ‘resonance’ between x and t;- takes places.

Algorithm 2.4 The connection weight matrices B = (bij)nxm, I =
(tij)nxm iterate with the following steps:
Step 1. Initialization: let £ = 0, and choose the initial values of b;; and ¢;; :

1
bii(0) = —
i3(0) n4+1’
Step 2. Receive an input: Give the input pattern x = (zy, ..., ) € {0, 1}".
Step 3. Determine the wining node j* : Calculate the matching degree P;,

and compute j* : Pj» = \/ {P;}.
j=1

t;(0)=10¢=1,...,n;5=1,...,m).

n k3

Step 4. Compute the similarity degree. By My = > x; - tij» = D ¢; we
i=1 i=1

may establish the similarity degree between the vector tj« = (tij+,...,tn;+),

corresponding to the wining node and the input pattern x.
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Step 5. Vigilance test. Calculate M; = E x;. If Mo/M; < p, let the wining

2=1
node j* invalid, and put r;+ = 0. Go to Step 6; if Mo/My > p, we classify x
into the pattern class that includes t;-, and go to Step 7.

Step 6. Search pattern class. If the wining node number is less than m, go
to Step 3; If the invalid node number equals to m, then in R add the (m+1)—th
node, and let b;(;mt1) = i, Ligmy1) = 1( = 1,...,n). Put m = m + 1, go to
Step 2.

Step 7. Adjust connection weights. For ¢ = 1,...,n, t;; and b;;+ are adjusted
with the following scheme:

tij*(t) cXj o tij* (t + 1)
n - n :
0.5+ Z ti/]'* (t) - Xy 0.5+ Z tilj* (t + 1)
=1 =1

bije(t+1) =

Set t =t + 1, go to Step 2.

Algorithm 2.4 for the ART1 network is a on-line learning. In the ART1
network, the nodes stand for the classified pattern classes respectively, each
of which includes some similar patterns. By the vigilance p we can establish
the number of the patterns classified. The larger p is, the more the classified
patterns are.

2.4.2 Fuzzy ART

Like an ART1 network, a fuzzy ART consist also of two subsystems [7, 13,
14], one is the attentional subsystem, and another is the orienting subsystem,
as shown in Figure 2.6. The attentional subsystem is a two-layer network
architecture, in which Fi* is the input layer, accepting the input fuzzy patterns,
and F3° is a pattern expressing layer. All fuzzy patterns in FY constitute a
classification of the input patterns. Orienting subsystem consists of a reset
node ‘Reset’, which accepts all information coming from F¥ layer, F¥ layer
and Fg layer using for transforming the input patterns.

By F{ layer we can also complete the complement code of the input fuzzy
pattern x, that is, the output I of F§ is determined as follows:

I=(x, %% = (21,00 Tn, €T, o0y 25) = (T1, o0y T, L — T1, 0y 1 — T3),

where z; € [0,1] (¢ = 1,...,n). From now on, we take the pattern I as an
input of a fuzzy ART. Thus, F¥ includes 2n nodes, and suppose F3 includes
m nodes. Let the connection weight between the node 4 in F* and the node
Jin 7 be W}, and the connection weight between the node j in F3* and the
node ¢ in F7* be w};. Denote

WX = (W;;,...,W(’;n)j), wi = (w}(n--ww?@n))’
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______________________ Yy
1 | 1
| F¥ layer | Orienting |
X
X | subsystem| v
: | :
1 I ]
1 I 1
I I ] X
I
) : Rj
I 1
| ]
I 1
1 1
1 | X
1 u;
L e o L ___ _: J J_
N 0

Figure 2.6 Fuzzy ART architecture Figure 2.7 Geometry form of pattern w3

We call w7} a template, where j = 1,...,m. Suppose the initial values of the
connection weights W and w; are Wj(0), w;(0), respectively:

x 1 . .
Wi (0) = e L wi(0)=1({=1,..,2n; j = 1,...,m),

where oy, My are parameters of the fuzzy ART, ax € (0,+00) is a selection
parameter, and My € [2n, +00) is a uncommitted node parameter [14]. De-
note W¥(0) = (Wf‘j(O),...,W(’;n)j(O)), w*(0) = (w;-‘l(O),...,w;.‘(2n) (0)). Then
W¥(0), wi(0) correspond, respectively to the j—th connection weight vectors
betore the input fuzzy pattern x is expressed in F3.

Before discussing the 1/0 relationship of the fuzzy ART, we introduce some

2n

notations. Suppose y, = ({,...,¥4,) € [0,1]?" (¢ = 1,2), denote |y'| = 3 4},

=1
2n
and we call dis(y1,y2) = Y. |y} —y?| the metric between the fuzzy patterns y;
i=1

and ys. Denote
YiVY2= W VY2, ¥ Vs Y1AY2= (U1 AUy oy Yan A Uan)-

We call the node j a uncommitted node in F3, if w¥ = w¥(0) = (1,...,1),
otherwise the node j is called a committed node. For j € {1,...,m}, define

WO = Wx, s not classified into F3',
WP = W, 1is classified into F3;

J J
X, new

wod — wx  Tis not classified into F¥,
= wX
j j

w¥, Iis classified into F3.
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For the input I of F{*, by the upward connection weight matrix (Wi‘, vy ’Z‘n)T
we can establish an input of F¥ layer as t(I) = (¢1(I), ..., tm(I)) :
I
LI—, node j is an uncommitted node,
oy + My
(I = 2.34
B rawpe ) | (234
~oix» nodejis a committed node,
ax + w7

where j € {1,..,m}. Let j* € {1,...,m} : t;»(I) = V {t;(I)}. And in F¥
j=1

only the node j* is active, and others are inactive. w}. may be taken as a
candidacy of a standard pattern class, into which the input pattern I will be
classified. The matching degree between w¥. and Tis Ax = ([T A W}‘;Old|) /1.
For a given vigilance p € [0,1], if Ax > p, then I is classified into w.. Similarly

with Algorithm 2.4, the connection weight vectors can be trained as follows:

W)'C,new =IA W;c;old;

I
x,old X, new
WRew _ In W _ Wi
5 — 1d - xX,new,| -
] O+ [TAWRSY] o+ [W3

If Ax < p, then the reset node ‘Reset’ in the orienting subsystem generates
a signal to enable the node j* inhibitory. And we choose a second-maximum
t;(I) as the new active node j*. Repeat this procedure. If one by one each
j €41,...,m} is taken as j*, and it can not ensure Ax > p, then I is stored in
F¥ as a representative of a new fuzzy pattern class, and in F3* we add a new
node according to 1.

Next let us show the geometry sense of fuzzy pattern in the fuzzy ART
[14]. For j € M, the weight vector w} can be expressed by two n dimensional
vectors uj and vy

wyi = (uf, {vi1).

where u;-‘ < V;-‘. If let n = 2, then w}‘ can be established by two vertices

uf v of the rectangle RY, as shown in Figure 2.7. Give an input pattern
I* = (x, x°), at first it is not classified by the fuzzy ART. The rectangle R;"Old
is a geometry representation of the template vector W;"Old. HI*c R}"Old, then
u}‘"’ld <x< v}""ld, and the the template vector keeps unchanged, that is

x,new __ __x,0ld X _ x,0ld x,old c\_ .. Xx,0ld
W) =wi AT = (u” Ax, {v7 vx} )—wj .

Ifx g R;")]d, then easily we can show, wi"" # W;-(’Old. And the weight
vectors change, and the number of the rectangles increases, correspondingly.
Its maximum value is determined by the vigilance p. For the input fuzzy pattern
™, if |I¥] = M, and

AWM > M p, (2.35)
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then in F5 layer, I* can be classified into a pattern class that includes the

1d .
weight vector w3**'*. By computation we can see

* A W)_c,old| — | ( X, old A X, {Vx ,old v X}c) ’

j
= i (z; Aul Old)—i— Z (ai Vi Old) (2.36)
=1

- n_l(xvvxold) (X/\uxold)|_ |R;c,new|.

So by (2.35) (2.36) it follows that |R}"*"|< n(1 — p). Therefore, if p is very
small, i.e. p = 0, then the input space is filled with small rectangles; If p = 1,
then there are only a few of rectangles.

Now we present the classifying order of the input pattern I = (x, x°) by
the fuzzy ART when choosing the parameter ay as ‘very small’ ‘medium’ and
‘very large’, respectively. To this end we at first give three lemmas.

Lemma 2.5 ZLet1 = (x,x°) be an input fuzzy pattern of the fuzzy ART,
and I € R;‘l’c’ld N R;-‘Z’Old, |R}‘1’°ld‘< |R;‘2’°ld’. Then the rectangle R;‘;Old is chosen
precede R;-;’Old, that is, t;, (I) > t;, (I).

Proof. By the assumption we have, j1, j2 are committed nodes in F5¥ layer.
So by (2.34) it follows that

1d ;old 1d
.()_II/\ wi_wE  n— REY
J1 ax+|WXO1d| ax+|WXOId| ax+n—|Rx°1d| ( )
2.37
1d ,old ,old
LI NN o B
J2 - xold] -

ax +|w; ax+|wx°1d| B ax+n—|R2°ld|.
Using the assumptlon we get, n — |Rx °1d|> n— |R;-c2’°1d|. Hence (2.37) implies

that ¢, (I) > t;,(I). Thus, by the classifying rule of the fuzzy ART, the rectangle
x,0ld
.U

R}‘;Old is chosen precede R

Lemma 2.6 Suppose an input fuzzy pattern I = (x, x°) is presented to the
fuzzy ART, and 1 € R’;"’ld \ R;‘;Old. Then the rectangle R;-‘l’(’ld is chosen precede

x old

if and only if

n— R,F’Old n— R)F,old
dis (T, R;‘cfom)< (n+ s — R, OIdI){ %, x |old - 2 X |old
ox +n— R ax+n— RS

Proof. By the assumption and (2.34) easily we can show

, (I) II A wx old' |W;c1,neW| n— |Rx neW|
J1 - Qe + |Wx 01d| - Qx + |Wx 01d| - Qe + 1 — |Rx01d|
|I A wx old| [W’F’Old' n— |R;_‘2’01d|

5 (D) = xold = = xold, x,0ld, ’
ax + WS ax + WY ax+n—|RET
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Then
n_|Rxnewl |Rxold|

Qy + 1 — IR;cl,oldI Qe -1 — IR;‘ZOIdI .

tj, (I) > 25, (I) = (2.38)

But |Rx Y= |Rx Old‘—{—dls(l R;Old), which is replace into (2.38) we get,

t;, (I) > t;,(I) if and only if the following fact holds:

IRx 01d| n— lR);,oldI
dis(T, R < (n + ay — |RZ9 { }
( It ) ( l 71 ) ax_‘_n_'R;(l,oldl Oéx+n—'RXO1dl

which implies the lemma. O

Lemma 2.7 Suppose I = (x,X°) is an input patiern presented to the fuzzy
ART, and1 e R}‘;OldﬂRffld. Then the rectangle R}‘;Old is chosen precede R;:j‘)ld
if and only if

x,0ld x,0ld| x,0ld
dis(T, R;;l,old)< diS(LR;c,old)_nJrax- IREY] xR — |REM))

J2 Qx + 1 — |R}(2’01d| Qx + 1 — IR;C2,01d|
(2.39)
Proof. Using the assumption and (2.34) we can conclude that
|I A wx old| |w;(,newl n— |R>g,newl
tjl (I) - xold, - x,0ld = 0 x,0ld | *

ax + Wi o + WO ax +n— R
. (I) II A Wx oldl Iw;cz,neW| n— IR};,newl

J1 ax+|wxold| - ax-i-lWXOldl - ax+n_|Rond|

Therefore the following fact holds:
n — |R‘)7(1,l’leW| n — |R;(2,HGW|

tj, (I) > tj, (I) — (240)

ax +n— RS T o +n— |RE)

But for k = 1,2, |R}‘k’new|= |R;-(k’°ld|+dis(l, R;;Old). Consequently by (2.40) it

follows that ¢;, (I) > t;,(I) if and only if (2.39) is true. O

In order to utilize the parameter oy to establish the classifying order of the
input fuzzy pattern I by the fuzzy ART, we define the function

1d x,0ld
x,0ld n-— 1R¥’0 l n- IR |
¢0($)= (n—f—iﬂ lR ){m+n_|‘7;%)$,oldl _CE—F’n IRXOId|}‘

n+:13—|RXO1d| (|Rxold| |R}<1,01d|)
z+n—|RpM z+n—|RE

¢1(z) = dis(I, R

J2
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Theorem 2.13 Suppose an input pattern I = (x, x°) is presented to the
fuzzy ART, and the parameter ax ~ 0. Then
(i) If1 € R;‘;Old N R;-Z’OM then I chooses first the rectangle between R} o]

and IRx’°1d| with smaller size;

(ii) If T € 2O\ REM, then T chooses first R:™%;

(i) If 1 & Rx old Rx old , then the pattern I chooses first R, ©ld ot and only

dis(L, R (n — |RE) < dis(L, BE*4) (n — [RE)).

Proof. (i) is a direct corollary of Lemma 2.5, so it suffices to show (ii) and
iii).
( )(ii) Since ;11’1%) ¢o(z) = 0, when ax = 0, ¢go(z) ~ 0. Therefore, do(ax) <
dis(M, I, R°'). Then by Lemma 2.6 it follows that I chooses the rectangle
REM firstly.

(iii) Obviously, the following fact holds:

(dlS(I Rx old)( _ lR}cl,oldD) .

old
n— Ry

zli_xg)@(m) = ¢1(0) =

And when oy & 0, we have, dis(I, B5') < ¢1(ax) <= dis(I, R5°') < ¢1(0).
So by Lemma 2.7, I will first choose R} 1 s dis(T, RX’OId) < $1(0), that is,
dlS( Rx old)(n _ |R;.c2’01d|) < diS(I, Rx old)( |Rx old!)

Next let us proceed to discuss the choosing order of the input fuzzy pattern
by the fuzzy ART when the parameter oy is ‘medium’ or ‘sufficiently large’.
By Lemma 2.7 and Theorem 2.13, if I € R} old R 14 the conclusion (i) of

Theorem 2.13 holds when oy is ‘medium’ or sufﬁmently large’. So it suffices
to solve our problem for I € R}’ old R ol and I ¢ Ry old R old,

Theorem 2.14 Suppose the fuzzy pattern I = (x,x) is presented to the
fuzzy ART, and oy is ‘medium’, i.e. 0 < ox < +00, moreover, ‘R;»‘l’°ld|<
|Rx o) Then

(i) If 1€ R old R Old, we have, 1 will first choose R}‘;Old if and only if

dis(I, ') < do(ax)- (2.41)
Moreover, the function ¢o(-) is nondecreasing on R, and
0 < ¢olax) < [R5 |—|RE). (2.42)
(i) If 1 ¢ R}, old R ol shen T will first choose R} old it and only if

dis(I, B5°') < 1 (0m).- (2.43)
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And the function ¢1(-) is nondecreasing on R, moreover

n— le,old,

dis (I, R’F’Old) le i |

g2 < ¢1(ax) < dis(L, REOM)+| RSN |- | R4,
(2.44)
Proof. (i) At first, by Lemma 2.6, I will first choose R}, ©ld if and only if

(2.41) is true. And we can conclude by computation that

d _ Rx old Rx ,old Rz'c,old
o () = ¢££w) _(n—] ( xOlld 1BD
(z4+n—|R;))?

Using the fact |R} °ld|< n, and the assumption we get, |R}; °ld| |R% °1d|> 0.
Then ¢4(z) > 0, that 1s, ¢o(-) is nondecreasing on R. Moreover, qSO( ) =

0, ¢o{+00) 2 hrn do(z) = ]Rx"ld‘—‘Rxc’ld Therefore by ax > 0, 0 <
dolax) < ¢0(+oo) 1t follows that (2.42) is true.

(ii) Using Lemma 2.7 we imply the first part of (ii) holds. it follows by
computation that

¢/ (.’L’) — d(bO(fL') _ (TL — |R;_(2,newl)(|R;c2,Old| R |R;<1,old|)
1 dx (x+n-— |R;€2,old|)2

By assumption and the fact IR}Z’"ewlg n we get, ¢1(x) > 0. So ¢1(-) is nonde-

creasing on R. Denote ¢y (+00) 2 lir}rl ¢1(z). It is easy to show
T—T 00

le old'

¢1(0) =dis (L, R, — e
( ) IR ldl

, ¢1(+00)= dis(I7 R" °1d) leold _|R>F,old ’

n

moreover ¢1(0) < ¢1(ax) < ¢1(+00). Thus, (2.44) is true. O

When ay — +oo, we have, ¢o(ax) — \Rx Old‘ |R;51’°1d , and ¢1(ax) —

dis(T, R}Z’Old) —i—|Rx ,old ‘R;‘;Old |. Then by Lemma 2.6 and Lemma 2.7 easily we
can obtain the following conclusion.

Theorem 2.15 Suppose the fuzzy pattern I = (x, X°) is presented to the
fuzzy ART. The parameter ax =~ +0o. Then
(i) If 1 € Ry, old Ry Old, then I will first choose R ol if and only if

diS( Rx old) |Rx old|_|Rx ;old

(ii) If ¢ Ry U RS, then T will first choose Ry if and only if
diS(I, R}cl,old)< dlS(I, Rx old)+|Rx old|_|Rx ,old .

In the subsection we dlscuss how to choose committed nodes in the learning
of the fuzzy ART. The main results come {rom [7, 14]. As for how to choose
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the uncommitted nodes by the fuzzy ART some tentative researches are pre-
sented in [14], which is also a meaningful problem for future research in the
field related. Based on geometric interpretations of the vigilance test and the
F¥ layer competition of committed nodes with uncommitted ones, Anagnos-
topoulo and Georgiopoulos in [1] build a geometric concept related to fuzzy
ART, category regions. It is useful for analyzing the learning of fuzzy ART,
especially the stability of learning in fuzzy ART. Lin, Lin and Lee utilize the
fuzzy ART learning algorithm as a main component to addresses the structure
and the associated on-line learning algorithms of a feedforward multilayered
network for realizing the basic elements and functions of a traditional fuzzy
logic controller [30-32). The network structure can be constructed from train-
ing examples by fuzzy ART learning techniques to find proper fuzzy partitions,
membership functions, and fuzzy logic rules. Another important problem re-
lated fuzzy ART is how to find the appropriate vigilance range to improve its
performance. We may build some robust and invariant pattern recognition
models by solving such a problem [24].

2.4.3 Fuzzy ARTMAP

As a supervised learning neural network model the fuzzy ARTMAP consist
of three modules, the fuzzy ARTy, fuzzy ART, and the inter-ART module,
shown as in Figure 2.8.

Both fuzzy ARTx and fuzzy ARTy are the fuzzy ART’s, accepting the
inputs x, y, respectively. The inter-ART module consists of the field Fx, and
the reset node ‘Reset’. The main propose of Fiy is to classify a fuzzy pattern
into the given class, or re-begin the matching procedure. For instance, when
the fuzzy ARTy generates a wrong match, by the fuzzy ARTy the vigilance px
increases, so that the maximum matching degree between the resonance fuzzy
pattern and the input pattern can achieve.

xy
Wik . .
Field F*

O | PR 25 B )

1 I t
: Layer F¥ ' Reset (2 Layer FJ |
: | : :
| I 1 I
o wr e : : :
I i I I
i 1 1 1
t Layer F 1x | 1 1
I I 1 I
| I* = (x,x°) I | :
\ : : :
J La,yer FS‘ ' 1 1
I I 1 I

Figure 2.8 Fuzzy ARTMAP architecture



Chapter II Fuzzy Neural Networks for Storing and Classifying 61

As the respective input patterns of fuzzy ARTx and fuzzy ART,, I* =
(x, x%), I¥ = (y, y°) are two complement code, where x is a stimulus fuzzy
pattern, and y is a response fuzzy pattern, which is a prediction of the fuzzy
pattern I*. In the fuzzy ARTy, the output of layer F¥ is a* = (a¥, ..., a¥,x),
and b* = (bf,...,8%«) is the output of layer F. Let the j—th connection
weight vector from F3* down to Ff* be w¥ = (W}, ..., w}(5,x))- Similarly, in
the fuzzy ART,, suppose a¥ = (a,...,ay,y) and b¥Y = (b7,...,b),,) are the
output patterns of FY and FY, respectively. And let w) = (w},, ...,w%@ny))
be the k—th connection weight vector from FJ down to F}. Also we suppose
Y = (a7”, ..., an%) is a output pattern of field F*¥, and w¥ = (w3, ..., wiyy)
is the j—th connection weight vector of F¥ to F*V.

In the inter-ART, field F*Y is called a map field, which accepts the outputs
coming from the fuzzy ARTy and fuzzy ARTy. Map field activation is governed
by the activity of the fuzzy ART, and the fuzzy ARTy, in the following way:

bY A W;-(*y, the 7* — th F¥ node is active and F is active,

y w3y, the j* — th F¥ node is active and FY is inactive,
a =
bY, F¥is inactive and FY is active,
0, F¥is inactive and F} is inactive.

If in F¥ the j7*—th node is active, then its output can be transported to the
field F*¥ through the weight vector w3Y. And w? may be classified into a
defined fuzzy pattern class. If FY is active, then only when a identical fuzzy
pattern class is obtained by fuzzy ARTx and fuzzy ART,, respectively F*¥
is active. If a mis-match between b¥ and w}Y takes place, a*¥ = 0, and the
search procedure is active.

Searching match. When the system accepts an input pattern, the vigi-

lance px of ARTx equals to the minimum value p,, and the vigilance of Fyy is
-‘le_l, and

p. If Iaxy‘< p- |by|, then we increase py, so that px > !Ix AW
thus
|aX|= |1 A wh

< px - |T¥|,

where j* means an active node in F3¥. Thus, through the search procedure of
ART, we can obtain the fact: either there is an active node j* in F¥, satisfying

{ Iax‘z ]Ix/\W}‘* > px - IIX\;

'a"y{: [bY AW |>p- (by(,

or there is no such a node, then FJ stop the expressing procedure of the input
patterns.

Learning of map field. The connection weight w}} of F3* — F* is
trained with the following scheme:

Step 1. Initialize: wiy (0) = 1;
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Step 2. Resonance: If the resonance corresponding to the active node j* of
ARTy takes place, let w}Y = a*V;

Step 8. Prediction: If the fuzzy pattern corresponding to the node j7* in
ARTY can predict the fuzzy pattern corresponding to the node £* in ART,, we
let wit. = 1.

All equations of the subsection 2.4.2 for fuzzy ART module are valid for the
ARTy and ART,, modules of fuzzy ARTMAP. If we are only focusing on pattern
classification tasks, the templates formed in ART}y, are not very interesting. To
enforce this type of clustering in ARTy the vigilance parameter py, in ART,
is chosen equal to one. The templates formed in ART, are a different story.
The discussion in the subsection 2.4.2 about templates in fuzzy ART is still
valid for templates in the ART, module of the fuzzy ARTMAP. Moreover, the
definition of a distance in fuzzy ART, mentioned in 2.4.2, is also valid for the
ARTy module of the fuzzy ARTMAP.

In the following, we explain the classification results of fuzzy ARTMAP
about the input fuzzy patterns. Lemma 2.5, Lemma 2.6, Lemma 2.7 and
Theorems 2.13, 2.14, 2.15 are applicable without any modification for the ART
module of the fuzzy ARTMAP. The order of search, established for fuzzy ART
is also applicable for the ART, module of the fuzzy ARTMAP. Similarly with
with the fuzzy ART, Theorem 2.13, Theorem 2.14 and Theorem 2.15 explain
also how the fuzzy ARTMAP chooses among the committed nodes in the ART
module.

Fuzzy ARTMAP can also be employed to deal with noisy data. For exam-
ple, Marriott and Harrison use it to approximate a noisy continuous mapping,
and a fuzzy ARTMAP variant is built [40]. Some meaningful and important
problems related to this subject include building novel fuzzy ARTMAP mod-
els to improve the classification performances [1, 17], designing some efficient
learning algorithms related to accelerate the classifying procedures [17] and
analyzing the convergence of learning algorithms of fuzzy ARTMAP [15, 16]
and so on.

2.4.4 Real examples

Now let us take some real examples to illustrate the effectiveness of Theo-
rems 2.13, 2.14 and 2.15. To justify the large ax values of the aforementioned
fuzzy ART variant, i.e. corresponding to My — +00, ax — +00, We compare
its performance with one of the original fuzzy ART algorithm (Mx = 2n, ax
is reasonably small). The criterion for the comparison is the average clustering
performance of the algorithms related. To this end we choose five databases
coming from [14], they are, heart the disease database, the diabetes database,
the wine recognition database, the ionosphere database and the sonar database.
Then, for different vigilance values p’s the average clustering performance of
the fuzzy ART variant is evaluated for each database. We also calculate the
average clustering performance of the original fuzzy ART algorithm for the
same databases, the same vigilance value and a wide range of ax values.
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Table 2.4 Comparison of clustering performance

Av-l St-1 Av-n St-n

p=03| 57.7%  1.64%  5.80 0.00

ax = 0.6 57.9%  1.44%  5.50 0.53

Heart Gy — 00 62.7%  2.34%  10.3 0.79
Disease | # =04 | ax=13.0 65.1%  2.04%  15.6 1.35
ax = 0.01 61.4% 1.75%  4.00 1.18

p=08 Qx — 0O 77.8% 1.57% 60.4 2.72

ax =6.0 746%  2.08%  55.0 2.89

p=02| x> 65.7%  0.83%  2.90 0.32

ay =108 65.2%  0.62%  2.50 0.53

Qx — 00 71.4%  3.40%  9.90 0.74

Diabetes| p=0.4 | ax =7.4 72.4%  3.10%  14.7 0.95
a, = 0.01 69.4% 1.80%  6.30 0.48

p=09 Oix — 00 91.1% 1.05% 245.7 2.97

ayx = 2.6 92.9%  0.88%  234.3 4.22

p=05| T 68.2%  6.95%  2.00 0.32

ax = 5.0 63.2%  6.98%  3.00 0.00

Wine Ox — 0O 82.8%  7.73%  5.60 0.92
Recog, | #=0-6 | ox =240 90.2%  4.06%  8.80 0.45
ax = 0.01 87.8%  2.74%  5.20 0.45

p=09| @x 98.2%  0.86%  53.8 1.23

a, =0.8 98.8%  0.75%  53.6 1.52

p=02| @x 93.0%  1.76%  15.0 1.00

ay = 12.6 78.7%  2.99%  17.0 0.94

Qx — 00 94.6%  1.07%  3L.7 2.03

Ionosph.| p =041 a, =34.0| 87.0% 224% 37.1 1.45
ay = 0.01 91.9%  2.69%  26.3 1.64

p—07| Wx 97.2%  1.53%  63.6 1.88

a, = 0.6 94.7%  2.70%  60.6 1.63

p—04| Ox 54.9%  2.24%  2.00 0.00

oy = 0.8 54.3%  2.73%  2.00 0.00

Qx — 00 86.9%  5.59%  10.2 1.03

Sonar | p=0.6 | ax=30.0 87.0%  3.30%  9.50 1.08
ax = 0.01 93.7%  2.28%  9.80 0.79

p=0g| Gx—® 92.6%  1.64% 344 2.17

ax = 0.6 95.4% 1.91%  33.2 2.30

63
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The testing results are reported in Table 2.4, where for ease of presentation
we report the average clustering performance of the original fuzzy ART only
for selective o values. Also we give the average number of F¥ nodes created
by the fuzzy ART variant and the original fuzzy ART algorithm. Moreover,
standard deviation of the clustering performance, and the number of nodes are
also reported in Table 2.4.

In Table 2.4, ‘Av-1’ means average percentage of correct clustering; ‘St-I’
means standard deviation of correct clustering; ‘Av-n’ means average number
of F3 nodes, and ‘St-n’ means standard deviation of FJ¥ nodes. The training
list of each database consists of inputs and corresponding output patterns. For
the training of fuzzy ART only the input patterns of the training list are used.
In the heart disease database, n = 13, and there are 203 input patterns in the
training list, which belong to five different classes. In the diabetes database
n = 8, and the training list consists of 576 input patterns belonging to two
different classes. In the wine recognition database, n = 12 and there exist 120
input patterns in the training list, which belong to three different classes. In
the ionosphere database n = 34, and the training list consists of 200 input
patterns belonging to two different classes. In the wine recognition database,
n = 60 and there exist 104 input patterns in the training list, which belong to
two different classes.

After the training is over, we assign a label to each category formed in F¥
layer of the fuzzy ART, by the output pattern to which most of the input pat-
terns that are expressed by this category are mapped. For each input pattern in
the training list, fuzzy ART chooses a category in F5° layer. If the label of this
category is the output pattern that this pattern corresponds to in the training
list, then we say that fuzzy ART makes a correct clustering. If, on the other
hand, the label of this category is different from the output pattern that this
pattern corresponds to in the training list, then we say that fuzzy ART clusters
this input pattern erroneously. From Table 2.4 we can know, the order of search
results for fuzzy ART are of practical significance for small, intermediate and
large ax values. However, the very large choices for the choice parameter value
ax and the parameter M* are not a good combination of parameter values
for fuzzy ARTMAP. Fuzzy ARTMAP simulation results conducted with these
parameter choices indicate that fuzzy ARTMAP creates too many clusters in
ARTY for solving the pattern classifications corresponding to the five databases
mentioned above, and as a result they are not worth mentioning here. Thus,
the fuzzy ARTMAP simulations with very large M* and ay values are not
practical. So the classifications obtained by fuzzy ARTMAP are of practical
significance only for small, intermediate ay values.

Above evaluating procedure is motivated by Dubes and Jain [11], where a
number of clustering techniques are compared with each other. The average
performance shown in Table 2.4 are calculated by training fuzzy ART with ten
different orders of pattern presentations from the training list.
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CHAPTER III
Fuzzy Associative Memory—Feedback Networks

Fuzzy associative memory in the preceding chapter is a feedforward system
whose information flows from input layer to output layer. So such a neural
network is static. The research related is closely associated with fuzzy rela-
tion equation theory [2, 3, 40, 43]. In the chapter we proceed to study some
further subjects of Chapter II, that is, the feedback versions of FAM’s, which
is a feedback FNN. So the research of feedback FAM’s includes their topologi-
cal architectures, learning algorithm for connection weights and the dynamical
properties related, such as stability of the systems, attractors and attractive
basin and so on [28-33, 36, 37, 45, 46]. Bidirectionality, or forward and back-
ward information flow, is utilized to produce a two—way associative search for
fuzzy pattern pairs. An important attribute of the feedback FAM’s is their
ability to retrieve some stored patterns from their noise or partial inputs. The
achievements related have found very useful in many application areas, for in-
stance, pattern recognition [13], system forecast [16, 18], confrol and decision
[18], etc. As in Chapter II we focus on the fuzzy operator pair ‘A — V’ also,
and the feedback FAM’s based on ‘A — V’ in the chapter.

In the following we present the systematic study to two classes of FNN’s,
they are fuzzy Hopfield networks and fuzzy bidirectional associative memory
(FBAM). Fuzzy Hopfield networks are the fuzzy versions of the discrete Hop-
field networks, in which the operations ‘4’ ‘X’ are replaced by the composition
of the fuzzy operators ‘v’ ‘A’, and 0 — 1 string information is superseded by
fuzzy information with the vector form whose components belonging to [0, 1].
Similarly, a FBAM can be established based on one bidirectional associative
memory.

§3.1 Fuzzy Hopfield networks

To develop a FNN system with real sense, an unavoidable problem that
we have to deal with is fault—tolerance of the system, since in practice fuzzy
information to be processed is always corrupted or distorted, or some error
information is contained. So it is very important and meaningful for pattern
recognition, system identification and forecasting and so on how to design a
FNN so that right fuzzy patterns can be recalled even with some distorted
input patterns. The subjects in this area now begin to attract many scholars’
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attention [1, 15], while in the past much more attention was focused on the
storage capability of FNN’s [8, 10, 11]. In the section we aim mainly at the
following fuzzy Hopfield network based on the fuzzy operator pair vV — A

x(t) = x(t —1) o W (3.1)

where t = 1, 2,... is the iteration step of the system, ‘o’ is V — A composite
operation, W = (W;j)nxn I8 a connection weight matrix, x(0) is an initial
fuzzy pattern. In the following we at first analyze the dynamic properties of
(3.1), including the system state when the iteration step t — oo, that is,
the attractors of the system and the corresponding attractive basins. Then
we present an analytic learning algorithm for (3.1). For a given fuzzy pattern
family the learning algorithm can lead to such a connection weight matrix that
all fuzzy patterns are attractors, the corresponding attractive basins are largest
and consequently the system possesses optimal fault—tolerance. Finally these
results are illustrated by some simulation examples. As in chapter 11 we write
N ={1,..,n}, P={1,..,p}, n, p are natural numbers.

3.1.1 Attractor and attractive basin

In the following let us establish the attractors and attractive basins for the
system (3.1). As a subset of [0, 1]™ the attractive basins here are larger than
ones in [29, 34].

Definition 3.1 The fuzzy pattern b is called an attractor of (3.1) if b =
boW. Provided b is an attractor of (3.1), and there is a set F, C [0, 1]™, so that
b € F,, moreover, Vx € F,, Taken x as an initial fuzzy pattern, the system
(3.1) converges to b. Then we call F, an attractive basin of b. The attractive
basin Fy is called non-degenerate if the volume of F, as a subset of [0, 1] is
nonzero.

Fault—tolerance of (3.1) means the capability of the system to recall a right
fuzzy pattern when the input signal (initial pattern) is corrupted. Obviously,
fault—tolerance of a dynamic system can be determined by the sizes of attractive
basins of the corresponding attractors. So it is necessary for (3.1) to possess
fault—tolerance that the system is trained to guarantee the attractive basins
of the corresponding attractors are non-degenerate. To this end we suppose
b = (by,...,b,) is a fuzzy pattern and W = (w;;)nxn i a connection weight
matrix of (3.1). Denote

HG(VV, b,Z) = {] S NI’ZU” > bj}, HE(W,b,Z) = {_] € leij = bj},
where ¢ € N, and let
HE (W,b) = {i e N|JH(W,b,4) # 0, HE(W,b,3) = 0};
H§(W,b) = {i e NJHS(W,b,i) U HE(W,b,4) = 0};
HE*(W,b) = {i e N|[HE(W,b, i) # 0, HE(W,b, ) # 0};

HE(W,b) = {i e N|HE(W,b,4) = 0, HE(W,b,4) # 0}.
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Vo {b}, HE(W,b,i) #0;
b} (W,b) = { JEHE(Wb,)

0, HE(W,b,i) = (.
A {bj}, HE(W,b,i) #0;

sz (W,b) = JEHG (W,b,i)
1, HE(W,b,i) = 0.

Let us now introduce other two sets:
HF(W,b) = {i € N[H®(W,b,i) = N},
HF(W,b) = {i € H§*(W,b)|H"(W,b,i) U HS(W,b,i) = N}.

Write
. min{i[i € HF(W,b)}, HE(W,b) # 0,
Ze:{ n+1, HE(W,b) = 0;
( min{ili € HE(W,b)}, HE(W,b) £ 10,
e T { n+1, HE<(W,b) = 0.
For the set C C N, we define the following function:
1, C=0
@w(C) = { 0. C20. (3.2)

IfieN, Vj; € HE(VV, b,’i), Jj2 € HG(VV, b,i), we have bjl < bjz. Let

AY(W,b) = {(xl,...,a:n) € [0, 1]

i,, € (b, (W,b), b7 _(W,b)],

z;, € [bj, (W,b), 1], z; € [0,1] (i € H{ (W, b)),

x; € [b}(W,b) - w(HF*(W,b)), b (W,b)] (i € HF*(W,b)\ {is}),
z; € [bj(W,b) - w(HF(W,b)), 1] (i € HF(W,b) \ {i.}),

z; € [0, B2(W,b)] (s € HE (W, b))}.
(3.3)
By (3.3) it follows that A?(W,b) includes the attractive basin obtained in [32].

Definition 3.2 We call (W, b) to satisfy GE condition, if the following
facts hold:

(i) Vj € N, there exists i € N, so that j € HE(W, b, i);

(ii) Vi € N, and j, € HE(W, b,i), j1 € HZ(W,b, 1), we have, bj, < bj,.

Theorem 3.1 Suppose the fuzzy pattern b = (by,...,b,) is an attractor
of (3.1). W = (wij)nxn s the connection weight matriz. Moreover, (W, b)
satisfies GE condition. Then for any x = (21, ...,x,) € AY(W,b), x converges
to b by one iteration.
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Proof. By the assumption easily we have, b € A2(W,b), and for i €
N, b}(W,b) < b?(W,b). Given j € N, and the fuzzy pattern x = (£1,...,2,) €
A%W,b). If HF (W, b) # 0, then i, € HE(W,b) and H¥ (W, b, i.) = N. There-
fore by (3.3) we can get

{zi Awy;} > Vo {z Awiy}
i€ HE (W,b)UHS® (W,b) i€HE(W,b)
> T, NWi5 2 ( V {bk})/\wie]’ > b;.
kEN

(3.4)
If HE¢(W,b) # 0, with the same reason we get

\/ {:ci /\wij} Z bj.

i€HE (W,b)UHS§*(W,b)

If HE*(W,b)U HE(W,b) = 0, then w(HE (W, b)) = w(HF*(W,b)) = 1. Since
(W, b) satisfies GE condition, choose ig € N, so that 5 € HZ(W,b, o). Thus,
io € H§®(W,b)U HE (W, b). Considering (3.3) and j € HZ(W, b, iy), easily we
can imply

(zi Awig) = V (b} (W, b) A wyj)
€ HE (W,p)UHS (W,b) i€ HE (W,bYUHS? (W,b)
> bl (W,b) Awsy; > by
(3.5)
In summary we have, vV {zi ANwi;} > b;. So
i€eH§(W,b)UHE (W,b)

Viznw) = (V. {mawd)v( Vo {eiawg))

ieN i€ HE® (W,b) i€ HG (W,b)

v( V {517i/\wij})v< vV {ﬂwaz‘j}) (3.6)

€ HE(W,)b) i€eHf (W,b)
>

{ZEi AN wij}) > b]'.
i€ HE (W,b)UHS®(W,b)
On the other hand, for j € N, let

li(q) 2 \/ {wi; AU} (W, b)} = \/ {w” A ( /\ {bk}> }

i€ HE (W,b) i€HE (W,b) keHG (Wb,i)

Since j € H%(W,b,i) it follows that A {br} < b;. And by j ¢
k€ HE (W,b,i)
HS(W,b,4) we can conclude that w,;; < b;. Hence Vo {z Awy) <
i€HS (W,b)
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l1(g) < b;. With the same reason we have

A
b; > la(q) = Vo {wi; A1} > Vo A{wi; Azi);
i€eHE (W,b) i€ HE (W,b)

A
bi2lle)= V  A{w AEW,b)}>  V {wg Az}
icH§e(W,b) i€eHS ¢ (W,b)

Therefore we can obtain the following face:

\/ {zs Awig} < () Via(g) Vis(g) V ( \ o {miA wij})g b (3.7)
iEN i€HE (W,b)

Thus synthesizing (3.6) and (3.7) we get, \/ (wi; Az;) = b; (j € N). That is,
ieN
by one iteration x converges to b. [J

To guarantee certain fault-tolerance of a fuzzy Hopfield network, it is nec-
essary to enlarge the attractive basins of corresponding attractors. Next let
us discuss this problem by adjusting suitably the connection weight matrix of
(3.1).

Theorem 3.2 In the system (3.1), suppose the fuzzy pattern b is an at-
tractor of (3.1) when the connection weight matriz is chosen as Wi and Wa,
respectively. Moreover, W1 C Ws, and W1 is defined through Wa by letting
some nonzero elements of Wy be zero. Both (W1, b), (Wa, b) satisfy GE con-
dition. Then A9(Wa,b) C AY(W1,b).

Proof. By the assumption and Theorem 3.1, we can show, if choose W
in (3.1) respectively as Wi, Wa, then both AY(Wi,b) and A?(W,,b) are the
attractive basins of the attractor b, correspondingly. To prove our theorem, by
(3.3) it suffices to show that Vi € N, the following facts hold:

by (W1,b) < b} (Wa,b), b(Wa,b) < b2(Wi,b) (3.8)

In fact, let Wi = (wf)nxn (k = 1,2). By the assumption, Vi, j € N, either
w}; = 0 or, w; = w. So foreachi € N, Vj € N, b; #0, j € H¥(Wy, b, i), =
j € HP(Wy, b, ). Thus, by the definitions of b} (W, b), b2(W,b) it follows that

b;(W1,b) = V o )< \V  {ok)} =bi(Wa,b).
ke HE(W1,b,0) kEHE (W2,b,i)

The first part of (3.8) holds. On the other hand, W7 C W5 implies that for
each i € N, we get, Vj € N, b; #£ 0, j € HS(Wy,b,i),= j € H®(Wa,b,%). So
BWe,b)= A\ {al< N\ {b}=8(Wb).

ke HG (W3,b,1) ke HG(W1,b,i)

The second part of (3.8) bolds. In summary (3.8) is true. O
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Using Theorem 3.2 we can get such a fact associated to the system (3.1),
that is, provided (W, b) satisfies GE condition, with the fuzzy inclusion ‘C’
sense, the smaller the matrix W is, the larger the attractive basin of the cor-
responding attractor is. That provides us with a useful criterion for designing
learning algorithm of W to guarantee optimal fault-tolerance.

3.1.2 Learning algorithm based on fault—tolerance

Suppose B = {b* = (b¥,...,b5)|k € P} is a family of fuzzy pattern. In the
subsection we develop a learning algorithm for W, the connection weight matrix
of (3.1) to minimize W and to ensure each fuzzy pattern in B is an attractor of
(3.1). Moreover, we utilize some conditions to maximize the attractive basin
of each attractor, so that the system can possess optimal fault-tolerance.

Definition 3.3 The fuzzy matrix W = (w;;)nxn is called to be weakly
reflexive, if W is a weakly diagonal dominant matrix, that is, V¢, j € N, w;; <
Wyj-

It is easy to prove that if W = (w;;)nxn is weakly reflexive, then W C w2,
For a given fuzzy pattern family B, introduce the following notations:

Hg(b*,j) = {i € N|pF > bk} (3.9)

Recalling the notations in §2.1, Similarly we define, Gg (B) = {k € P|bF > bf}
And if 7, j € N, we write

4;8) = {ieNln <i, G, #£0, N\ = A 0}

H
keGH ,(B) keGHE(B)

By the following analytic learning we can get the connection weight matrix
Wo = (w?j)nxn :

\/ {b?}’ 1=7;
keP

w?j = (keG/%(B){b?}).w(Aij(B))’ e kgp Ha(b%,5); (3.10)
Oa 7’7&]’ 'Lg U HG(bk7j)'

keP

By (3.10) easily we have, Vj € N, k € P, there exists uniquely i € N, so that
w?j = b?. In the following let us present some useful properties of Wy,

Theorem 3.3 Suppose Wy = (w);)nxn s defined by (5.10). Then the
following conclusions hold:

(i) Wy is weakly reflexive, consequently Wy C W¢;

(i) If in (3.1) let W = Wy, then each fuzzy pattern b* in B is an attractor
of (8.1).
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Proof. (i) By (3.10), obviously it follows that Vi, j € N, w);, = V/ {bf} >

keP
wf'] So W, is weakly diagonal dominant, i.e. Wy is weakly reflexive. Therefore,
Wy C WE.
(ii) Give arbitrarily k € P, and 7, j € N. If { = j, we have
bF Ay =05 Al = bE A (\/ {8 }) =k (3.11)

k'ep

Assume that i # j. Then by i ¢ Hge(b*, j) it follows that b* < b;?. So bf Awl; <

bk If i € Hg(b*,j5), then i € |J Hg(b*, ), and when A;;(B) # 0, we get,
k'eP
bf Awly =0 < bE. Also when Ay;(B) = 0, considering k € G (B) and (3.10)
we have )
wl; A bE = ( A })Abf < BEABE = bF.
k' €GH (B)

In summary the following conclusion holds:
i #j = wy AbF < bE (3.12)
So (3.11) and (3.12) imply, V {wf; A bf} = b¥. Thus, b* is an attractor of
3.1). O h
For i, j € N, denote Ep(j) = {k € P|bf = kvp{b;?’}}, and
e

{kePlpb= A {¥F'}}, GH(B) #0;
Ej(i,5) = W EGH (B) (3.13)
0, GH(B) = 0.

Definition 3.4 In (3.1), let W = Wy = (w};)nxn- The fuzzy pattern
family B = {b*F = (8%, ..., bﬁ)'k € P} is called to be correlated, if the following

conditions hold:
(i) For any j € N, U Ey(:,7) U Eg(j) =P;
iEN

(ii) Vk € P,i € N, if j € HY(Wy,b*,4), and jo € HZ(Wy,b*,i), then
bk <ok

If the fuzzy pattern family B is correlated, we can establish a non-degenerate
attractive basin for each fuzzy pattern b in B, where b is an attractor of (3.1).

Theorem 3.4 Let B = {bk = (b’f, b’;,...,b’fb)|k € P} be a fuzzy pattern
family, and the following conditions hold:

(i)¥jEN, keP, 0<bF <1;

(i) B is correlated.

Suppose Wy is defined by (3.10), and in (3.1) W = Wy. Then Vk € P, bF
is an attractor of (3.1), whose attractive basin AY(Wy,b*) is non-degenerate.



Chapter III Fuzzy Associative Memory—Feedback Networks 75

Proof. Give k € P. By Theorem 3.3 it follows that W = W, implies b*
is an attractor of (3.1). In the following let us prove, (Wy, b¥) satisfies GE
condition.

In fact, B is correlated, then Vj € N, there is i; € N, satisfying k£ €
Ey(i1,5) U Eg(j). We write

io = min{l € N|k € E¥(l,5) U Eg(j)}.

Then k € EY(i0,4) U Es(j). If k € Eg(j), we have, Vk' € P, b5 < b¥. There-

fore, w;; = b%, and j € H¥(Wy,b*,j). If k € Ey(io,5), by (3.5), it follows

that GiL(B) # 0. Thus, ip € |J He(b*,j). So we can show, A(ig,j) = 0.
k'€P

Otherwise, we choose lg € A;,;(B), then ly < i5. Moreover

A = N\ {1 =0, = ke B39,

leG{(’N (B) ler(I)J(B)
which contradicts the definition of i5. So A4;,;(B) = 0. So using (3.10) and
(3.13) we can imply, B¥ = A b = wy,;, that is, j € HE(Wy,b*,4p).

KeGH (B)

Thus, for j € N, there is ¢ € N, so that j € HE(W(),bk ). On the other
hand, Vj, € HE(Wy,b*,4), ja € HG(WO,b i), we get, wl =0k, wd >bk.
Since B is correlated, it follows that b%, > b% . Therefore, (Wp, bF) satisfies GE
condition. By Theorem 3.1, for each x = (z1, ..., z,) € AY(Wp, b*), x converges
to b* with one iteration. So A?(Wy,b*) is the attractive basin of b¥. By the
assumption and (3.10), obviously A?(Wy, b*) is non-degenerate. [

Let us now present another useful property of Wy, which shows the mini-
mality of Wy.

Theorem 3.5 Let B = {b*F = (b%, bk, ...,bE) |k € P} be a correlated fuzzy
pattern family. And suppose Wy is deﬁned by (3.10). Then Wy is a manimum
matriz among the fuzzy matrices W's with the following conditions:

(i) Vk € P, (W, b*) satisfies GE condition;

(ii) For each k € P, b* is an attractor of W, i.e. b* o W = b¥;

(iti) W is weakly reflexive.

Proof. By Theorem 3.4, W, defined by (3.10) satisfies the conditions (i)
(ii) and (iii). For arbitrary W = (w;;)nxn with the assumptions (i) (i) (iii).
At first, by (ii) (iii) it is trivial to show w;; = w for each j e Nif W C W,.
Next let us use reduction to absurdity to show the other conclusions. Assume
the result is false, then we may assume W C Wy, and there exist ig, jo € N,
satisfying w;,;, < w? . . Then ig # jo. It is no harm to assume

t0jo"

{i € Njwij, < wiy, }={io, i1, oy fp} 1 1<dg <dy <-+-<ip<n.  (3.14)
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By the definition (3.10) of Wy, GH. (B) # 0, and there is kg € P, so that

7’0]0
B0 = wl . So wi,, < b5, Since (W, bko) satisfies GE condition by the
assumption, there is a i’ € N, so that jo € HZ(W, b i'). Obviously i/ # ig.
If iy < ¢, by (3.14) we have, wij, = wd, = b5. Thus GI £.,(B) # 0. By

v'Jo
(3.10) it follows that wf ; = 0, which is a contradlctlon So ¢’ > 4. Then by

the assumption of W, we get, wy;, < wO . Next let us show wy;, < wmo

Otherwise b’%’ = Wirjo = wy ., which 1mphes G} ]O( ) # 0, and then wlo jo = =0
by (3.10), which is also a contradiction. So it is no harm to assume i’ = 4;.
Similarly we have, there is k1 € G, 5o B) - wl = bfg With the same reason

we can imply, there exists kg € Gz2 jo (B), so that

k1 __ — pk2
bj = Wiyj, < wmo bjo'

Continuing the procedure until the p—th step, we get a k, € G2 Lo (B), so that

indo = b ?. Since (W, b*») satisfies GE condition, there is i, € N :

jo € HE(W,b P,i*) Stmilarly we can show, i, > iy, and w;_;, < w1 jor Which
contradicts (3.14). Thus, W} is a minimum matrix with the given conditions.
O

Wiy < WY

By Theorem 3.2, Theorem 3.4 and Theorem 3.5, for a given fuzzy pattern
family B if we train the system (3.1) so that its connection weight matrix W
is determined as Wy, then each fuzzy pattern in B is an attractor of (3.1),
moreover we can establish the largest attractive basins of the system, and
consequently fault—tolerance of the system is optimal.

3.1.3 Simulation example

To illustrate above results we in the subsection employ a simulation example
to establish the attractors, attractive basins of the attractors related to the
system (3.1). We may show that this dynamical system possesses and optimal
fault—tolerance if we choose the connection weight matrix rationally. To this
end let N = {1, 2, 3,4, 5, 6}, P={1, 2, 3, 4, 5}. By Table 3.1 we give a fuzzy
pattern family B, which are asked to be the attractors of (3.1).

Table 3.1 Fuzzy pattern family

bk

(0.6 0.5 0.6 0.8 0.3 0.6)
(0.5 0.7 0.7 0.8 0.7 0.6)
(0.6 0.4 0.7 0.3 0.7 0.4)
(
(

0.5 0.7 0.4 0.3 0.7 0.6)
0.4 0.7 0.7 0.8 0.3 0.5)

Tt b W N =
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Using (3.13) we can calculate the set EY(z, j) as shown in Table 3.2.

Table 3.2 The set E§ (3, 5)

1 2 3 4 5 6
o0 {383 {44 {34 {15} {3
2 {3} 0 {44 (34} {15} {5}
3 {8 8y 0 {34} {15} {3}
4 {8 {1 {3 0 {15} {5}
5 {24 {3y {4 {34 0 {3}
6

{5} {1t {4 {34 {15 0
Thus we can obtain the following sets:

Kl = {17 3}7 K2 = {27 47 5}7 K3 = {27 33 S}a
Ky=1{1, 2,5}, K5 ={2, 3,4}, Kes ={1, 2, 4}.

Therefore

Vj €N, (QN Eg(i,j))uEB(j) =P.

So by (3.10) it follows that
06 04 04 03 03 04
04 07 O 0 0 0.5
0 0 07 0 0 0
0 05 06 08 O 0
05 0 0 0 07 0
0 0 0 0 0 06

Wy =

77

We can show, B is correlated. Hence by Theorem 3.1, ifin (3.1) let W = W,
then all b!, b2,...,b® are attractors of the system. To calculate the attractive

basin of b*, at first we compute b} (Wy,b*) (k € P, i € N).

Table 3.3 The value of b} (W, b")

1 2 3 4 5
1 0.6 0 0.6 0.4 0.3
2 0 0.7 0 0.7 0.7
3 0 0.7 0.7 0 0.7
4 0.8 0.8 0 0 0.8
5 0 0.7 0.7 0.7 0
6 0.6 0.6 0 0.6 0
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Similarly we can calculate b2(Wy,b¥) for k € P, i € N as follows:

Table 3.4 The value of b2 (W, b*)

1 2 3 4 )
1 1 0.5 1 0.5 0.4
2 0.5 1 0.4 1 1
3 0.6 1 1 0.4 1
4 1 1 0.3 0.3 1
5 0.3 1 1 1 0.3
6 1 1 0.4 1 0.5

Table 3.5 The sets HS*(W, b*), HE (W, b*) and HS (W, b")

No. HS*(W,b*) HE (W, bF) H§ (W, bk)
1 0 {1,4,6} {2,3,5}

2 0 {2,3,4,5,6} {1}

3 0 {1,3,5} {2,4,6}

4 {1} {2,5,6} {3,4}

5 {1} {2,3,4} {5,6}

Therefore we can conclude that

AY(Wp,bl) = [0.6,1] x [0,0.5] x [0,0.6] x [0.8,1] x [0,0.3] x [0.6,1];
A%(Wo,b?) = [0,0.5] x [0.7,1] x [0.7,1] x [0.8,1] x [0.7,1] x [0.6,1];
A%(Wo, b%) = [0.6,1] x [0,0.4] x [0.7,1] x [0,0.3] x [0.7,1] x [0,0.4];
A%(Wp, b*) = [0.4,0.5] x [0.7,1] x [0,0.4] x [0,0.3] x [0.7,1] x [0.6,1];
A%(Wo, b5) = [0.3,0.4] x [0.7,1] x [0.7,1] x [0.8,1] x [0,0.3] x [0,0.5].

Above subsets of [0, 1]° constitute the maximum attractive basins of b', ..., b?,
respectively.

§3.2 Fuzzy Hopfield network with threshold

From the preceding section, the storage capacity of fuzzy patterns and fault—
tolerance are two important functions of a fuzzy Hopfield network. So one
main objective for analyzing such FNN’s is to improve fuzzy Hopfield networks
in their storage capacity and fault-tolerance. To this end, we in the section
introduce a threshold ¢; to the node ¢ in (3.1) for ¢+ € N. Also w;; € [0, 1]
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means the connection weight from the node i to the node j. When a system
receives a input fuzzy pattern as x(0) = (21(0),...,z»(0))€ [0, 1]™, the system
evolutes with the following scheme:

z;(t) = \/ (@t —1) V) Awy) (G=1,..,1n), (3.15)

=

=1

where t = 1, 2, ... means the iteration or evolution step. x(t) £ (z1(t), -y T4 (1))
is the system state of (3.15) at the step t¢. If the state of (3.15) keeps still
after finite time steps, the network has finished the associative processes. The
ultimate state b of the system is called an equilibrium point or, a stable state
of (3.15). Therefore, the feedback FAM’s may be characterized as the dynamic
processes that the recurrent FNN’s process to their stable states (attractors)
from the initial states. In the following let us present some useful properties
about the attractors of (3.15).

3.2.1 Attractor and stability

For the given fuzzy patterns a = (a1, ...,a,), b = (b1, ...,b,) € [0,1]", and
the fuzzy matrix W = (w;;)nxn, we introduce the notations:

avb=(a1Vbi,..,anVb,), W=WoW, Wr=WF1loW,
where k = 2,3, .... Easily we can show
(avb)oW = (aoW)V (boW), Wr=w*"toWw! (3.16)

where | < k, and k,1 € N. For t = 1,2,..., if x(t) = (21(t),...,za(t)), c =
(¢1, ..., ¢n), Rewrite the system (3.15) as

x(t) = (x(t — 1) V c)oW. (3.17)

Definition 3.5 The fuzzy pattern b = (bq,...,b,,) is called a stable state
of (3.17),if b = (bV<¢)o W, also b is called an equilibrium point of the system.
The attractive bagin of the stable state b means the collection of fuzzy patterns
A¢(b) C [0, 1], so that ¥x € Ay(b), the system converges to b if the initial
pattern is x. The vector ¢ € [0, 1] is called a threshold vector.

In [41, 42], Sanchez E. calls the fuzzy set b that satisfies b = bo W for
the given fuzzy matrix W a eigen-fuzzy set. Sanchez determines a greatest
eigen-fuzzy set and minimum ones. One of our aims in the section is to design
a learning algorithm for W, so that the given fuzzy patterns (sets) bl,..., bP
satisfy the relations that b* = b* o W for i =1, ..., p.

It is well known that Hopfield networks whose connection matrices are sym-
metric and have zero diagonal elements are stable if they evolute with parallel
fashions [19, 22, 52]. The following theorem shows the similar conclusions for
the system {3.17).
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Theorem 3.6 The following conclusions related to the system (3.17) hold:
(i) There exists s € N, so that the system converges to a limit cycle whose
length does not exceed s, that is, there are fuzzy patterns X1, ...,Xs, satisfying

Xg=(x3Vec)oW, ., Xpp1 =X Ve)o W, .. ,x; =(xsVc)oW.  (3.18)

(i) If W C W?2, then the system converges to its equilibrium point within
finite iteration steps.

Proof. (i) By the definition of the composition operation ‘o’, there are at
most finite different members in the matrix sequence Wk|k =1,2, } And
consequently there exists a ¢ € N, so that Wtk = W* for k = 1,2, .... For a
given initial fuzzy pattern x, let x(0) = x. Considering (3.17), we get by the
induction method that

x(¢+4q+2) = (x(g+q+1)Vc)oW
= ((x(0) V €) o Wt9+2)V (c o WIHTHL )V (co WITe)V - V (co W)
= ((x(0) Ve) o W) V(co W)V ...V (co W) = x(g + 2).

That is, x(2¢ + 2) = x{q + 2). Choose s = ¢, and let x; = x(s + 2), x5 =
x(s +3),...,xs = x(2s + 1). Thus, (3.18) holds.

(ii) The fact W C W?2 implies W* C Wk+! for k = 1,2,.... Therefore, the
fuzzy matrix sequence {W*|k = 1,2,...} which contains only finite different
members is monotonically increasing. Thus, there exists | € N, satisfying
Wit = W', Let us now prove, b = x(I) is a stable state of the system (3.17).
By the induction method we get

x(l+1) = ((x(0) Ve) o W)V (co W) V.-V (co W).
And Vk <1, Wk c W1, ¢ c x(0) vV ¢, So
coW¥ c (x(0) Ve)o W — x(1 4+ 1) = (x(0) V ¢) o WL,

With the same reason, x(I) = (x(0) V ¢) o W! = (x(0) V ¢) o Wl Hence
b =x(l) = x(I + 1) = (x(I) V c)oW, i.e. the system converges to the stable
state b at [—th iteration step. [

For given fuzzy patterns a = (ay,...,an), b = (b1,...,b,) € [0, 1", we
denote by H(a, b) the Hamming metric between a, b, that is, H(a, b) =
> la; — b;]. To study the stability of (3.17) we at first present a useful lemma.

=1

Lemma 3.1 Leta, b, c€[0,1], andp € N, a;, b; € [0, 1] fori =1,...,p.
Let W = (W;j)nxm be a fuzzy matriz. Then
(1) llaAc) = (bAC)| < |a—b;

P p
(i1) la; — ;) <h(i=1,..,p),= |V a—- Vb
=1 i=1

< h,

p P
A ai— N\ bs|<h
=1 =1
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(i) WoWT c (WoWT)2, WT oW C (WT o W)
Proof. (i) Since aAc= (a+c—la—c|)/2, bAc=(b+c— b—¢])/2, it
follows that

1
’(a/\c)—(b/\c)'z §|(a—b+|b—c|—|a—c|)|
1 1
< §(|a—b| + |(|b—c| - |a—c|)')§ §(Ia—bl + |a—b|)= la — b|.
(ii) By the induction method we can show that
P
=

In fact when p = 1 obviously (3 19) holds. Assume that when p =k, (3.19) is

(3.19)

true. If let o \/ a;, b = V b;, then |a’ — V| < h. So when p =k + 1, we

k+1
have, \/ a; =a' Vagy1, \/ b; = b’V bgy1. Therefore

=1 i=1

k+1 k+1

g

= |a’ \% Ap+1 — b/ vV bk+1|

= 2 1@ ~¥)+ @i = bewn) + Ja’ — aia] = ¥~ beaD)|
Next we show (3.19) in the following four cases, respectively:
La > apyr, O 2 ber; 2.0 <apgr, b > by
3.0 >apr1, V <bpy1; 4.a < aggr, ¥ <bgii.

To the case 1, |a’ Vags1 — b V beyr| = |@’ — b'| < h, which implies (3.19); As
for the case 2, |a’ V agy1 — V' V bgt1] = |ag+1 — V', then

~-h<d -V < Gg41 —b < Q41 —bk+1 < h,

So |a’ V ag1 — b’V bgy1| < h, which also ensure (3.19) to hold. To the other
two cases, we can show, [a' V ag41 — b V bgy1| < h. Thus, when p = k + 1,
(3.19) holds. By the induction principle we can obtain (3.19).

(iil) Tt suffices to show the first parts, since the second can be proved,
similarly. Let W o WT = (@y;)nxn, (W o WT)? = (0%)nxn. Then Vi, j € N,
we get

;= V @ik Arj) = V ((V (wip Awgp)) AV (wip Awjp)))

kEN keN peM peEM
>V ( \ (Wip A Wp A\ wip A w]’p)z V ( V (wip A Wep A wjp))
kEN peM pEM keN

>V (wip A wjp)2 Wij.
pEM
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Thus, W o WT C (W o WT)2, The lemma is proved. O

Definition 3.6 Suppose the fuzzy pattern b is an equilibrium point of
(3.17). b is called to be Lyapunov stable, if Ve > 0, there is § > 0, so that
for every fuzzy pattern x satisfying H(x, b) < 6, H(x(k), b)< € holds for
k=1,2, ..., where x(0) = x, x(k) means the k-th iteration state of the system.
We call a Lyapunov stable state an attractors of the system. If vx € [0, 1],
take x as the initial fuzzy pattern, the system (3.17) converges to an attractor
within finite iteration steps. Then we call (3.17) to be uniformly stable.

Theorem 3.7 In the system (3.17), suppose the connection weight matrix
W satisfies W C W2, Then

(i) (8.17) is uniformly stable;

(i) If the fuzzy pattern b is an equilibrium point, then b is Lyapunov stable,
consequently b is an attractor of the system.

Proof. At first we prove (ii). Since W < W?, it follows that W* C
Wk+L (k= 1,2, ...). Using the induction method we get

x(k) = ((x(0) Ve) o W*)V(co WF V...V (co W) (k= 1,2,...).

For I < k, we can conclude that the following facts hold: W! Cc W*, co W'
(x(0) v e) o W*. So x(k) = (x(0) V c) o W*. We denote W* = (wf;)nxn (k >

1), x(k) = (x1(k),...,zn(k)) (k > 0), b = (b1, ..., b,). Since b is an equilibrium
point, Vj € {1, ...,n}, we have

n n

zj(k) = \/((xl(O) Vo)A wfj),bj = \/ ((B; Vei) A wf])

=1 i=1

So Ve > 0, choose § = ¢/n. Arbitrarily giving a fuzzy pattern x : H(x, b} <
d, we let the initial fuzzy pattern x(0) = (21(0),...,2,(0)) = x. Then Vi €
{1,..,n}, |z:(0) — b;|< £/n. Using Lemma 3.1 we can conclude

}(mi(O)VCi)/\ — (b Vi) A

bi|< E/’I’L.

Therefore Lemma 3.2 may imply the following fact holds:

n

NMEODINAE

=1 2

=

((bs V ei) Awfy) l< g/n,
1

that is, |z;(k) — b;j|< ¢/n. Thus, H(x(k), b)= Zla:J (k) — bj|< e. So the

equilibrium point b is Lyapunov stable, and therefore b is an attractor.
(i) can be proved, directly by above proof for (i) and Theorem 3.7. O

As stable states of a dynamic neural system, attractors play important roles
in the applications of FNN’s. In the following let us present the systematic
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discussion to attractors and their attractive basins. Give the fuzzy pattern
b = (by,...,b,), and j = 1,...,n. Denote

Ht(W,]) = {Z S N|U)” A (bz A% Ci) > b]}

We at first build an equivalent condition for b being an attractor of (3.17).

Theorem 3.8 Suppose b = (by,...,by,) is a fuzzy pattern. In (3.17), W C
W?2. Then b is an attractor of (3.17) if and only if the following conditions
hold:

(1) Vi, j € {1,...,n}, wi; A (b; V ¢;) < by;

(it) Vi € {1,...,n}, HY(W,7) # 0.

Moreover, if b is an attractor of (3.17), and denote

At(W,b,c)z{(wl,...,xn)'Vizl,. \/ (bs A wi)< 75 < by vCZ} (3.20)

Then Vx € Ay(W, b, ¢), x converges to b with one iteration.
Proof. If b= (b1,...,b,) is an attractor of (3.17), then V5 € N, we have

bj = v (U)i]’ A (bl \Y Cz)) (321)

1EN

So obviously (i) holds. By (3.21), using reduction to absurdity we can show
that (ii) is true.
Conversely, Vj € N, (i) may imply, V (wi A (5 V ;)< b;; And (i) may
i€EN
imply, \/ (wi; A (b; V¢;))> b;. Thus, (3.21) holds, i.e. b is an equilibrium point
ieN
of (3.17). By the assumption and Theorem 3.7, b is an attractor of (3.17).

Next let us prove the last part of the theorem. Let b} = \/ (b; Aw;), b2 =
i=1

b; Ve (i =1,..,n). Since b is an attractor of (3.17), easily we can show,

both by = (bi,...,bL), by = (b2,...,b2) can converge to b with one iteration.

Considering Vx € A;(W, b, ¢), we get, by C x C bg. Therefore
b=(byVe)oW C (xVc)oW C(baVec)oW =b,
ie. (xVc)oW =Db, x converges to b with one iteration. O

3.2.2 Analysis of fault—tolerance

The fault-tolerance of FNN’s characterizes the abilities that the systems
recall the fuzzy patterns stored if the noisy or imperfect inputs are presented
to the systems. And the attractive basin of the attractors of the systems char-
acterizes the fault-tolerance of the systems. Let us now derive the nontrivial
attractive basins of the attractors of the system (3.17). And the system can be
ensured to possess good fault—tolerance.
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Lemma 3.2 Let b = (b1,...,b,) be an attractor of (5.17), and W =
(Wij)nxn be the connection weight matriz related. Then Vi € N, ¢; < b2(W,b).

Proof. By reduction to absurdity, if assume the conclusion is false, then
there is i’ € N, so that ¢;; > b2 (W, b). Using (3.17) and considering c; € [0, 1],
we get, HG(W,b,#’) # 0. Thus, there exists k € H%(W,b, '), satisfying ¢, >
by, moreover w;/, > bg. So we can conclude that

v ((b; V €i) ANwik) = (bir V ¢ir) Awyre > cir Awirg > by,
iEN
which contradicts the fact that b is an attractor of (3.17). O
For 7 € N, we introduce the following notations:
0, ¢ > b (W, b);

d2(W,b) = b2(W,b).  (3.22)
bL(W,b), ¢; < bl (W,b).

d} (W, b) ={

Easily we can show the following inequalities:
d}(W,b) < b}(W,b) < d} (W,b) Vc; (i € N). (3.23)

Ifi € N, V51 € HE(W,b,1), jo € HE(W,b,1), b;, < bj,, then we denote for a
given threshold vector ¢ = (cy, ..., ¢p) ¢

A$(W,b,c) = {(xl, ) € [0, 1]7]z; € [0, d2(W,b)] (i € HE(W, b)),

T; € [dzl(W7b)7 d?(I/V’ b)] (Z € HOGe(VV7 b))7

z; € [dL(W,b), 1] (i € HE(W,b)), z, €0, 1] G € HOL(W,b))}.
(3.24)

Lemma 3.3 Let W = (w;j)nxn be a connection weight matriz, and b =
(b1, ...,b,) be an attractor of (8.17). ¥j € N, let

ll(q) = \/ {U}i]‘ A (d?(VV, b) V Ci)}, l2(q) = \/ {wij A 1}

iEH§(W,b)UHE (W,b) icHE(W,b)

Then l1(q) V l2(g) < b;.

Proof. If i € HE(W,b) and j € HE(W,b,i), then w;; = b;; If ¢ €
HE(W,b) but j ¢ HE(W,b,i), then by HE(W,b,i) = 0, we imply w;; < b;.
Therefore

L@ =V Awynl}
i€ HE (W,b)
= ( {w”}> < bj.

i[iEHgJ(W,b),ngE(W,b,i)
(3.25)

{wz‘j}>V<

i|i€HF (W;b),jEHF (Wb,i)
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For i € N, by 7 € HS(W,b, i) it follows that A {bx} < b;. Since b is
keHG(W,b,3)
an attractor, we can obtain
Vi €N, ¢ /\wij < (bz \/Ci) /\’wi]‘ < bj.
So if 7 € HE(W, b, i), then we can conclude that

(W, D)V c;) Awij = ({ A {bk}}Vci)/\wij < b;.
kEHG (W,b,i)

And by j ¢ H%(W, b, i) we can show, w;; < b;. Thus, (df(VV, b)\/c,-)/\wij < by
In summary we may imply the following fact:

V {(d?(W, b) \Y ci)/\wij}

i€HS (W,b)
= ( {(Z(W,b) V ¢;) A })v (3.26)
ilieHF (W,b),jeHE (W,b,i)

i]iEH(?(W,b),ngG(W,b,i)

On the other hand, by Lemma 3.2, for i € N, d?(W,b) V¢; = b2(W,b) V¢, =
b2(W, b). Provided j € H¥(W,b, i), we have w;; = b;. It follows that

Wi A (d?(VV, b) Vv CZ)S wij S bj. (327)
If ¢ HE(W,b,4), then j € HG(W,b, ). Thus, d?(W,b) = A {} <
kEHG (W,b,i)
bj; And by j ¢ HS(W,b, i) it follows that w;; < b;. Therefore
wij A (d2(W,b) V ¢;) = wij Ad2(W,b) < b;. (3.28)

Using (3.27) (3.28), we can by the same method as (3.26) show that

V  {(@EW,b) Vi) < by (3.29)
i€HS®(W,b)
Synthesize (3.26), (3.29), l1(q) = V {(d2(W,b) V ¢;) Aw;; } <
1€EHE(W,b)UHS (W,b)

b;. Thus by (3.17) it follows that I1(q) V l2(g) < b;. O

Theorem 3.9 Let the fuzzy pattern b = (by,...,b,) be an attractor of
(3.17), and W = (w;; )nxn be the connection weight matriz related. Moreover,
the following conditions hold:

(i) For i € N, and Vj; € HE(W,b,i), Vja € HF(W,b,i), it follows that
bj, <bj,;
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(ii) For j € N, there exists i € N, so that j € HE(W, b, ).
Then for any x = (x1,....,z,) € A}(W,b,¢), x converges to b with one
iteration.

Proof. For i € N, By the condition (i), b} (W, b) < b?(W,b). So using (3.22)
we get, d}(W,b) < d?(W,b). For any j € N, and x = (1, ...,z,) € A3(W,b,c),
by the condition (ii), there is ig € N, so that 5 € HE(W,b,i). Hence i €
H§*(W,b) U HE(W,b). Considering 7 € HE(W,b,iy), and (3.23) (3.24) we
get

V {(zi Vi) Awij > \ {(d}(W,b) V ;) Awij }
i€eHE (W,b)UHE(W,b) i€HF (W,b)UHSF*(W,b)

> v {C v o)z vV (b} 2

 i€HE(W,b)UHS®(Wb) * k€ HE (W,b,i) ke HE(W,b,io)
Therefore it follow that

V {(mz V) A wij}

ieN

:( Vi {(.’L'iVCi)/\'wi]‘})\/( V {(-Tivci)/\wij}>

i€ HSe(W,b) i€HS (W,b)

\/( V {(acchi)/\wij}>\/( \/ {(xi\/ci)/\wij})
i€ HE (W,b) i€ HE(W,b)
Z \/ {(ZL‘Z'\/Ci)/\wij}Z bj.
i€EHE (W, b)UHE(W,b)
(3.30)
On the other hand, by Lemma 3.2 it follows that

\/{(azi\/ci)/\wi]—}gll(q)\/lz(q)v( \/ {(mi\/ci)/\wij})g b;. (3.31)

ieN i€HE(W,b)
Synthesizing (3.30) and (3.31) we obtain, \/ {w;; A(z;Ve;)}=b;(j € N). That
1EN
is, X converges with one iteration to B. [

By (3.17) and Theorem 3.9, if for 1 € N, 0 < b; < 1, and the conditions of
Theorem 3.9 hold, then the attractive basin A(W, b, ¢) is non-degenerate.

Remark 3.1 Using Theorem 3.9 to compare (3.24) with a corresponding
conclusion in [34] we can say that the attractive basins of a fuzzy Hopfield
network with threshold are larger than the corresponding ones of the fuzzy
Hopfield network in §3.1, and consequently the system (3.17) possess much
better fault—tolerance.

To demonstrate the effectiveness of the proposed FNN in the storage and
association of fuzzy patterns, in the following let us discuss a simulation ex-
ample. Suppose N = {1, 2, 3, 4, 5, 6}. By Table 3.6 we give the fuzzy patterns
b!, b2, b2,
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Table 3.6 Fuzzy patterns

No. b*
(0.4 0.5 0.4 0.4 0.4 0.5)
(0.40.4 0.4 0.3 0.3 0.4)
(0.5 0.4 0.50.30.30.4)

Assume that the connection weight matrix of (3.17) is given as

05 0 0 03 063 O
0 05 0 03 03 O
0O 0 05 03 03 O

04 04 04 0 0 04
0 0 0 04 04 O
0 0 0 03 03 05

W = (wij)exe =

and the threshold vector as ¢ = (0.4, 0.4, 0.4, 0.3, 0.3, 0.4). Easily we can show,
W C W2, and the conditions of Theorem 3.9 hold. So b!, b2, b3 all are the
attractors of the system (3.17). To calculate the respective attractive basins
A$(W, bl ¢), Aj(W,b?,¢), A3(W,b3, c), related to bl, b2, b3, we at first cal-
culate the sets Hi*(W,b), HS (W, b), H¥(W,b) and HEF(W,b), as shown in
Table 3.7.

Table 3.7 The index sets HS*(W, b), HS (W, b), HE (W, b), H¥(W,b)

fuzzy pattern  H{¢(W,b) H§(W,b) HE(W,b) HE(W,b)

b = b! 0 {1,3} {2,4,5,6} 0
b =b? {1,2,3,6} {5} {4} 0
b=Db3 {2,6} {5} {1,3,4} 0

d}(W,bY), d2(W,bl); d}(W,b?), d?(W,b?), d}(W,b?), d?(W,b%) can be
calculated by using (3.22) respectively, as shown in Table 3.8.

Table 3.8 endpoints of attractive basins

No. di(W,bl) d2(W,b') di(W,b?) d2(W,b?) di(W,b%) d2(W,b?)

1 0 0.4 0 0.4 0.5 1
2 05 1 0 0.4 0 0.4
3 0 0.4 0 0.4 0.5 1
4 04 1 0.4 1 0.4 1
5 04 1 0 0.3 0 0.3
6 0.5 1 0 0.4 0 0.4
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Therefore we can establish the respective attractive basins as

AS(W, b, c) = [0,0.4] x [0.5,1] x [0,0.4] x [0.4,1] x [0.4,1] x [0.5,1];
A$(W, b2, c) = [0,0.4] x [0,0.4] x [0,0.4] x [0.4,1] x [0,0.3] x [0,0.4];
AS(W, b3, ¢) = [0.5,1] x [0,0.4] x [0.5,1] x [0.4,1] x [0,0.3] x [0,0.4].

Enlarging the respective attractive basins of attractors is an important
method to improve fault—tolerance of a fuzzy Hopfield network. The size of
the attractive basin of an attractor of (3.17) is mainly determined by the con-
nection weight matrix W and threshold vector ¢. So it is very important and
meaningful to develop some algorithms for W and ¢ so that the corresponding
attractive basins are as large as possible [35, 36, 38]. In addition to the analytic
learning algorithms built aforementioned the BP type fuzzy algorithms [44, 48,
55], the fuzzy GA’s [5, 50] and other dynamical learning procedures [9, 16, 47)
and so on will be efficient tools to solve such a problem.

§3.3 Stability and fault—tolerance of FBAM

We introduce feedback connection weights in the two layer FAM’s of Chap-
ter I1, and there are feedforward and feedback fuzzy information flows in the
corresponding FNN’s. By the connection weight matrix W fuzzy information
flows forward and by the corresponding transpose W7 fuzzy information flows
backward. We call such FNN’s the fuzzy bidirectional associative memories
[30, 33, 38], i.e. FBAM’s for abbreviation. They are also nonlinear dynamic
systems, on which we focus in the section. As in the case of the fuzzy Hop-
field networks, the attractors of a FBAM constitute the corresponding storage
patterns, each of which may possess a non-degenerate attractive basin. So a
FBAM can possess good fault—tolerance [8, 15, 20]. Next let us study the fol-
lowing meaningful problems related to a FBAM: First, for any fuzzy connection
weight matrix W, the FBAM is globally stable; Second, each equilibrium point
of the system is Lyapunov stable, i.e. all equilibrium points are the attrac-
tors of the system; Finally, with some condition each attractive basin can be
non-degenerate, and consequently the system possesses good fault-tolerance.

3.3.1 Stability analysis
A FBAM system can be defined as follows:
{ xk = yF=1 o WT,

3.32
yk: — xk—l o W, ( )

where k = 1,2,..., x* = (2%,...,28), y* = (¥%,..,95), W = (0;j)nxm is the
connection weight matrix, and ‘o’ is the ‘v — A’ composition operation. (3.32)
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can also be rewritten as
¥ =V (Uf " Awy) (i € N);
jeM

yi =V (@i Awi) (5 € M).
iEN

(3.33)

By H(al, a?) we denote the Hamming metric between the fuzzy patterns al

and a?, and H [(al, bl), (a?, b2)] denotes the Hamming metric between the
fuzzy pattern pairs (a', b!) and (a2, b?), that is

H[(a', b'), (a% b?)]= H(a', a*) + H(b', b?).

The fuzzy pattern pair (a, b) is called an equilibrium point of (3.32), if a =
boW?, b =aoW.If (a, b) is an equilibrium point of (3.32), and Ve > 0, there
is § > 0, then for a given fuzzy pattern pair (x,y) : H|[(x, a), (¥, b)]< 4,
taking (%, y) as an initial pattern of the system (3.32), Vk > 1, it follows that
H[(x*, a), (y*, b)]< &. We call (a, b) to be Lyapunov stable. A Lyapunov
stable equilibrium point is called an attractor of (3.32).

Denote W o WT = (Wi;)nxn, (WoWT)k = (@r ) nxn.

Theorem 3.10 For arbitrary connection weight matriz W, each equilibrium
point (a, b) of the system (3.32) is Lyapunov stable, and consequently each
equilibrium point of the system is an attractor.

Proof. Give an initial pattern pair (x°, y°) : x° = (29,...,20), y* =

e T
(@Y, ...,9%), by (3.32) and the induction method it follows that
x2* =x%0 (W o WT)k, y2k — yo o (WT o W)k, 234
x2h=1 = x1 o (W o WT)k—1; y21 =yl o (WT o W)k—1, (3.34)

Since (a, b) is an equilibrium point of (3.32), we have, a = boW7T, b =aoW.
Therefore for any nonnegative integer p, we can conclude that

a=ao(WoWT)P b=bo (W' oW)P. (3.35)

For € > 0, choose ¢ = &/(2m + 2n). Give an initial fuzzy pattern pair (x°, y°),
satisfying H[(x%, a), (y%, b)]< 6. Then Vi € N, |20 —a;| < &/(2m+2n); Vj €
M, |y —b;| <&/(2n+2m). And by x' = y% o W7, we get, Vi € N,

|Cli —iEH = ‘ \/ {b] /\’w,;j}— \/ {y? /\wij}‘.
JjEM JEM

By Lemma 3.1 easily we have, |b; A w;; — Y3 A wij |< |b; - vl < e/(2m + 2n).
Also Lemma 3.1 may imply, |a; — z}| < £/(2m + 2n) (i € N). And by (3.34)
(3.35) it follows that

|22 — q;|= ‘ VA2 rwt} - \/ {a /\mfj}‘.

JEN JjEN
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Moreover, |29 A wi; — a; A w;|< |29 — aj| < e/(2m + 2n). So using Lemma
3.1 we get, [22* — a;|< £/(2m + 2n), that is, H(x?*,a) < /2. With the same
reason we have

|lz2h—t — l—'\/{x N \/{aj/\m’“.

JEN JjeN

And |z} AWl = a; AW S 2] = a5] < /(2m + 2n). So [z — ] <
e/(2m + 2n), ie. H(x*~ 1, a)< e. In summary, for k& > 1, it follows that
H(x*, a)< £/2. Similarly we can show, for k > 1, H(y", b)< £/2. Therefore

H[(xk, y*), (a, b)]: H(x*, a)+ H(y*, b) < e (k > 1).

Thus, (a, b) is Lyapunov stable, and therefore (a, b) is an attractor. O

By Theorem 3.10, we can in the following treat an equilibrium point and an
attractor of (3.32) as an identity. We call (3.32) to be globally stable, if for any
fuzzy pattern pairs (x, y), and take it as an initial pattern, (3.32) converges
to an attractor or a limit cycle. Let us now show the system (3.32) is globally
stable for any fuzzy connection weight matrix W.

Theorem 3.11 Let the fuzzy matriz W be an arbitrary connection weight
matriz of (3.32). Then the system converges to a limit cycle whose period does
not exceed 2, with finite iterations. That is, there exist the fuzzy pattern pairs
(al, bl), (a%, b?), so that

{azzbloWT, {a1=b20WT,

3.36
b2 =aloW; bl =a?2oW. ( )

Proof. By the definition of ‘o’, The composition fuzzy matrix of two fuzzy
matrices, based on ‘o’ does not generate new elements. So the fuzzy matrix
sequences {(W o W™)k[k =1,2,..} and {(WT o W)*|k = 1,2,...} contain at
most finite different terms, respectively. By Lemma 3.1, This two fuzzy matrix
sequences are increasing. So there is a natural number [, satisfying

Vp > L, (WoWh)! = WoWT)?, WToW) = (W' oW)P.
Using (3.32), (3.34) easily we can imply

A
x2H =x00 (W o WT)H2 =x%0 (WoWT)! = al,

)
Y2+t = 30 o (WT o W)H2 = y0 o (WT o W)! 2pl
X3 = xl o (WoWT)H =xl o (W o WT)! 2 a?,
)

y2l+3 = y1 o (WT o W)t = y1 o (WT o W)l é b?.
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Also we can conclude that
bloWT = (y%o(WToW))oW?
= y0oWTo(WoWT) =x!o(WoWT) = a?
b2oWT = (y'o(WToW)oWwT
= yloWToWoWT) =xlo(WoWT)H! =al.

Similarly we have, a' o W = b2, a? o W = b'. That is

aQZblowT, al :b2OWT,
b2=aloW; bl =a%2oW.

So the system (3.32) converges to a limit cycle whose period does not exceed
2.0

3.3.2 Fault-tolerance analysis

It is well known that fault—tolerance of a dynamic system can be determined
by the spatial sizes and shapes of attractive basins of corresponding attractors
[8, 20]. The attractive basin of the attractor (a, b) of (3.32) means a subset Fj,
of {0, 1]™ x [0, 1]™, so that for any (x, y) € Fy, taking it as an initial pattern,
(3.32) converges to (a, b). The attractive basin Fj is non-degenerate means
that as a subset of [0, 1] x [0, 1]™ its volume is nonzero.

Suppose a connection weight matrix of (3.32) is a fuzzy matrix W =
(Wij)nxm. For a given fuzzy pattern pair (a,b) : a = (a1,..,an), b
(b1,...,by) and for ¢ € N, j € M, we introduce the following notations:

Il

B (W,b,i) = {j € M|w;; >b;}, BC1(W,a,j) = {i € Njwy; > a;},
BE1(W,b,i) = {j € M|w;; =b;}, BEr(W,a,j) = {i € N|wi; =a;}.
We define the following sets:
B§'(W,b) = {i € N|B¢(W,b,i) # 0, BB (W,b,i) # 0},
BF®’ (W,a) = {j € M|B%1 (W, a,5) # 0, B®/(W,a,j) # 0},
By (W,b) = {i € N|B®/(W,b,i) = 8, BE/(W,b,q) # 0},
By’ (W,a) = {j € M|B% (W, a,j) =0, BE1(W,a,j) # 0},
BT (W,b) = {i € N|BS*(W,b,i) # 0, BPs(W,b,i) = 0},
B§7(W,a) = {j € M|B%1(W,a,j) # 0, BP1(W,a,j) = 0}.

Similarly with Definition 3.2, we build the GE condition for (3.32), that is,
(W, a, b) is called to satisfy GE condition if the following conditions hold:
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(i) Vi € N, Vj; € BE1(W,b,i), jo € B (W, b, i), b;, <bj,;

(ii) Vj € M, Viy € BF1(W, a, j), i € BS1(W,a,5), a;, < ai,;

(iii) Vj € M, there is i € N, satisfying j € BF/(W, b, 1);

(iv) Vi € N, it follows that there is j € M, so that i € BE¥1 (W, a, j).
For i € N, j € M, define

Vo {bk}, BF(W,bd) #4,

d;z(I/V, b) = k€BEI (Wb,i)
07 BEJ(VvaaZ) :q)a
A {b}, BEI(W,b,i) #0,

d2.(W,b) = { keBCJ(Wb.i)
1, BCs(W,b,i) = §;

. _ (3.37)

Voo {ar}, BYWa,j) #0,

dh;(W,a) = { keBPr(wa)
0, BP1(W,a,j) = 0;
/\ {a‘k}v BGI(an’j)#(D’

dp;(W,a) = ¢ ke€BOI(Way)
1, B9 (W,a,j) = 0.

Thus, we can introduce the following subsets related to (a, b) to build the
attractive basin.

A2, (a, b) = {(ml,...,xn) e [0,1]"

x; € [dL(W,b), d2,(W,b)] (i € BS* (W, b)),

z; € [0, d3,(W,b)] (i € B (W, b)),

€ [dL,(W,b), 1] (i € BE(W,b)), ; € [0, 1] (otherwise)};
(3.38)
ABy (2, 1) = { (51, s ym) € [0,1]7[y; € [0, dB; (W, )] (7 € BF* (W),
yj € [d;(W,a), d;(W,a)] (j € B5™ (W,a)),

y; € [dh;(W,a), 1] (j € By (W,a)), y; €[0, 1] (Otherwise)}'
(3.39)

Theorem 3.12 Let the fuzzy matriz W be a connection weight matrix of
(8.82), and the fuzzy pattern pair (a, b) be an attractor, (W, a, b) satisfies GE
condition. Then for any (x, y) € A% (a, b) x AB,(a, b), taking it as an initial
pattern pair, the system converges to (a, b) with one iteration.

Proof. Considering (W, a, b) satisfies GE condition, we can conclude,
Vi € N, d;l(W,b) < bZZ(W,b) Let W = (wij)nxm, a = (al,...,an), b =
(b1, ..., by ). For any j € M, and x = (21, ...,Zn) € A3, (a,b), by GE condition,
there is ip € N, so that j € BE7(W, b, 4). Hence ig € BS® (W, b)U By (W, b).



Chapter III Fuzzy Associative Memory—Feedback Networks 93

Considering j € B®7(W, b, ig), we have

Vv {z ANwiz} > V {dL;(W,b) A wij }
i€BET(W)UBS T (W,b) i€BET(W,b)UBS T (W,b)
> Vv { ( Vv {bk}) /\wij}

4€BEL(W,b)UBS I (W,b) = k€B¥J (Wb,i)

> Vv {bx} = b;.
k€ BEJ (W,b,ig)

Therefore it follows that

V {zi Awiz}
iEN
>V w0V fmawd)v( Vo {miawg))
seBS°I(Wb) i€BST(W,b) +€BET(W,b)
> \% {zi A wzj})Z bj.

i€BT(W,b)UBS *1 (W,b)
(3.40)

On the other hand, for j € M, denote
h(g) 2 V  Awsadwb)= \/ {wij A ( A {bk}) }
i€BS T (W,b) i€BST (W;b) k€BCJ (W,b,9)

By j € B¢/ (W, b, i) we imply, A {bx} < b;. And by j & B¢’ (W, b, 1)
k€BYJ (W,b,i)
we imply, wi; < bj;. So it follows that vV {z; ANwij} < li(g) < b;. Denote

i€BgT (W,b)
i@ 2 V  {wy Al}. I j € BE(W,b,i), then w;; = b;. And when
i€BLT (W,b)
j & BE7(W,b, i), since B¢7(W,b,3) =, we get, w;; < b;. Therefore
\/ {:L‘i N wij} < lz(q) < b;. (3.41)

i€BET (W,b)
With the same step we can conclude that
A
b >ls(g) =\ A{wyrdwWb)l>  \/ A{wyAw} (3.42)
i€BS T (W,b) i€BS T (W,b)
So we can conclude that

XN{%‘ Awij} = li(q) Via(q) V Is(q)V

\/( V {.’Ei/\’wij})g bj.
i BS°T(W,b)UBZT (W,b)UBS T (W,b)
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Synthesizing (3.41) and (3.42) we get, \/ {w;; A z;} = b; (j € N). That is,
ieEN

xoW = b. With the same reason, for y € A%, (a,b), it follows that yoW 7 = a.

Thus, taking (x, y) as an initial pattern the system converges to the attractor

(a, b). O

Remark 3.2 Under the conditions of Theorem 3.12,if Vi e N, j e M, 0 <
a; < 1, 0 < b; < 1, then by (3.38) and (3.39) we can get a non-generate
attractive basin A%, (a,b) x A%, (a,b).

3.3.3 A simulation example

Let N = {1, 2, 3,4, 5, 6}, M = {1, 2, 3}. By Table 3.8 we give the fuzzy
pattern pairs (al, b!), (a2, b?), (a?, b?) for training the FBAM.

Table 3.8 Fuzzy pattern family

ak b*

(0.404060.50406) (0.60504)
(0.30.304050.304) (0.4050.3)
(040403030403 (030304)

W N =

Considering the GE condition, we propose the connection weight W of the
system (3.32):

03 03 06 04 03 0.6
W = (wji)axe=| 03 0 04 05 0 04
04 04 03 03 04 03

Table 3.9 BS(W,b),..., BS7 (W, a)

(a',b!) (a%,b%)  (a°,b?)
BS“(W,b) {3,6} ]
BF*(W,a) @ {1} 0
B§T(W,b) 0 {1,2,5}  {3,4,6}
B (W, a) 0 {3} {1,2}
BE (W, b) {1,2,3,4,5,6} {4} {1,2,5}
By’ (W,a) {1,2,3} {2} {3}

Easily the fuzzy pattern pair (a¥, b*) (k = 1,2,3) is an attractor of (3.32).
So the conditions of Theorem 3.12 hold. To calculate the attractive basin
A3, (a*, bF) x AB,(aF, b*) of (a*, b¥), we firstly compute the following sets:

BS® (W, b), BS® (W, a), B (W,b), BE(W,a), B§*(W,b), B§’ (W,a).
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By (3.38) (3.39) we calculate df;(W,bF), di;(W,a*), i € N, j e M, k =
1,2,3, h =1,2), as shown in Table 3.9.

Table 3.10 values of d%; (W, b*), .., d%s(W, b*)

No. dy; (W, b*) di,(W,b*) dis(W,b*) dy (W, b*) dgs (W, b¥) dae(W, b*)

1 04 0.4 0.6 0.5 04 0.6
2 0 0 0.3 0.5 0 0.3
3 04 0.4 0 0 0.4 0

Table 3.11 values of d2; (W, b*), ..., d2s(W, b*)
No. d2,(W,b*) d2,(W, b*) dz5(W, b*) d§4(W,b’“) dzs (W, b%) d2 26(W, bF)

1 1 1 1 1 1 1
2 03 0.3 0.4 1 0.3 0.4
3 1 1 0.3 0.3 1 0.3

Table 3.12 values of di,, (W, a"),...,dbs(W,a*), d2,(W,a*), .., dZ,(W,a")

No. dlln(VV’ ak) dtl)z(W» ak) d11)3(Wy ak) d2b1(VVa ha®) dsz(I/V’ ak) di3(VV, ak)

1 06 0.5 0.4 1 1 1
2 03 0.5 0 0.4 1 0.3
3 0 0 0.4 0.3 0.3 1

By (3.38) (3.39) the attractive basin is A%, (a*, b*) x A%, (a*, b*) for the

attractor (a¥, b*) (k = 1,2,3), where
A%, (al,b')=[0.4,1] x[0.4,1] x [0.6,1] x [0.5,1] x [0.4,1] x[0.6,1],
{ Ab, (a',bl)=[0.6,1]x[0.5,1] x [0.4, 1];
Ay (a2, b%)=[0,0.3] x [0,0.3]x[0.3,0.4] x [0.5,1] x [0, 0.3] x [0.3, 0.4],
{ (a?,b?)= [0.3,0.4] x[0.5,1] x[0,0.3];
{ % (a®,b3)=[0.4,1]x[0.4,1] x[0,0.3] x [0,0.3] [0.4,1] x [0, 0.3];
AP, (a3, b%)= [0,0.3]x[0,0.3] x [0.4,1].

A FBAM is globally stable and its equilibrium points are Lyapunov stable,
which constitutes the theoretic basis for application of FBAM’s. A FBAM pos-
sesses good fault—tolerance, which is necessary for FBAM’s to store and recall
fuzzy patterns. Like the fuzzy Hopfield networks, FBAM’s as (3.32) can pos-
sess large attractive basins of corresponding attractors by suitable connection
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weight matrix W. By Theorem 3.12, we choose W so that the GE condition
should be ensured, since by (3.38) (3.39), the corresponding attractive basins
can be non-degenerate accordingly, and consequently fault—tolerance of the sys-
tem can be guaranteed. So developing some succinct learning algorithm for W
to enlarge the sizes of attractive basins is important and meaningful for future
research in the field.

§3.4 Learning algorithm for FBAM

Establishing the connection weight matrix suitably is a key factor for a
FBAM to possess good fault—tolerance. So in this section we focus mainly on
a learning algorithm for the connection weight matrix so that the attractive
basins related are non-degenerate, and therefore the system may possess good
fault—tolerant.

3.4.1 Learning algorithm based on fault—tolerance

Give p € N, and the set P = {1,2, ..., p}. Also give the fuzzy pattern family
for training networks:

(A, B) = {(a*, b¥)|a* = (af,...,ak), b* = (8], ..., b)), k € P}.

Let us now build an analytic learning algorithm for W of (3.32). When (A, B)
satisfies some conditions, each fuzzy pattern pair in (A, B) is an attractor of
(3.32), moreover, the corresponding attractive basins are non-degenerate, and
so good fault—tolerance of (3.32) can be guaranteed.

For i € N, j € M, considering the notations defined we recall the following
expressions:

Gij(A, B) = {k S P|af > b;c}, Lij(.A, B) = {k S P|b1]’C > ai-“};
af = V {a¥'}}, Bs(j) = {kePth= V {51}
k'eP

Ea(i) = {k €Plat =
'epP

To improve fault—tolerance of FBAM’s we introduce the following new nota-
tions:

A LA A {BY), Li(AB)UGH(AB) #6;

§(Z,J) — keL;;(A,B) keGy;(A,B)
1, Lij (A, B) U Gi]’ (.A, B) = @
ke Plvh =((5,5)}, Li;i(A B)YUG;(A,B) #
0, Lij(.A, ByU Gij(A, B)=0.
kePlaf =¢(i,5)}, Gi(A B)UL;(A B) # 0
Ei(z,j) _ { € |a1. C(Z,J)} 3(A, B) U Lij( ) # (3.44)
0, Gi;(A, B) U Li;(A,B) = 0.
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Let us now develop an analytic learning algorithm to establish a connection
weight matrix W = W, = (0};)nxm of (3.32).

C(iaj)v Lij(A7 B) UGij(A7B) 7é 0;
Yii =YV {aF}, Li(A B)UG;(A B)=0. (3.45)
keP

Definition 3.7 We call the fuzzy pattern pair family (A, B) to be co-
existed, if the following conditions hold:

(i) Vi € N, there is j € M, so that Vk € P, af = b%;

ii) Vj € M, there is ¢ € N, satisfying Vk € P, af = bf;

(

(lll) VZEN, U Ei(la])UEA()_Pa Vj EMv U Eg('l).])UEB(]) =P.
jEM €N

(

iv) Vk € P, Vi € N, if j; € B¢/ (W,,b*,i), j, € BE7(W,, bk i), we have,
bh < b%;

(v) For any j € M, if i, € B¢1(W,,a*,j), i, € B (W,,ak, 5), it follows
that af <al.

Obviously the conditions (i} and (ii) of Definition 3.7 are equivalent with
the following facts (i) and (ii’), respectively:

(i") Vi € N, there is j € M, satisfying L;;(A, B) U G;;(A, B) = 0;

(ii/) Vi € M, there is ¢ € N, so that L,;j (A, B) U Gij(.A, B) = 0.

Learning algorithm (3.45) is efficient, which can be demonstrated by the
following result.

Theorem 3.13 Suppose a fuzzy pattern pair family as
(4, B) = {(a*,b*)|a* = (af, ...,af), b* = (b}, ...,b},), k € P}

is co-existed. Moreover, Vi € N, j € M, k € P, the following conditions hold:
(i) 0<aFf <1,0<bl <1;
(it) (A, B) is co-existed.
In (3.82) choose W = W,. Then Vk € P, (a¥, bk) is an attractor of the
system, and the attractive basin A%, (a ,b*) x Ab, (a ,b*) is non-degenerate.
Proof. Give k € P, and in (3.32) let W = W,. For any j € M, since (A, B)
is co-existed, we have, {i € N|L;;(A,B) U G;;(A,B) = 0} # 0. Also since
Vi’ € {i € N|Li;(A,B) U Gi;(A,B) = 0}, we can imply, ¥k’ € P, af =b¥. So
by (3.45) it follows that

\ {af Awlj} = b5 Awggy = bE A ( \/ {8 }):b;?. (3.46)
il Li; (A,B)UG; (A,B)=0 k' eP

On the other hand, if G;;(A4, B) # 0, then by k € G;;(A, B) we can conclude
that

af nuwfy=afnc@ ) safa( N\ {FY)< bk =tk
k’EGij(A,B)
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Because k ¢ Gy;(A, B) can ensure that af < b%, we get, af A w}; < b%. Thus,

T — 3

V  {af Awj} < bh. Similarly we have, V o A{af Awl)y < BE
i1y (AB)#0 i|Li; (AB)£D
Therefore
V {af Nwj;}< B

i|L;; (ABYUG;; (A,B)#£0
Considering (3.46) we imply, V {af A w};} = b (; € M). With the same
iEN
reason, the fact \/ {b;c ANwi} = a¥ (i € N) holds. So (a*, b*) is an attractor
JEM

of (3.32).

Now let us show, (W, a*, b¥) satisfies GE condition. Since (A, B) is co-
existed, it follows that Vj € M, there is ¢; € N, so that k € Eg(il,j) U Eg(j).
If k£ € Eg(j), then VK’ € P, bfl < bf. By the assumption we have

{1 € N|G;(A,B) U Li;(A B) =0} 0.

So let i € {l S NlGlJ(A,B) ULlj(A, B) = (Z)} Thus

wig = \/ {ab} = \/ {oF'} =oh.

k'ep k'ep
That is, j € BE/(W,,b* ig). Using (3.43) we get
k € Eg(i1,]), = Giyj(A,B) U Ly, ;(A,B) # 0.

So (3.45) and (3.43) imply that b¥ = ((i1,5) = wi,y, ie. j € BE/(W,,b¥,i).
Hence for j € M, there is i € N, so that j € BE7(W,, b¥ 4). On the other hand,
Vi1 € BE/(W,,bk,4), jo € BY (W,,bF i), by the condition (i), 6%, > ¥ .
Using the same steps we can conclude that

(1') Vi € N, there is j € M, so that i € BF1(W,,b*, j);

(2) Vi1 € BE1(W,, b, 5), i € BG1(W,,b",j), = ak >af .
So (W,, a*, b¥) satisfies GE condition. V(x, y) € 43, (a*,b*) x Af, (a*,b*),
By Theorem 3.12, (x,y) converges to (a*, b*) with one iteration. Thus,
A3, (aF,b*) x A, (a* bF) is the attractive basin of (a*, b*). And by the
assumption and Remark 3.2 A%, (a¥,b*) x A, (a*,b*) is non-degenerate. (]

From the proof of Theorem 3.13 the following conclusion is trivial.

Remark 3.3 Let (A, B) be co-existed. Then Vk € P, Vj € M, there is
i € N, so that wj; = b;?; Symmetrically Vi € N, Vk € P, there is j € M,
satisfying w}; = af.
3.4.2 A simulation example

Let us in the following explain the realizing steps of the analytic learning
algorithm (3.45), and therefore demonstrate its efliciency. To this end let N =
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{1,2,3,4,5,6}, M= {1, 2 3,4}, P = {1, 2, 3}. By Table 3.13 we give the
fuzzy pattern pair family (A4, B) = {(a*, b*)|k € P}.

Table 3.13 Fuzzy pattern pair family
k bk
(0.4 0.4 0.6 0.5 0.4 0.6) 0.6 0.5 0.4 0.4)

k

1 (

2 (0.30.30.40.5050.4) (0.4 0.5 0.3 0.5)
3 (0.4 0.40.30.30.30.3) (0.30.30.40.3)

With the following steps we may realize the learning algorithm (3.45):

Step 1. Put k = 0; and for ¢ € N, j € M, calculate L;;(A, B), G;;(A,B),
consequently determine ((%, 5);

Step 2. For i € N, j € M, calculate Ei(i,j), Eé(i,j), E 4(3) and Eg(j);

Step 3. Discriminate whether (4, B) is co-existed or not, that is, verify the
following conditions to hold or not:

(1) VieM, U E4(i,5)UEg(j) = P, and Ly;(A, B) UGy;(A, B) = 0 holds

ieN

for at least one 7 € N;
(2) Vi € N, UM ES(i,§) U E4(i) = P, and Ly;(a, B) U Gy;(A4, B) = § holds
i€

for at least one j7 € M.

If yes go to the following step, otherwise stop the procedure;

Step 4. By (3.45) to determine W,, and let k = k + 1;

Step 5. Discriminate whether (W,, a¥, bk) satisfies GE condition, if yes, go
to the following step; otherwise go to step 4;

Step 6. For a*, b*, W, we compute the sets: B (W,,b*), and

BE (W, b*), BS (W, b*), BS® (W,,a*), BE"(W,,a*), BS’ (W,,a");

Step 7. Use (3.38) (3.39) to compute Ag, (a*,b*) x A}, (a®,b¥), the at-
tractive basin of (a*, b¥).

For (A, B) shown as Table 3.13, easily we can show that the conditions
in above steps hold. So we can establish the connection weight matrix W, =

(wfj)6x4 of (332) as
03 03 06 04 04 0.6
03 03 04 05 04 04
WT = (w* —
« = (Wjidaxe 04 04 03 03 03 0.3
03 03 04 04 05 04

The fuzzy pattern pair (a*, b*) (k = 1,2,3) is the attractor of (3.32). To
compute the attractive basin A%, (a* ,bk) x A5, (aF,b*) (k =1, 2, 3), we first
calculate the following sets: Bge’ (W, bF), Bg‘” (W,,a*), BS"(W,,b*), and
B§7(W,,a*), BE'(W,,b¥), BEY(W,,a), as shown in Table 3.14.
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Table 3.14 B! (W.,b*), ..., BE/ (W.,a*)

(al’ bl) (a2’ b2) (aS’ b3)
BS1(W,, bF) 0 {3,6} ]
BS¢ (W,,a") 0 {1} )
B§ (W.,bk) {5} {1,2} {3,4,5,6}
BS7 (W,,a*) {4} {3} {1,2,4}
BE (w,,b*) {1,2,3,4,6} {4,5} {1,2}
BE (W, a") {1,2,3} (2,4} {3}

Fori € N, j € M, k € P, we determine dl,(W,,b*), d2.(W.,,b*), and

d;(W.,a*), di;(W.,a") by using (3.37). And compute the attractive basin
A2, (a® b*) x A}, (a*,b*) (k € P) of (a¥, b¥), where

{
{
{

w.(a',b’)
w.(a',b')
. (a%b?)
W. (@®,b?)
W, (a%,b%)
. (

3 13
w.(a%,b
a

al,bl

al bl

b

1

([0.4,1]x[0.4,1]x[0.6,1] x[0.5,1] % [0,0.4] x [0.6, 1],
0.6,1]x[0.5,1] x [0.4,1] x[0,0.4];

0,0.3] x[0,0.3] x [0.3,0.4] x [0.5,1] x [0.5,1] x [0.3,0.4],
0.3,0.4] x[0.5,1] x [0,0.3] x [0.5, 1];

0.4,1] x[0.4,1] x[0,0.3] x[0,0.3] x [0,0.3] x [0,0.3],
3,b3) = [0,0.3] x[0,0.3] x [0.4,1] x [0,0.3].

a2, b2

[
[
[
[

There are still two important and meaningful problems to be solved. First,

the condition of the fuzzy pattern pair family (A, B) being co-existed should be
improved so that the learning algorithms related can be applied more widely;
Second, develop a novel learning algorithm for W to enlarge the attractive
basins related, and therefore improve fault-tolerance of the system (3.32).

3.4.3 Optimal fault—tolerance

Let us next generalize (3.38) (3.39) to improve fault—tolerance of (3.32).

To this end we use (3.2) to enlarge the attractive basins determined by (3.38)
(3.39) through taking the function w(-) as a bridge. Let

BY'(W,b) = {i € N|BE/(W,b,i) = M},
BY’(W,a) = {j € M|BF1(W,a,j) = N}.
[ minf{ili e BEW,B)}, BE(W,b) #0;
Ze:{ n+1, BE1(W,b) = 0.
. min{j|j € Bf*(W,a)}, B’ (W,a) # 0;
e:{m+1, BF7(W,a) = 0.
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Suppose (W, a, b) satisfies GE condition. For simplicity we also denote

A% (a,b) = {(a:l, ) € [0, 1]7|z; € [0, d2,(W,b)] (i € B (W, b)),
z; € [dL;(W,b) - w(BF (W, b)), 1] (i € B["(W,b) \ {ic}),

z; € [d(W,b), d2,(W,b)] (i € B (W, b)),

zi, € L (W,b), 1], @ € [0, 1] (otherwise)};
(3.47)
Aby(a,b) = {11, - ym) € 10, 17|y, € [0, B, (W,2)] G € BF? (W),
y; € [dh;(W,a) - w(Bf” (W,a)), 1] (j € B’ (W,a) \ {zc}),
uj € [db;(W,a), &2, (W,a)] (j € B§ (W,a)}),
y;. € [db;, (W, a), 1], y; € [0, 1] (otherwise)}.
(3.48)

Theorem 3.14 Let W be the connection weight matriz of (3.32), and
the fuzzy pattern poir (a,b) be an atiractor of (3.32). Let (W, a, b) satisfy GE
condition. Then for any (x,y) € A3, (a,b) x Ab, (a,b), taking it it as an initial
fuzzy pattern, the system (3.32) converges with one iteration to (a,b).

Proof. Give i € N, j € M. Since (W, a, b) satisfies GE condition, we get
by (3.37) that

dilii(Wa b) < d2,;(W, b), d%;j(VVa a) < d%j(Wv a). (3.49)
For fuzzy pattern pair (x,y) € A%.(a,b) x AB,(a,b) : x = (z1,...,2,), y =

(Y15 s Y ), If BIEI (W,b) # 0, then by i, € B}E’ (W, b), we have BE7 (W, b, i.)
M. So by (3.47) it follows that

v {oe Awis} >V {ok Awig} = i, Awgj
kEBFT (W,b)UBG ! (W,b) keBZT (W,b)
I (o I

>d};, (W,b) Aw;,j > ( V {bk}) Aw;,
keBEFJ(W,b,i.)

> (V. (b} )Awig 2 5
(3.50)

If BE1(W,b) = 0, then w(BF* (W, b)) = 1. Since (W, b) satisfies GE condition,
we choose ig € N, so that j € BE/(W,b,ig). Therefore, i € BgeI(I/V, b) U
BFT(W,b). Considering (3.46) and j € BE7(W, b, 1), we can conclude that

\% {zr A wis} > V {dL (W, D) Awg; }
kEBTT(W,b)UBG ! (W,b) keBPI (W,b)UBS®I (W,b)
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> i, (W) Awigy 2 (V. (b)) hwgy 2 by
kE€BEI (W,b,ig)

In summary, V {zr ANwg;} > b;. Thus
keBS I (W,b)UBET (W,b)

V{zk/\wkj}=< V {ﬂ?k/\wkj})V< V {xk/\wkj})v

kEN keBSI (W,b) keBST (W,b)
vV fmenwgd)y( v {ex Awis})
keBFI(W,b) k€BS I (W,b)UBZT (W,b)UBST (W,b)
> ( v {xk/\wkj}>2 bj.

keBET (W,b)UBS “f (W,b)
(3.51)
On the other hand, let

b2\ {wgadamn)l= V {ugn( A @)}

keBy ! (W;b) kEBST (W,b) k'€BSJ (W,b.k)

By the fact that j € B¢/ (W, b, k), it follows that A {br} < b;. And
keB%J(W,b,i)
j & B¢/ (W,b, k) may imply, wi; < b;. So V  {zeAwg} <lig) <b;.
keBST(W,b)
With the same reason we have

b; > la(q) 2 V {wrj A1} > V {wrs A i}

keBET(W,b) keBYI(W,b)
A
bj2lae)= V  A{wyAdL(Wb)}> Vo {wg Az}
keBS I (W,b) keBS T (W,b)

Therefore, the following fact holds:

k\e/N{xk ANwrs} < li(g) Viz(g) Vis(q)V

\/( V {zs A wkj}> < b;. (3:52)

kgBFT(W,b)UBS T (W,b)UBS ! (W,b)

Thus, using (3.51) and (3.52) we get, V {wi; Az} = b; (j € M). Using the
kEN
similar steps we can show, V {yx A wy} = a; for i € N. Hence x o W =
keM
b, y o WT = a. That, (x,y) converges with one iteration to (a,b). O

Remark 3.4 Under the conditions of Theorem 3.14,if Vi € N, j € M, 0 <
a; <1, 0 < b; < 1, then by (3.47) (3.48) we can show, the attractive basin
A2, (a,b) x A% (a,b) is non-degenerate.
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Now let us enlarge the attractive basins of the attractors of (3.32) by ad-
justing W suitably.

Theorem 3.15 Suppose (a,b) is an attractor of (3.32) when the connection
weight matriz W is W1 and Wy, respectively. Moreover, W, C Wy, and W,

is defined by substituting some nonzero elements respectively of Wo for zero.
(W1, a, b) satisfies GE condition, and so does a,b, W,. Then

Ay, (a,b) x A}, (a,b) C A%, (a,b) x A%, (a,b).

Proof. By the assumption and Theorem 3.14, A}, (a,b) x A"?VI (a,b) and
A, (a,b) x AY, (a,b) are the attractive basins of (a,b) when W being W
and W, respectlvely To prove our conclusion it suffices by (3.47) and (3.48)
to show, Vi € N, j € M, it follows that

dgi(W1,b) < dg;(Wa,b), dZ;(Wa,b) < d2;(W1,b). (3.53)

dh;(Wh,a) < dy,;(Wa,a), di;(Ws,a) < dp;(Wh,a). (3.54)

In fact, Suppose Wk = (w”)nx" (k = 1,2). Then by the assumption, Vi €
N, j7 € M, either w =0 or, wl = wfj. So for i € N, we have, B¥7(Wy,b,i) C
BE7 (W,, b, ). Thus

duwib)= \/ s {be} =dL(Wa,b).

keBEJs (Ws,b,i) k€BEJ (Wa,b,i)

The first part of (3.53) holds. On the other hand, W7 C W, may imply,
Vi € N, BG7(Wy,b,i) C B¢ (Ws,,b, ). Hence

da (W2, b) = A {be} < A {be} = d2; (W1, b),

ke BGJ (Ws,b,6) keBCJ (W1,b,i)

i.e. the last part of (3.53) holds. So (3.53) is true. Similarly we can show,
(3.54) holds. I

By Theorem 3.15, in the system (3.32), provided (W, a, b) satisfies GE con-
dition, the smaller the connection weight matrix W is, the larger the attractive
basin of each attractor is. Such a fact can lead us to develop a novel learning
algorithm for W so that the system (3.32) possesses optimal fault-tolerance.
At first we improve (3.45) so that

(i) When (A, B) satisfies some simple conditions, each fuzzy pattern pair
in (A, B) is attractor of (3.32);

(ii) W achieves its minimum value, and consequently (3.32) has optimal
fault—tolerance.
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To this end, we denote for 1 € N, j € M

LA(i,j) = {.71 € M|Jl <7 zyl(A B)) # 0, and C(i, 1) = iaj)}a
,J) {i1 € N|iy < i, Ly, ;(A,B) #0, and ¢(i1,5) = C(6,5)},
DA(i,5) = {21 € N’zl <i, af =af =\ {af }} (3.55)
k'EP

DB(i,j) = {51 € M1 < j, b = b, = kvp{b;v’}}.
‘e

Now we can determine the connection weight matrix W = W, = (w?j)nXm of
(3.32) as follows:

[SEDM@LAGAB(LBG)} LA B) UG (AB)£0,
TV ()M (DBG ) A (DAG.0) ), Lig(A,B) U Gy (A B)=0

(3.56)

Theorem 3.16 Suppose (a,b) is an arbitrary fuzzy pattern pair, a =
(@1,...,ar), b = (b1,...,by,), moreover, ¥i € N, j € M, a; - b; # 0. Fuzzy
matrices W,, Wy are defined by (3.45) and (3.56) respectively. (W,, a, b)
satisfies GE condition. Then (Wp, a, b) satisfies GE condition also.

Proof. By the respective definitions of (3.45) (3.56), obviously we have

VieN, jeM, w) #0, = wd = w}. (3.57)

27

For each i € N, we choose arbitrarily ji, jo € M satisfying the conditions:
j1 € BE1(Wy,b,i), j2 € B% (Wy,b,i). Then by the assumption we get,

wl, = bj, >0, wij, = by, > 0. By (3.57) it follows that w}; = b;,, wj, > bj,.
So j1 € BE/(W,,b,i), j, € BY (W,,b,i). Since (W*, a, b) satisfies GE
condition, b;, < bj,. For arbitrary j € M, also using the assumption that
(W., a, b) satisfies GE condition, we imply, there is ¢ € N, so that j €
BEI(W,,b,4), ie. wj; = b; > 0. Using (3.57) again, we obtain wj = b;.
hence j € BEY(Wy,b, ). With the same steps we can show, for each j € M,
and Vi, € B¥1(Wy,a,j), Vi, € B¢ (Wy,a,j), it follows that a;, < a;,. More-
over, Vi € N, 3j € M, satisfying i € B¥"(Wy, a,j). Thus, (W, a,b) satisfies
GE condition. [

Considering the fact that Wy C W,, Theorem 3.15 and Theorem 3.16,
we can get better fault-tolerance of the system (3.32) if we choose Wy as
the connection weight matrix rather than W,. Furthermore, Similarly with
Theorem 3.5, we may show the minimality of Wy defined by (3.56) with the
given conditions.

Remark 3.5 Suppose a fuzzy pattern pair family as

(4, B) = {(a*,b")|a* = (af, ..., ap), B* = (b}, ... b,), k € P}



Chapter III Fuzzy Associative Memory—Feedback Networks 105

is co-existed. Wy = (w?j)nxm is defined by (3.56). Then W} is minimum among
the fuzzy matrices W’s which satisfy the following conditions:

(i) Vk € P, (a*, b*) is an attractor of W

(ii) Vk € P, (W, a*, b*) satisfies GE condition.

By Theorem 3.15, Theorem 3.16 and Remark 3.5, if the connection weight
matrix of (3.32) is Wy, then each fuzzy pattern pair in (A, B) is the attractor.
Moreover, the attractive basins related is maximum, and therefore the system
possesses good fault—tolerance.

3.4.4 An example

To show the advantage in fault—tolerance of the FBAM defined by Wy over
that by W,, we in this subsection use the same example as in §3.4.2 to calculate
the attractive basins related to Wy. So N = {1,...,6}, M = {1, 2, 3, 4}, and
the fuzzy pattern pairs (A, BY), (A2, B%), (A3, B3) are shown in Table 3.13.

It is easy to show that the conditions of Theorem 3.15, Theorem 3.16 and
Remark 3.5 hold. Using (3.55) we can establish the connection weight matrix
Wo = (wg;)exa as follows:

03 0 06 04 0 0
03 0 04 05 0 0
Wi = —
0 = (Wiidixs 04 0 03 0 0
03 0 04 0 05 0

The fuzzy pattern pair (a®, b*) for £k = 1,2, 3 is the attractor of (3.32)
when W = W,,. To compute the attractive basin A%, (a*, b¥) x AB, (a*, b¥) of
(a®, b*) (k = 1, 2, 3), using the same steps as in §3.4. 2 we can calculate the fol-
lowing sets: BG” (W,b), B§® (W,a), BS'(W,b), BS?(W,a), BE'(W,b) and
BET (W, a) shown in Table 3 14. Fori € N, j € M k € P, we determine
dai (Wi, bF), d2,(W.,,b*), and dy ;(W.,a"), d%J(W*,a ) by using (3.47). And
compute the attractive basin A%, (a* b*) x AP, (a*,b*) (k € P) of (a*, b*),
where

{ A%, (al,bt) = ([0.4,1] x[0,1]x[0.6,1] x[0.5,1] x [0,0.4] x [0, 1],
A, (al,b') = [0.6,1]x[0.5,1] x [0.4,1] x [0, 0.4];
{A%V(aQ ,b?) = [0,0.3] x[0,1] x[0.3,1] x[0.5,1] x [0.5,1] x [0,1],
AYy (a2, b%) = [0.3,0.4] x[0.5,1] x [0,0.3] x [0.5, 1];
A%y (a®,b%) = [0.4,1]x[0,1]x[0,0.3] x [0,0.3] x [0,0.3] x [0, 1],
{ APy (a3,b%) = [0,0.3]x[0,0.3] x [0.4,1] x [0,0.3].

From above respective attractive basins of (a',b!), (a?,b?) and (a®,b?) we
can see they are larger than the corresponding ones respectively in §3.4.2. And
so the fault—tolerance of the system (3.32) is improved by using Wj.
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83.5 Connection network of FBAM

By the preceding section we know, provided the connection weight matrices
are chosen suitably, FBAM’s may possess good fault—tolerance. In the section
we suggest a novel method to study the transition laws of the states of the
FBAM’s, and give a further research on the attractors of the FBAM’s. By
the proposed approach here, some FBAM’s with poor fault—tolerance may be
discriminated. The tools to do these are the fuzzy row-restricted matrices,
elementary memory and fuzzy homomorphism operators, etc. In the following
we write also N = {1,...,n}, M = {1,....,m}, m,n > 3. If x € [0, 1]*, denote

(x); 2 x; the j—th component of x.
3.5.1 Fuzzy row—restricted matrix

To study the attractors of FBAM’s, we introduce the fuzzy row-restricted
matrix and the fuzzy connection matrix related to a given fuzzy matrix. Con-
sidering ftnxn, means the collection of all fuzzy matrices with n rows and m
columns, we propose R = (73;) € pinxm and L = (l;;) € pmxn to generalize

(3.32) as follows:
{ y* =xF1oR

gk lor (3.58)

where k = 1,2, ..., is the iteration steps, (3.58) is called a generalized FBAM.

Denote x* = (2%, ...,z%), y* = (y¥,...,y%,), We rewrite the system (3.58) as

Yk = VN{-’Ef*1 Arig} (€M),
1€

of = V{y; " AL} (eN).
JEM

(3.59)

Considering (3.58) or (3.59) is uniquely determined by the fuzzy matrices R, L,
we also call (R, L) a generalized FBAM.

Definition 3.8 Suppose A € [0, 1], k, p, ¢ € N, and the fuzzy matrices
W = (i) € tnxm. Define W) = (wi;), w® = (W)€ inxm, respectively
as follows:

w
ij . 15 ’
)\/\wij i=k We; i=p

We call W) the k—multiple matrix of W, and W the p — ¢ commutative
matrix of W.

We denote by A = (&;;) the identity matrix, ie. d; = 1 (¢ = j) and
8;; =0 (¢ # j). And by Ag(A) denote the k—multiple matrix of the identity
matrix A. Ap, means the fuzzy matrix obtained by interchanging p-th row
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and g-th row of A, i.e. A, is the p — g commutative matrix of A. From now
on, we call Ag(A) and Ay, the fuzzy row-restricted matrices. For simplicity we
omit the mark of the order of a fuzzy row-restricted matrix, since it is easy to
know the order through the fuzzy matrix used for composition. For example,
W € finxm, by Ar(A) oW we implies the order of Ag()) is n. It is trivial by
Definition 3.8 to show that

Proposition 3.1 Suppose W, W@ are k-multiple matriz and p — q
commutative matriz of W, respectively. Then

(i) WO = A, N oW, WO = A, o W;

(it) Vx € [0,1]", (x0 Apq) 0 Apg = x, moreover, Apq o (Apgo W) =W;

(#5) ¥x € [0,1]", A €[0,1], x 0 Ag(A) C x, Ap(X) oW C W.

If the fuzzy matrix P can be represented as follows: A; 0 Ago---0 Ay,
where A, (p = 1,..,,1) is a fuzzy row-restricted matrix. We call P a fuzzy
elementary matrix. Denote the relation that Wy = P o W; between W; and

Ws by Wy £, Ws. Suppose Ay, A, are fuzzy row-restricted matrices. We call
(Al oR, Ao L) a fuzzy connection network of (R, L), also, the connection
network of (R, L) for simplicity.

Introduce the following notations for the given fuzzy pattern (a,b) : a
(a1, ...;an), b = (b1,...,brm), fuzzy matrices R = (rij) € fnxm, L = (I
Hmxn and (kl, k)z), (i, j) ENXM:

m it

Nkt = N\ {k1}, M*2 = M\ {k,},
Ep(j) ={i' € Nlay =b;}, Epa(i) = {j' € M|bjs = a;},
Gap(j) = {i' € Nlaw > b;}, Gpa(i) = {5’ € Mlby» > a;},
I4g(j) ={V € Nlay > b;}, Ipa(i) = {5’ € M|by > a;},
JrB(j) = {i" € Nlri; 2 b}, Jra(i) = {5’ € Mllys > ai},
Grp(j) = {¥ € N|rirj > b}, Gra(i) = {5’ € M|lj;; > a;}.
If P is a subset of N or M, xp means the characteristic function of P, and

Card(P) means the cardinal number of P, i.e. the total number of elements in
P.

3.5.2 The connection relations of attractors

In the following, we study the relations between the attractors of (R, L)
and ones of the corresponding connection network. Considering Theorem 3.10
we generalize the definition of attractors of (3.58), i.e. the fuzzy pattern (a,b)
is called the attractor of the system (3.58) if b=ao R, a=bo L. Also (a,b)
is called the attractor of (R, L).

Theorem 3.17 Let the fuzzy pattern pair (a,b) : a = (a1,...,a,), b =
(b1,...,bm), be the attractor of (R, L), k1 € N, ky € M. Then (a,b) is a
attractor of the connection network (Ag, (e) o R, Ay, (8) o L) for each a, B €
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[0, 1] if and only if the following hold:

{ Vi € M, N¥ A Iap() N Jrs(j) £ 0, (3.60)

Vi € N, MF2 ﬂIBA(i) ﬂJLA(’i) #+ 0.

Proof. For each «, 3 € [0, 1], at first we suppose (a,b) is the attractor
of (Ak, (@) o R, Ag,(B) o L), but (3.60) is not true. Then it is no harm to
assume there exists jo € M, so that N* N I.p(jo) N Jra(jo) = @. Denote
Yio = (Ao (A, (a) o R))jo' Considering Vi € N*, i & Iag(jo) N Jrp(jo), we
get

xS Nk — aq; < bjo or, 75, < bjo = b; A Wije < bjo'
Thus, V {a; Arije} < bj,. Therefore if let a < bj,, and
iENFL

Yjo = ( \/ {a; /\’I‘Z‘jo})\/(ak1 /\a/\rkljo)< by -
ieNk1

we can conclude that b £ ao (A, (@) o R), that is, (a, b) is not the attractor of
(A, (@) o R, Ag,(B) o L), which contradicts the assumptions of the theorem.
Thus the condition (3.60) holds.

Conversely, if the condition (3.60) holds, then Vi € N, 5 € M, there exist
io € N1 NIT4p(5)NJrB(4), jo € M2 NIpA(i) N Jpa(4). Consequently we have

ip € N¥ and ai, > by, rig; = by Jo € M’”, and b, > a;, i > a;.

Therefore considering the assumptions and (iii) of Proposition 3.1, we obtain
b=aoRDao(Ay(0)oR),a=boL D>bo(Ag(3)oL). and

bj > (a ) (Akl (Oé) o R))].: ( \/k{aif A ’f'z‘/j})\/(a ATk N akl)z Qi AT Zb]',
%/ ENF1

a;> (bo (Ag,(8) 0 L)) = ( \/k{bj' A lj’i}) V(B A liys A by )>bjg ATji > as.
3 eEMP2

Hence, (a o (Ag,{(a)o R))jz b, (bo (Ak,(B8) o L)),= a;. Thus (a,b) is the
attractor of (Ay, (@) o R, Ay, (B)oL). O
By Theorem 3.17, the following corollary is trivial.

Corollary 3.1 Let the fuzzy pattern pair (a,b) be the attractor of (R, L).
And k1 € N, ky € M. Then the sufficient and necessary condition that (a,b)
is not the attractor of (Ag,(a) o R, Ag,(8) o L) for each o, B € [0, 1], is that
one of the following conditions holds:

(i) There is jo € M*2, so that Iap(jo) N Jre(jo) = {k1} or ;

(ii) There exists io € N*, satisfying Ipa(io) N Jpa(io) = {ka} or 0;
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For p1, g1 €N, p2, g2 € M, (4,5) € N x M, define RS;(p1,q1), RT;(p1,q1),
and LS;(ps, ¢2), LTi(p2,q2) respectively as follows:

RSi(pr,q)= NV {ay Az}, RTi(p1,q1) = (rpy A agy)V(Taus A apy )
'ENPINN

LS;i(p2,q2)= V {bj Nlji}, LTi(p2,q2) = (lpzi A qu)v(lqzi A bpz)'
jEMP2NMI2

Let A1, As € [0, 1]. we call (A1, A2) the neighboring values in x € [0, 1]*, if
for each component x of x, either z < Ay A Az or, z > A; V Az. Obviously, if
A1 = A2, (A1, Ag) are neighboring values in each x € [0, 1]™.

Theorem 3.18 Suppose (a,b) : a = (a1,..,an), b = (b1,...,by) is
the attractor of (R, L), and p1, 1 € N, p2, g2 € M, so that (ap,, a, ) are
neighboring values in b, (by,, by,) are the neighboring values in a. And ap, >
gy, bp, > bg,. Then (a,b) is also the attractor of (Ap,q, © R, Ap,q, 0 L) if and
only if one of the following conditions holds for anyi € N, j € M :

(' RSJ(Ple) Zb]7 R]}(p]_’ql) Sb]a

1
LSi(p2,92) > ai, LTi(p2,q2) < ai;

(ii) { 1- XEBA(PI)(j) +Tqj 2 py, XEBA(fh)(j) -1+ Tqj < Oqy,
L= XBap(p2)(®) + laai 2 bpay XEap(aa) (1) = 1+ lgai < by, -

Proof. Sufficiency: Give arbitrarily ¢ € N, j € M. Let (i) hold, then con-
sidering the following fact:

bj = \/ {re; Aax} = RS;(p1,a1) V (rpy; V ap, )V (rgys V ag, ),
keN

we get, RS;(p1,q1) = bj. Therefore RS;(p1,q1) V RT;(p1,q1) = b;, and con-
sequently (a o (Apq4 o R)); = b;. With the same reasons we may show,
(b 0 (Apyq, © L))iz a;.

Suppose (ii) holds. In order to prove (ao (A, © R))J.: b;, it suffices by
the assumptions to show the conclusion holds in the following four cases:

(i) by > ap,, (i) b =ap,, (i) b;=aq, (V)b <ay,.

To case (i'), bj > ap, > ag,, then (ap, ATp,;)V(ag, Arq, ;)< bj, and RT;(p1,q1) <
b;. Since b = ao R, it follows that RS;(pi,¢1) = b;, moreover

(a °(Apiqu © R))].—“— RS;(p1,q1) vV RT;(p1,q1) = b;. (3.61)
To case (ii'), 7 € Ega(p1), by the condition (ii) we obtain

XEBA(PI)(j) =1, rq5 = ayp,. (3'62)
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Since (a,b) is the attractor of (R, L), the following fact holds:
bj = \/ {ak A rkj}. (3.63)
EeN

So using (3.62) (3.63) and the fact b; = ap, we can conclude that
bj > RSj(pl,ql) - R.S'j(pl,ql) \ (Tplj AN aql)\/(rqu /\apl)z bj.

Therefore, (ao (Ap,q, OR))J: RS;(p1,q1)V RT;(p1,q1) = bj, and (3.61) holds.
To case (iii’), j € Epa(q1), so by the condition (ii), (3.61) and the inequality:
ap, > aq, it follows that xg,,(4,)(5) =1, Tq5 < gy, and rp ; < b;. Thus

bj = RSj (p11 q1) v (rplj N apl)v(rfhj A ath)
= RSj(pl,ql) \Y (’I‘plj A aql)\/(rqu A apl).

That is, (bo (Apq o W))j: b;.
To case (iv'), b; < ag,. Then rp ; Aap, < ag, < Gp,, Tqij N ag, < Ggy < Qp,.
Hence (rplj A apl)\/(rqu A aql)z Tpi V Tq; = RT;(p1,q1). Consequently

bj = RSj(thI)V(ke{V }{bkATkj})
P1,q1

= R‘S’j(ph(h) \ RTJ’(?th) = (b o (qu © R))J

Vi € N, j € M, If (i) or, (i) holds, we have, b = ao (A, oR), a =
bo (Ap,qg o L), Le. (a,b) is the attractor of (Ap,q, o R, Ap,q, 0 L).
Necessity: Suppose (a,b) is the attractor of (A, 4, 0 R, Ap,q, o L). Then

So bj = (bo(Apg 0 R)),. With the same reason, (b o (Ap,q, 0 L)),= a;. Hence

bj = RSj(p1,q1) V (Tp5 Aap,)V(re; Aag,)
= RSj(p17 Q1) \% (Tplj A afh)v(rtnj A a’P1)'

For j € M, if the condition (i} is false, then RS;(p1,q1) < bj, or RT;(p1,q1) >
b;. Since b; = RS;(p1,¢q1) V RT;(p1,q1), we have, RS;(p1,q1) < b;. Let us next
show (ii) in the preceding four cases: (i') (it’) (iii’) and (iv’), respectively.

If b; = ap,, then considering RS;(p1,q1) < b; and b; = ap, > ag,, and (3.64)
we can show, rq,; > ap,. S0 1 — Xg, . (p))(J) +Tqj = Taj = ap,. I b = ag,,
then (3.62) implies, r4,; < ag,. Thus, Xgg,(q:)(J) = 1 + 745 = 7,5 < ag,. To
the other cases, obviously we have

(3.64)

1- XEBA(m)(j) + Taij 2 Qpys XEBA(ql)(j) -1+ Tqij < Qqy -

Similarly we can prove, if for i € M, the condition (i) is false, then

1- XEAB(P2)(i) + lthi 2 bm’ XEAB(KD)(i) -1+ llhi < qu'
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Hence Vi € N, j € M, the condition (i) or (ii) is true. [

3.5.3 The elementary memory of (R, L)

It is very important for FBAM’s to construct some dynamical networks
with better fault-tolerance. By the method in the subsection, we may establish
some novel ways to do that by the elementary memory of the FBAM (3.58) if
(R, L) can be trained so that the given fuzzy pattern pairs are the elementary
memories of the network.

Definition 3.9 Suppose (a,b) is a fuzzy pattern pair, we call (a,b) an
elementary memory of (R, L) if the following conditions hold:

(i) For any k1 € N, ky € M and o, 8 € [0, 1], (a,b) is the attractor of
(Akl (Oc) o R, Akz (ﬂ) o L),

(ii) Vp1, g1 € N, and ¥ps, ¢2 € M, (a,b) is the attractor of the connection
network (Ap, 4, 0 R, Apyq, 0 L).

Obviously if (a,b) is an elementary memory of (R, L), (a,b) is also the
attractor of (R, L). Next let us present some sufficient and necessary conditions
that a attractor of (R, L) is an elementary memory of (R, L).

Theorem 3.19 Assume that the fuzzy pattern pair (a,b) is an attractor of
(R, L). Then the sufficient and necessary condition that (a,b) is the attractor
of (Akl (@)oo R, Ap,{(B) o L) for each k1 €N, kx € M, «, B € [0, 1], is that the
following conditions hold:

VjeM, Card(IAB(j) M JRB(]))Z 2;
Vi € N, Card(IBA(z') N JLA(i)) 2.

(3.65)

Proof. Sufficiency: For each j € M, if (3.65) is true, we suppose 41, 2 €
I4g(j) N JrB{(j) : %1 # 2. Then

Tirg > bj, (¢79% > bj (k = 1,2). (366)

Vk1 € N, « € [0, 1], By (3.66), the assumptions and the condition (iii) of
Proposition 3.1 we can show

kl g {il, iz}, g bj Z (ao(Akl (OJ)OR))]Z ((1,1'1/\’I’ilj)\/(ai2 /\rizj) Z bj. (367)
if k1 € {i1, 42}, it is no harm to assume k; = 4;. Similarly with (3.67) it follows
that

b]' > (ao (Akl (a) e} R))]Z iy N Tinj > bj.
In summary, (ao (A, (@) o R))jz b; (j € M).
With the same reason, Vi € N, (bo (A, (8)o L)), = ai (k2 €N, 8 €0, 1]).

Therefore, for any k1 € N, ks € M, and «, 8 € [0, 1], (a,b) is the attractor of
(Ag, (@) o R, Ag,(B)oL).
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Necessity: At first we can show the following facts for any 1 € N, je M :

i e IAB(j) n JRB(j) < ryi Aay > b,
{ ’ ! (3.68)

j e IBA(i) M JLA(i) = lj/i Abj > a;.

If (3.65) is false, it is no harm to assume j, € N, satisfying the condition:
Card(145(jo) N Jre(jo))< 3. Then (3.68) implies, either there is 49 € N, so
that Tigjo N\ Gig > bjo’ and Vi € Nio’ Tijo N @ < bjo; or, Vi € N, Tijo N @ < bjo'
Choose k1 = iy, o < bj,, we get

(a o (Ak1 (a) © R))jD: \/ {Tijo A a'i} A (a A Tigge N a’io) < bjo'
ieNto

Thus, b # a o (Ag, (a) o R), which is a contradiction. So (3.65) holds. O

By the induction method and the proof of Theorem 3.19, we may easily
show the following conclusions.

Corollary 3.2 Let (a,b) be the attractor of (R, L) andp € N, ge M, p <
n —1, ¢ < m — 3. Then the sufficient and necessary conditions that (a,b) is
the attractor of (Ak, (a1) o+ o Ak, (ap) o R, Ay (B1) 00 A (Bg) o L) for
arbitrary ki,....kp € N, l1,...,l; € M and ay, ..., 0, B1,..., 0, € [0, 1] are as
follows:
{ Vj €M, Card(Iap(j) NJre(j))=P+1,

Vi € N, Card(Ipa(i) N Jpa(i))> g+ 1.

By Corollary 3.2, if the conditions related hold, a fuzzy pattern pair ob-
tained based on (a, b) by letting p components of a and ¢ components of b be
changed in [0, 1] and leaving other components unchanged, can converge to the
attractor (a,b) with one iteration. The fact shows good fault-tolerance of the
corresponding FBAM’’s.

Theorem 3.20 Suppose the fuzzy pattern pair (a,b) is the attractor of
(R, L), and for ¥Yi € N, j € M, the following conditions hold:

(i) Gre(j) x Gap(j) =0, Gra(i) x Gpa(i) =

(i) Card((Jrs(j) N 1as(j)))=> 2, Card((Jra(i) NIpa(i)))> 2.

Then (a,b) is an elementary memory of (R, L).

Conversely, if (a,b) is the elementary memory of (R, L), then for each
i €N, j € M, the above condition (i) and the following condition (ii) hold:

(i) Card(Jre(j) N Iap(j))= 1 or, Card(Jpa(z) N Ipa(i))> 3.

Proof. For each i € N, j € M, we suppose (i) (ii) hold. By Theorem 3.19
it suffices to prove that (a,b) is the attractor of (Ap, 4, o R, Ay, 4, 0 L) for any
p1, g1 € N, p2, g2 € M. By condition (i) we may easily show

Vi, 4o € N, a;, A Tigj < bj. (369)
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Also by (3.69), Vi1, i € Jrp(j) N Iap(j), it follows that
Ay ATy = bj. (370)

Using the condition (ii), we suppose i',7” € N : ¢ # i’, so that i/, " €
Jre(j) NIap(y). If {¢, &'} n{p1, g1} = 0, by (3.69) (3.70) we imply

RSi(pr,q)= V  A{arArii} =10,
keNPIANT

RT(p1,q1) = (ap, A7rg,5)V(ag Arp,5)< by
Therefore we can conclude that

(a ° (Ap1q1 © R))j = RSj(ph Q1) V RTj (p1, lh): bj. (3-71)

If {i', 9"} N {p1, @1} # 0, we may assume i’ = pq, ¢ = g3. By (3.70) it follows
that

RTj(Pl,fh) = (ap]l /\7“qu)\/(a‘}.l1 /\Tplj): b;.

And (3.69) implies, RS;(p1,q1) < b;. Thus (3.71) is also true. If i’ = p;, ¢q; &
{#, "}, by (3.69) (3.70) we get

RTj(p1,q1) = (aw Argy;)V{ag Arij)< b,

RS;(p1,q1) = Vv {ak Arij} > am Argny = b;.
keNP1NN9G

On the other hand, by (3.69), RS;(p1,¢1) < b;. Therefore, (a0 (Ap,q,) 0 R); =
RS;(p1,q1) V RTj(p1,q1) = by, i.e. (3.71) is true.

In summary, (ao (A, 4 © R))j: b; (j € M). Similarly we can show that,
(bo(Ap,g, © L))i: a; (i € N), that is, Vp1, g1 € N, p2, ¢2 € M, (a,b) is the
attractor of (Ap,q, © R, Apyg, o L).

Conversely, let (a,b) be an elementary memory of (R, L). Then Vp;, ¢ €
N, p2, ¢2 € M, (a,b) is the attractive of (Aplq1 oR, Ap,g, © L). Obviously,
if let py = q1, P2 = qo, it follows that (a,b) is the attractor of (R, L). If the
condition (i) is false, we may assume jo € M, and let Grge(jo) X Gagr(jo) # 0.
For (il, ’i2) € GRB(jO) X GAB(jO), we have, Tirjo > bjo,aiz > bjo' Let p1 =
i1, q1 = 12. Then

RTJ'O (plaQI) = (Tiljo A aiZ)V(Tizjo A ai1)> bjo'

Hence (ao (Apq © R))joz RTj(p1,q1) > bj,. Thus, the fuzzy pattern pair
(a,b) is not the attractor of (Ap,q, © R, A,,q, o L), which is a contradiction.
That is, Vi € N, j € M, the condition (i) is true.

If we assume that the condition (iii) is false, choose jo € M, satisfying
Card((Jre(jo) N Lag(jo)))= 0. It is easy to show, Vk € N, rg;, < by, or
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ar < bj,. So '\ {ar ATij} < bj,, which is also a contradiction, since (a,b) is
keN
an attractor of (R, L). The condition (iii) holds. OJ

3.5.4 The transition laws of states
For given fuzzy matrices R = (735) € fnxm, L = (lj;) € fmxn, define a
transformation T(g 1, : [0,1]" x [0,1]™ — [0,1]™ x [0,1]", so that

Vx € [0,1]", y € [0,1]™, T(a1)(x,¥) 2 (x,y)o(R, L) 2 (xoR, yoL). (3.72)

Assume R € lpxm, P € tiaxns L € tmxn,; @ € tmxm, also define a transfor-
mation T(g 1) 0 Tip,q) : [0,1]™ x [0,1]™ — [0,1]™ x [0, 1]™ as follows:

vx €[0,1]”, y € [0,1™, (T{r,p) o T(p,0)) (%,¥) = T(r,1y(T(p,0) (%, ¥)). (3.73)

Lemma 3.4 Let R € tpxm, P € tnxns L € tmxn, @ € Umxm- Then
T(por, @ory) = T(r,L) © T(p,Q)-
Proof. For any (x,y) € [0,1]" x [0,1]™, it is easy to show
T(POR,QOL)(xay) = (X,y)O(POR, QOL):(XOPOR,yOQOL)
= (xoP,yoQ)o(R,L)=(x,y)o(P,Q)o(R,L)
= Tir)((xy) o (P,Q)) = Tir)(Tirg)(%¥))
= (Tir,p) o T(p,))(xY)-
Therefore, T(PoR,QoL) = T(R,L) o T(p’Q). |

Theorem 3.21 Let the FBAM’s (R, L1), (Rz, L2) satisfy the condi-

tion: Ry £, Ry, L, 2, L. Suppose P € pipxn, Q € tmxm o6re fuzzy fuzzy
elementary matrices. There are row-restricted matrices Py, ..., Py, Q1,...,Qk
satisfying, P= Pk o) Pk—l [ XN OPZ @) Pl, Q = Qk (o) Qk—l O--+0 Q2 OQ3, Then

T(R27L2) = T(Rl,Ll) © T(P,Q) = T(R1,L1) © T(PI’QI) 0.0 T(Pkan)' (3-74)
Proof. Lemma 3.4 implies that
T(RZ,L2) = T(PORl,QOLl) = T(PkOPkglo'--OPzOPle, QroQr—10-0Q20Q10L1)

= T(R1,L1) ° T(PkOPk—1°"'°P2°P1, QroQr—10-0Q20Q1)

= T(r,,L1) © TP, Q1) © L(ProPi_10-0P;, QuoQi_10-0Q2)

= T(gry,L,)° T(Plle) ©---0 T(Pk—lkaAI) °T(p,Qn)-
So ti follows that (3.74) is true. O
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Definition 3.10 Suppose the fuzzy pattern pair (a,b) is an attractor of
(R, L). And

N(R, L; (a,b))={(x,y) € [0,1]" x [0,1]"|x o R=Db, yo L = a}.

That is, for any (x,y) € N (R, L;(a, b)), it converges with one iteration to the
attractor (a,b) of (R, L). Thus, the fuzzy pattern pair family N (R, L; (a, b))
is the attractive basin of (a, b). Obviously

(x,y) € N(R, L; (a, b))<= T(r,1)(%,y) = (a,b).

If the sequence of fuzzy pattern pairs (aj, by), ..., (a;, by) is the limit cycle of
(R, L), that is
a?2=>bloL, a®=b?oL, al=bl"lol, al =blo L,
b2 =aloR; b3 =a’oR; b! =al"loR; b! =aloR.
(3.75)
Moreover

N (R, L; (a1, b1), -, (a1, b)) = {(x,¥) € [0, 1] x [0, 1|3 € {1, ..., } :
xoR=by,yoL=ag}.
We call N'(R, L; (a1, by), ..., (ay, by)) an attractive basin of limit cycle (a1, by),
veey (al, bl).
Theorem 3.22 Let (a,b) be the attractor of (R1, L1). P € pnxn, @ €

Lmxm, moreover, Ry £, Ry, L, R Ly. Then (a,b) is the attractor of
(Rz, L) if and only if T(p g)(a,b) € N(Rl,Ll; (a, b))

Proof. Suppose (a, b) is the attractor of (R, Lg). Then boLy; = a, aoR, =
b, i.e. T(r,,1,)(a,b) = (a,b). By Lemma 3.4 it follows that

(a’ b) = T(Rz,Lz) (a7 b) = (T(PoRl, QOLI)(a’ b)
= (T(Rl,lq) o T(P,Q))(a7 b) = (T(P,Q) (a) b)) o (Rla Ll)
(ao P, boQ)o(Ry, L),

That is, a0 Po R; = a, bo Qo Ly = b. So T(pg)(a,b) € N(Ry, Li;(a,b)).
Conversely, if T(p g)(a,b) € N(Ry, L1; (a, b)), also using Lemma 3.4 we get

(a,b) = Tipg)(a,b)o (R, L1)=Tr, ,)(Tiro(a b))
= (T(r,,1,) ° T(p,@))(a,b) = T(por,,qoL,) (2 b)
= T(R2,L2) (a’ b)

Thus, (a,b) is an attractor of (R, Lp). O
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Theorem 3.23 Suppose the sequence of fuzzy pattern pairs as (az, by), ...,
(ay, by) s a limit cycle of (R1, L1), and P € pnxn, @ € Umxm, Mmoreover,

Ry £ Ry, Ly 2, Lo. If the sequence of fuzzy patiern pairs is also a limit
cycle of (Ra, Ly), then

Vk € {1, .‘.,l}, T(p7Q)(ak,bk) € N(Rl,Ll; (al,bl), . (al,bl)).
Conversely if let

a )b;c) EN(RhLl;(ak-‘rl,bk-{-l)), 1<k<l

s | (&
T ag, bg) =
(r@) (2, br) { (al,b}) € N'(Rs, L1; (a1, by)), k=1

Then (ay, b1),..., (ay, by) is a limit cycle of (Ra, L2).

Proof. Let the fuzzy pattern pairs (ay, by), ..., (a;, b;) constitute a limit
cycle of (Rg, L3). Then Vk € {1,...,1}, it follows that

Tir@) (ak br) o (Ri, L) = T(r,,1,) (T(r,q)(ak, bk))
= (T(r,,L1) ° T(p,g))(ak, br) = T(por,, Qor.)(ak, br)
= T(gy.1a)(ak, bi) = (ak, bg) o (Ra, L)
(ak+1,brt1), 1<k<l
N { (a1, by), )
Therefore, T(p,)(ak, bx) € N (R, Ly1; (a1, by), ..., (ay, by)). Conversely, easily
we have
(a1,by) o (R, L2) = (ai,b1)o(PoR;,QoL)
= T(poR,, Qor,)(@1,b1) = T(g, 1,) © (T(p,g)(a1,b1))
= (ayby) o (R1, In) = (az, ba).
With the same reason, we get
(ag,bg) o (Rg, L) = (a3, bs), ..., (ai—1,bi—1) o (Ra, La2) = (ay, by),
(a;,b;) o (Rz, Ly) = (a1, by).
That is, (a1, b1), ..., (a1, by) is a limit cycle of (Ry, L2). O

Next let us take an example to demonstrate our main conclusions. Let
N={1,2 3}, M={1, 2, 3, 4}, and

08 04 05 0.6 0.7 04 06
R 0.5 0.5 0.4 0.4 L= 0.7 0.3 0.2
1= 7 e Y71 04 05 04

06 05 05 06 0.6 0.5 0.7
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We assume
ap = (0.6,0.5,0.6), by = (0.6,0.5,0.5,0.6);

a; = (0.7,0.5,0.6), by = (0.7,0.5,0.5,0.6).

Table 3.15 Attractors of FBAM
R, Ly P :Ri=P,oR, L;:L;=Q;0L; attractors

R, L1 A=A Q1=A (ap, bo); (a1, by)
Ry Ly Py=A(04) Qs = 23(03) (a0, bo)
Ry L3 P3=Ay Q3 = A1y (a0, bo)
Ry Ly Py=Ap Qs =As3 (a0, bo)

It is easy to show, the conditions of Theorem 3.23 hold for (ag, bg). So
(ag, bg) is an elementary memory of (Ry, L1). Thus, for (ag, by), (Ri1, L1)
has good fault-tolerance. Also we can from Table 3.15 obtain the following
facts:

(i) To the connection networks (Rg, L2), (Rs, L3) of (R1, L1), by one it-
eration, the state corresponding to (a;, by) belongs to the attractive neigh-
borhoods N'(Rz, La; (ag, bo)}, N (Rs, Ls; (g, bg)), respectively. Thus we may
realize to escape from the attractor (a;, b;) that is not the elementary mem-
ory of (Ry, L1). (a1, by) may converge to (ag, bg), an elementary memory of
(R1, Ly).

(i) To the connection network (Ry4, Ly4), (a1, by) belongs to the attractive
neighborhood N (Ry, La; (ag, bo)), so the state escapes also from (a;, by).

The following two problems are very meaningful and important for the
future studies:

(1) How do we design some learning algorithms for (R, L), so that the
given fuzzy patterns are the elementary memories [52, 53]7

(2') How do we enlarge the storage capacity if the fuzzy patterns stored are
the elementary memories {20, 49]7?

§3.6 Equilibrium analysis of fuzzy Hopfield network

Similarly with §3.5 we in this section employ connection networks to study
the attractors and attractive cycles of fuzzy Hopfield networks. A novel ap-
proach is proposed for designing the FNN’s with good fault—tolerance.

Let I be a fuzzy elementary matrix. If the fuzzy Hopfield networks W, Wy

satisfy the condition: Wy = FoW;, we write also W; L, Wj. For a given fuzzy
pattern b = (b1,...,b,) and a fuzzy matrix W = (w;j)nxn, if k € N, j € N,
denote

HG(b».]) = {Z € N|bl > bj}? HE(b’J) = {Z € N|bl = bj}§

JG(W, b,]) = {Z S N|w” > b]'}, JE(VV, b,]) = {Z S N]w” = b]},
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HG’E(b,])=HG(b’.]) U HE(ba])’ JGE(W7b7J)=JG(W’b7.7) U JE(VV) bv])

Proposition 3.2 Let W), W@ be the k—multiple network (matriz) and
p — q commutative network (matriz) of W, respectively, and b = (by,...,b,) be
a fuzzy pattern. Then ¥j € N, it follows that

(i) Joe(WW,b,5) C Je(W,b, 5);

(ii) ¢ € Hg(b,p) = Joe(W®,b,j) = Jee(W,b, j);

(ili) Card(Jer(W®, b, j))= Card(Jer(W,b,j)).

Tts proof is trivial considering the definition of Jog(W,b, 7).

Proposition 3.3 Let W = (Wij)nxn, V = (Vij)nxn be two given networks,
andb = (by, ..., b,) be a fuzzy pattern. Denote WUV = (w;; VU5 )nxn, WNV =
(Wi A Vij)nxn. Then Vj € N, we have

{ Ja(WUV,b,j)=Je(W,b,j)UJc(V,b,j);

(3.76)
Jo(WNV,b,5) = Jo(W, b, 5) N Ja(V, b, j).

Proof. For any j € N, it is easy to show
i€ Je(WUV,b,j) <= wi; Vv > b,
= wij > bjorvg; > by =i Jg(W,b,j)UJz(V,b,j).
So the first part of (3.76) holds. Similarly we can show the other conclusions
hold. O
Obviously, Proposition 3.3 holds for Jog(W UV,b, ), Jae(W NV,b,j).
3.6.1 Connection relations of attractors

Next let us present the connection relations between the attractors of W
and ones of the connection network of W.

Theorem 3.24 Let the fuzzy pattern b = (by, ..., b,) be an attractor of W.
Then YA € [0,1], b is an attractor of Ap(A) o W if and only if the following
conditions hold:

Vj €N, NN Hgp(b,j)NJoe(W,b,j) # 0.
Proof. For any A € [0, 1], let b be an attractor of Ag(A)oW, but there is jo €
N, so that NF NHgg(b,jo)NJee(W,b, jo) = . Let Yjo = (bo (Ar(N) OW))
Then Vi € N*.i & Hgr(b,j0) N Jar(W,b, jo). Therefore

Jo’

i€ NF = b; < bj, or wijy < bjo == b; Awyj, < bj,.

Thus, V (b Awsj,) < bj,. If letting A < bj,, we have
ieNk

Yjo = (-e\ék{bi Awiiy )V (be AN A wg0) < b,
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So b is not an attractor of Ag(A) o W, which is a contradiction. Hence the
conditions of the theorem hold.

Conversely, with the conditions of the theorem, Vj &€ N, we have, iy €
N*NHegp(b,j)NJee(W,b, j). Soig € N*, b;) > b;, w;,; > b;. By Proposition
3.2 we get, b=b oW D bo (Ag(A) o W). Therefore

bj Z (b o) (Ak()\) o W))JZ ( \/ {bl A w,-j})\/(/\ A 'wkj AN bk)zbio A Wigj ij,
1ENF
Le. (bo(Ak(A)o W))jz b;. Thus, b is an attractor of Ag(\) o W. O

By Theorem 3.24 the following result is trivial.

Corollary 3.3 Let the fuzzy pattern b be an attractor of W. Then VA €
[0,1], b is not an attractor of A (X) oW if and only if there is jo € N¥, so that
Hgg(b,jo) N Jee(W,b, jo) = {k} or, Har(b,jo) N Joe(W,b, jo) = 0.

For p, ¢ € N, and j € N, we denote S;(p, q), R;(p, q) respectively as follows:

Sj( 7q) = \/ {bl/\wm}7 R](p7Q) = (ij/\bq)\/(wqj/\bp).
iENPNNY

Theorem 3.25 Let b = (by,...,b,) be an atiractor of W, and p, g € N
satisfy the condition: b, > by; Vj € N, either b; > by, or b; < b,. Then b is
also an attractor of Ap, o W if and only if Vj € N, one of the following facts

holds:

(ii 1~ XHE(b,p)(j) + Wgj > bpa
XHE(b,q)(j) -1 +wqj < bq-

Proof. Sufficiency: For any j € N, suppose the condition (i) is true. Using
the following fact:

by = \/{wij Abi} = S(p,q) V (wp; V )V (we; V bg).
iEN

we get, S;(p,q) = b;. So S;(p,q) V R;(p,q) =bj, i.e. (bo(Apo0 W))].= bj.
If the condition (ii) is true, by the assumptions it suffices to prove the
conclusion in the following four cases, respectively:

(') b; > byp; (ii) b; = bp; (iii') b; = bg; (iv') b < by.

To the case ('), b; > by > by, 50 (bp Awp; )V (bg Awg;) < bs, and R;(p,q) < b;.
Since b = b o W, it follows that S;(p,q) = b;. Hence

(bo(ApgoW)),= S;(p,a) V Ri(p,q) = bj. (3.77)
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To the case (ii'}, j € Hg(b,p), so by (ii) we get

XHzbp)(J) =1, wg; 2 by. (3.78)
Since b is an attractor of W, it follows that
bj = \/ {b: Awi;}. (3.79)
€N
Therefore by (3.78) (3.79) and the fact: b; = by, we get

bj = Si(p,gV (wm‘ A bp)v(wqj A bQ)

(3.80)
< Sip,a) v (ij A bq)v(wqj A bp): bp = b;.

Thus, (bo (Agg o W))jz S;(p,q) V Rj(p,q) = b, (3.77) is true.
To the case (iii’), j € Hg(b,q), then by the condition (i), (3.79) and the
inequality: b, > b, we have

XHg(b,q)(J) = 1,wg; < by (3.81)

Moreover, wy; < b;. Therefore

bj = S]‘ (p, q) vV (ij A\ bp)\/(wqj A bq)

= S;i(p,q) V (wpj Abg)V(wej Abyp)= (b o (Apg o W)) (3.82)

i
To the case (iv'), b; < by, then wp; Abp < by < bp, wg; Abg < by < by. So
(wpj A bp)V (wy; Abg)= wy; V we; = R;(p, )
Hence we obtain the following fact:
b; = S;(p, Q)V< V {bz‘/\wz'j})= S;(p, @) VR;(p,q) = (bo(ApgoW)) . (3.83)
i€{p,q}

By (3.77) (3.80) (3.82) and (3.83) we imply, b; = (b o (Apg 0 W)),. Thus,
Vj € N, if either the condition (i) or, (ii) holds, we have, b; = (bo (Ap, 0 W))
that is, b =b o (Ap, o W), b is the attractor of Apg o W.

Necessity: Let b be an attractor of Apq o W. Then

j’

b = S;(p,q) V (wpj Aby)V(we; Abg)= S;(p,q) V (wpj Abg)V(wg; Aby). (3.84)

If there is j € N, not satisfying (i), then S;(p,q) < b; or, R;(p,q) > b;. By
b; = S;(p,q) V R;(p, q), we obtain, S;(p,q) < b;. Next we show the condition
(ii) at above four cases (i) (ii’) (iii’) and (iv’), respectively.
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b, = b;, then by S;(p,q) < b; and b; = b, > by, and (3.84) we imply,
wq; > by. Thus,
1= Xy (b,p) (J) + Wej = we; 2 bp > by

If b; = b,, also by (3.84) it follows that wg; < by. S0 XHg(b,g)(J) — 1+ wyg; =
wgj < by. As for the other cases, the condition (ii) is obviously true. Therefore,
Vi € N, (i) or, (ii) holds. O

Corollary 3.4 Letb = (by,...,by) be a fuzzy pattern. Andp,q € N, k €
NP N NY. The following conditions hold:
(1) bp > by, Vj € N, either b; > b, or, bj < by;
(it) X € [0,1], b is the attractor of both W, Ay o W and Ag(A) o W.
Then we can conclude that
(1') b is an attractor of Apg 0 Ag(X) o W;
(2) b is an attractor of Ag(A) o Apg o W.
Proof. (1') Suppose Ag(A) oW 2w = (w};)nxn- Then
Wij i £k,
T wi AN, i=k
By the assumption and Theorem 3.24, b is an attractor of W), moreover
1= XHg(bp)(J) + wej = bp;
{ B( .p) qJ p (3.85)
XHp(b,q)(J) — 1+ wq; < by.

Since k € NP N N9, we have, k # p, q, and

{ 1- XHE(b,p)(j) +w;j > byp;
XHE(b,q)(j) -1 + w;j S bq.

So Theorem 3.25 implies, b is an attractor of Ay, o W) that is, b is an
attractor of Apg o Ag(\) o W.
(2') Denote W = (w2 )nxn. Then Vj € N, we can easily show
JGE(VV7 b7j)) .7 7é D, q;
JGE(W(2)7 b7j) - JGE(W7 b7p)7 ] =4q; (386)
Jee(W,b,q), j=p.

Since for any A € [0,1], b is the attractor of Ag()\) o W, by Theorem 3.24 it
follows that

Vj €N, N* N Hgg(b,j) N Joe(W,b,j) # 0
Vi € N, N*N Hgg(b,7) N Jee(W3,b, ) £ 0.
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So using Theorem 3.24 we get, VA € [0, 1], b is the attractor of Ax(A\)o W@ =
Ap(A) o Apg o W. I

3.6.2 Elementary memory of W

It is a very important theoretic and applied problem for FAM’s to discrim-
inate the pseudo-attractors from the attractors of FAM’s. A fuzzy pattern b’/
is called a pseudo-attractor of W if b’ = b’ o W, but b’ is not a fuzzy pattern
stored. By the methods proposed in the subsection we may develop some novel
ways to do that by the elementary memories of W.

Definition 3.11 We call the fuzzy pattern b an elementary memory of W,
if the following conditions hold:

(i) For any k£ € N, and A € [0,1], b is an attractor of Ag(A) o W;

(ii) Vp, ¢ € N, b is an attractor of Apy o W.

Obviously, if b is an elementary memory of W, b is an attractor of W.
Next we establish some equivalent conditions that an attractor of W is also an
elementary memory.

Theorem 3.26 Let the fuzzy pattern b be an attractor of W. Then Yk €
N, A €{0,1], b is also an attractor of Ap(N\) oW if and on if

Vj € N, Card(Hgg(b,j) N Jes(W,b,5))> 2. (3.87)

Proof. Sufficiency: For any j € N, suppose (3.87) is true, choose iy, iz €
HGE(b,j) n JGE(W, b,j) : 41 # i9. Then

wimj Z bj, bim Z b]' (m = 1,2). (388)

Given arbitrarily k € N, A € [0,1], by (3.88), Proposition 3.2 and the assump-
tion it follows that
k ¢ {i1,i2} = b; > (bo (Ag(A)o W))jz (3.89)
> (bi1 A wilj)v(biz /\wizj)z b;.
If k € {i1,i2}, we may assume k = ¢;. Similarly with (3.89), we have

bj Z (b o] (Ak(/\) o] W))JZ bi2 /\wizj 2 bj.

In summary, (bo (Ag(}) o W))j: bj (j € N),ie. Vk €N, A e€[0,1], bisan
attractor of Ag(A\) o W.
Necessity: At first, for any j € N, it is easy to show

ZGHGE(b,])mJGE(W,b,]),<:>w”/\bz ij (390)

We use reduction to absurdity to show (3.87). If (3.87) is false, then there
is jo € N, so that Card(HGE(b,jo) N Jee(W, b,jo))g 1. So by (3.90), either
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there is ig € N, satisfying w;yj, A by, > bj,, and Vi € N, w50 A by < by, OF
Vi € N, w;j, Ab; < bj,. Choose k = ]0, A < by,, then

(bo (Ax(X) o W), ( \/ {wijo A b; }) (A A wigjo Abig) < bjo-

1EN*%0
Thus, b # b o (Ag(A) o W), which is a contradiction. So (3.87) is true. [

By the induction method and Theorem 3.26 the following result is trivial.

Corollary 3.5 Suppose b is an attractor of W, and m € N, salisfying
m < n— 2. Then for any ki, ....km € N;A1, .., A € [0,1], b is an attrac-
tor of Ag, (A1) o+ 0 Ak, (Am) o W if and only if, V§j € N, it follows that
Card(Hgg(b,j) N Jae(W, b,j))Z m+ L.

By Corollary 3.5, If the m—th component of b changes in [0, 1] and other
components unchange, then the new fuzzy pattern related converges with one
iteration to b, which shows us good fault—tolerance of the fuzzy Hopfield net-
works.

Theorem 3.27 Suppose b = (b1,...,b,) is a fuzzy pattern, and for any
Jj €N, the following conditions hold:

(’L) Jg(W,b,]) X HG(ba.j) = 0;

(it) Card(Jeg(W,b,7) N Hgr(b,j))> 2.

Then ¥p, q € N, b is the attractor of Apy 0o W, and therefore b is an
elementary memory of W.

Conversely, if for any p, ¢ € N, b is an attractor of Apg oW, then Vj € N,
above (i) and the following (1) hold:

(i) Card(Jor(W,b,j) N Her(b,j))> 1.

Proof. For any j € N, by the assumptions (i) (ii) are true. Vp, ¢ € N, by
condition (i), easily we have

Vi, 22 € N, b A Wiy < b;. (3.91)
And by (3.91), Viy, i2 € Jeg(W,b, j) N Hgr(b, ), it follows that
bi, A Wiy = bj. (392)

Using the condition (ii), we choose #’, "’ € N satisfying ¢’ # i, so that 7/, 5" €
Jee(W,b, j) N Hee(b, j).
If {#/, "} N {p, ¢} = 0, Then (3.91) (3.92) imply

Sj(p,q) = \/ {bi /\wij} = bj; Rj(p,q) = (bp A wqj)\/(bq /\ij)S bj.
ieNPNN49

Therefore
(bo (APQ OW))jz Sj(p7 q) VRj(pa Q) = bj' (3'93)
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If {&/, "} n{p, q} # O, it is no harm to assume 7’ = p,i” = ¢. By (3.92),
R;(p,q) = (bp A wqj)Vbq A w,,j): b;. So it follows that S;(p,q) < b;. Thus,
(3.93) is true. Also we may assume ¢’ = p, ¢ € {¢’, i"}. By (3.91) (3.92) it
follows that

Rj(pa q) = (bi’ A wqj)\/(bq A wi/j)g b],
Sj(p, q) = \/ {b1 A wij} > b A Wiy = bj.
iENPNNT
On the other hand, by (3.91) we get, S;(p,q) < b;. Thus, (bo (Ayg) o W)
Si(p,q) vV Rj(p,q) = bj, i.e. (3.93) is true. In summary, (b o (A, o W))
b; (j € N),==Vp, ¢ € N, b is the attractor of A,y 0 W.

Conversely, assume that for p, ¢ € N, b is an attractor of Ap,oW. Obviously,
if p = ¢, then b ia an attractor of W. If there is jo € N, so that the condition
(i) is false, then let (i1, i) € Jg(W,b,jo) x Hg(b,jo). Therefore, w;,;, >
bjo, bi, > bj,. Choose p =11, g = i3. Then

=

=

Ry (p,q) = (Wiyjo Abiy)V (Wiyj0 A biy)> bjy.

Thus, (bo(A,[,qOW))j0 > Rj,(p,q) > bj,. hence b is not the attractor of ApgoW,

which is a contradiction. So Vj € N, the condition (i) holds.

Assume that (iii) does not hold, that is, there exists jo € N, so that (iii)
is false, then Card(Jer(W,b,jo) N Hee(b,jo))= 0. Also it is easy to show,
Vi € N, w;ij, < bj, or, by < bjo. So \ {b; Awgjy} < bj,, which contradict the

ieN
fact also. Thus, b is an attractor of W. Hence the condition (iii) holds. O
3.6.3 The state transitive laws

For the given fuzzy matrix W = (w;;)nxn, define the transformation Tw :

[0,1]™ — [0, 1]™, satisfying

Vx € [0,1], Tw(x) = xoW. (3.94)
Also for the fuzzy matrices Wy, W, define the transformation Tw, o Tw, :
[0,1]™ — [0, 1]™ as follows:

vx € [07 1]n’ (TW1 o Twz)(x) = TW1 (TW2 (X)) (395)
Lemma 3.5 Let Wy, Wy be fuzzy matrices. Then Tw,ow, = Tw, o Tw;, -
Proof. For any x € [0,1]™, by (3.94) (3.95) it follows that

Twiow,(x) =x0(WioWs) = (xoWi)o W,
=Tw, (X) oWz =Tw, (TW1 (X)) = (TW2 o TWl)(x)

So T’ch,{/[/2 = T’W2 o TW1- O
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If F is a fuzzy matrix, we call Tr a fuzzy elementary transformation.

Theorem 3.28 Let the fuzzy Hopfield networks Wy, Wa satisfy: Wi £,
Woy. Suppose Tr is a fuzzy elementary transformation, so that there exist fuzzy
row-restricted matrices Ay, ..., Ayt F=A0A,_10---0As0A3. Then

TW2:TWIOTFszloTAlo--'OTA . (3.96)

m

Proof. By Lemma 3.5 it follows that

Tw, =Trow, = T(A0-0Az0A1 )W,
= Tw, © (TAmo--ons0n,) = Tw, 0 (Ta, © (T 0--00,))

=Tw, o(Ta, o (Ta,0---0(Ta,, -+)) =Tw, 0Ta, 0+ 0Th,,.

m

Thus, (3.96) is true for the fuzzy elementary transformation Tp. O

Suppose the fuzzy pattern b is an attractor of W. Moreover, N'(W;b) =
{x € [o, 1]"|x oW = b}. Then for any x € N (W;b), X converges with one
iteration to b. Therefore, N'(W;b) is an attractive neighborhood of b. If the
sequence of fuzzy patterns by, ..., b; is the limit cycle of W, that is

by=bioW,...b;=b;_10W, by =b;o W.
Denote a collection of fuzzy patterns by
N(W;by,..,b) = {xe0,1]*|Fk € {1,..,1} : xo W =by}.
we call N(W; by, ...,b;) an attractive neighborhood of limit cycle {by, ..., b;}.

Theorem 3.29 Let b be an attractor of Wy, and Wi £, Wy. Then b is
also an attractor of Wy if and only if Tr(b) € N(W1;b).

Proof. Suppose b is an attractor of Wy. Then boW; = b, that is, Ty, (b) =
b. By Lemma 3.5 it follows that

b = Ty, (b) = (Trow, (b) = (Tw, © Tr)(b) = Tw, (Tr (b)) = Tr(b) o W1.

That is, Tr(b) o Wy = b. So Tr(b) € N(Wy;b).
Conversely, if Tr(b) € N(Wi;b), by Lemma 3.5 we can conclude that

b = Tr(b)o Wi =Tw, (Tr(b)) = (Tw, o Tr)(b)
= TF0W1 (b) = TW2 (b) =bo Wz.

So b is an attractor of Wy. O
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Theorem 3.30 Let the fuzzy pattern family {by,...,b;} be the attractive

cycle of W1, and W, £, Way. If the family is also the attractive cycle of W,
then Yk € {1,...,1}, Tr(by) € N(Wi;by,...,b;). Conversely, let

T(b)é b, € N(Wi;bgy1), 1<k <]
D b;CEN(Wl;bl), k=1

Then the fuzzy pattern family {by,..., b} is the attractive cycle of Ws.

Proof. Assume that the family {by,...,b;} is the attractive cycle of Ws.
Then Vk € {1, ...,1}, it follows that

Tr(bx) o W1 = Tw, (Tr(b)) = (Tw, o Tr)(bk) = Trow, (br)
— Tuw, (b) = by o Wy = { Bet1, 1=k<d,
by, k=L
Therefore, Tr(br) € N{W;by,...,b;). Conversely, it is easy to show
by oWy = by o (F o Wi) = Trew, (by) = T, o (Tr(by)) = b} o Wi = by,

With the same reason, we have, booWy = bg,...,bj_10 W5 = by, bjoWs = by.
That is, {b1, ..., b;} is the attractive cycle of Wy. O

Next let us take an example to demonstrate above results. Let N =
{1, 2, 3, 4}, moreover

0.7 05 06 04
04 05 0.7 0.5
06 04 0.7 05
05 05 06 04

And denote
by = (0.6,0.5,0.6,0.5), b; = (0.7,0.5,0.6,0.5).

Table 3.16 Attractors of connection network

W, W, : W, =F,oW; attractor
Wy Fi=A bg; by
Wy  F=A(05) bo

W3 F3=Au bo

Wy Fy = Aa3 bg; b1

It is easy to show that the conditions of Theorem 3.30 hold for bg. So
by is a fuzzy elementary memory of Wi. Thus, for by, W; possesses better
fault-tolerance. Also we can from Table 3.16 get the following facts:
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(i) To the connection networks Wo, Wj related to Wh, by one iteration,
the states of Wy, W3 corresponding to b; belong to A (Wa;bg), N (Ws;bo),
respectively. Thus, we can realize to escape from the attractor b; that is not a
fuzzy elementary memory of Wi. b; may converge to by, a fuzzy elementary
memory of Wi.

(ii) To the connection network Wa, by is also an attractor of Wy, so the
state of Wy can not escape from by.

In the chapter, based on the fuzzy operator pair (V, A) we present the basic
results concerning the research on feedback FNN’s. They include, some system-
atic conclusions related to dynamic FINN’s, such as stability, attractor, attrac-
tive basin, and the iteration laws of the system states and so on; fault—tolerance
of the systems, and the learning algorithms for the connection weight matrices
related, etc. These results can widely be applied in information processing,
especially in information restoration. To apply the FNN’s in more application
fields, it is necessary to generalize the fuzzy operator pair (V, A), since it is
not optimal in many applications. So within a general framework developing a
systematic approach to the feedback FNN’s is important and meaningful.
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CHAPTER IV
Regular Fuzzy Neural Networks

The neural systems with the following properties are called regular fuzzy
neural networks (FNN’s): (i) The topological architectures are identical with
ones of conventional multi-layer feedforward neural networks; (ii) The input
signals, connection weights and biases (or thresholds) related, are fuzzy sets
in F(R); (iii) The internal operations are based on Zadeh’s extension principle
and fuzzy arithmetic [73, 84]. Like conventional neural networks (see [9, 10,
14-16, 67, 72]), regular FNN’s have recently been successfully applied in many
real fields, for example, system modeling [8, 17, 28, 71], pattern classification
[37, 41, 74], system identification [25, 39, 42, 71], process control [29, 72], signal
processing [66], and communication [66], and so on.

We may classify regular FNN’s into three classes that distinguish themselves
with the values of input signals and connection weights [6, 64, 65]. The first
one includes those whose inputs are real numbers and connection weights are
fuzzy sets (see [29, 50, 51, 56, 57, 59]). The second one refers to those whose
inputs are fuzzy sets and connection weights are real numbers [37, 39]. The
third one means those whose inputs and weights are fuzzy sets (see [21-25, 41,
53] etc.). And the third class is general, it includes the preceding two classes
as special cases. The study of this chapter focuses on the third class FNN’s,
that is, both input signals and connection weights of FNN are fuzzy sets.

The research in this field is at its infancy and many fundamental problems,
such as, the systematic analysis for network structures, the learning algorithms
for fuzzy weights and fuzzy biases, the study to the performance of the algo-
rithms related, approximating capability analysis of FNN’s, and so on remain
to be solved. We start the chapter with the investigation of fuzzy neurons. A
complete analysis to above important subjects are presented in the rest sections,
respectively. In addition to those, we shall establish the equivalent conditions
for universal approximation of regular FNN’s, which provides us with necessary
theoretic basis for applications of FNN’s. Also some realization algorithms for
universal approximation are developed, and intensive simulations are carried
out to demonstrate the validity of our conclusions.

84.1 Regular fuzzy neuron and regular FNN

We can classify fuzzy neurons into three classes [1, 32, 65]. They are regular



132 Liu and Li Fuzzy Neural Network Theory and Application

type, whose inputs and connection weights are fuzzy sets, and internal oper-
ations are based on extension principle and fuzzy arithmetic; Fuzzy operator
type, whose signals related belong to [0,1], and internal operations are deter-
mined by t—norm and t—conorm; And fuzzy algebraic structure type, whose
neuron inputs are fuzzy sub-space {1]. In real, the fuzzy neurons in use are
mostly the preceding two classes. Let us mainly aim at regular fuzzy neurons.
At first, by Zadeh’s extension principle we define the extension operations and
fuzzy arithmetic in Fo(R).

Let :1, Be Fo(R), and X € R, define extended plus ‘+’, extended subtraction

‘—’ extended multiplication ‘-’ and extended scalar product ‘-’, respectively
as follows: Let z € R,

(A+ B)(2) = +V {A(z) A B(y)}; (A— B)(2) = {A(z) A B(y)};

zty==z r—y=z
~rz
~ ~ ~ ~ ~ Al=]), A#Q,
(A4-B)(z) = V {A(=z) A By)}; (A A)(2)= V{A(w)}={ <A) #
Ty==z Ar=z X{O} (Z), A=0.

For given X= ()N(l,...,)N(d), Y= ()71,...,}7(1) € Fo(R)%, we call <)N(,SN{> the
fuzzy inner product, which is written as

(1>

~ o~ d ~ ~

(X, Y)= Y Xi-Yi.

=1

When both )N(, Y degenerate as vectors x = (21,...,24), ¥ = (Y1,..,Yd) €

R, <)N(, Y) is an inner product in R%. If A C R? is bounded, by s(:, 4) we

denote the support function of A : s(x, A) = sup{(x, y>|y € A} (x e RY).
Assume that f: Fo(R)? — F(R) is an extended function of f : R* — R,

by [73], if f is continuous, it follows that f : Fo(R)? — Fo(R). By cc(R) we

denote the collection of all bounded closed intervals of R. Obviously

A€ Fy(R) = Va € (0,1], A€ cc(R), moreover Supp(A) € cc(R).  (4.1)

For Z,Ee Fo(R), we may show ZCE,:> Supp(;l) cC Supp(l}), Ker(:l) C
Ker(B). If A= (A1,.., Ag) € Fo(R)?, from now on we denote Supp(A) =
(Supp(A1), ..., Supp(Ad)).-

Lemma 4.1 Let :1, g, Zl,...,zde Fo(R), and a € (0,1], A € (0,400).
Then the following facts hold: N

(i) (A + B)a =Aa + Ba, (A B)a=Aa X Ba, (A A)a = Au;

(ii) If f : R? — R is continuous, f(;ll,...,;zvld)a = f((;h)a,...,(zd)a),
furthermore, f(Supp(zl), . Supp(;ld))= Supp (f(;h, . ;1,1)).

Proof. (i) and the first part of (ii) come from [73, 84], so it suffices to prove
the second part of (ii).
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At first, for Ay, ..., Ay C R, we shall prove: f(A1,...,4q) = f(zl, ...,Zd). In
fact, by the fact that f(Ai,..., Ag) C f(4i, ..., Aq), and the continuity of f it
follows that f(4,...,Aq) is a closed set, and f(Ai,...,Aq) C f(41,..., Aq)-
On the other hand, arbitrarily given y € f(4i,...,Ag), there exists x =
(z1,...,xq) : z; € A;, satisfying y = f(x). Therefore, Vi € {1,...,d}, there is a
sequence {z¥|k € N} C A sk = 2 (B — +00). Write x;, = (¥, ...,2%),
then f(xi) € f(A1,...,44), xx — x (kK — +00). By the continuity of
f, it follows that kEI—iI—loof(Xk) = f(x) = y. Hence y € f(Ay,..., Aq). Thus,

f(Zl, cey Xd)c f(Al, ceey Ad) Consequently, f(Al, ceny Ad) = f(zl, ...,Zd). By
the following fact:

Supp(f (A1, .-, Ad)) = {y € R|f (A1, ..., Aa)(¥) > 0},

£ (Supp(A), ...,Suppmd)):f( {z € R| 41(2) >0}, ., {z € R| Au(z) >0}),
(4.2)

and by (4.2) we obtain

£(Supp(Ay), .- Supp(;ld)):f({xl €R| A1(z1) >0}, ..., {za €R| Au(za) >o})

= {f(@1,,2a)| Ar(21) > 0, ., Aa(a) > 0}.
And by (1.8) it is easy to prove

{y €R|F (A1, s A (Y) > O} = { (@1, .oy @) | As(21) > O, ..., Aa(za) > O}
Thus, Supp(f (A1, .--,Ad))z F(Supp(A1), -.., Supp(A4)). O

4.1.1 Regular fuzzy neuron

A regular fuzzy neuron is defined by fuzzifying a crisp neuron, directly. Its
structure 1s shown as Figure 4.1. d fuzzy inputs X 1,..., Xd, and connection
weights Wl,. ,Wd related are fuzzy numbers in Fqy (R)

Figure 4.1 Regular fuzzy neuron

The I/0O relationship of the fuzzy neuron is determined as follows:

~

d
YEF(X1 Xa) = o (3 X Wi +6)=0((X, W)+6),  (43)
=1
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where é means a fuzzy bias (or a fuzzy threshold), and X= ()N( 1seeey X d)s W=
(W1, ..., Wa) € Fo(R)? is fuzzy vectors, o : R — R is a transfer function.

If o(x) = z, the neuron related is called linear. In real, usually o is selected
as the following forms (where o > 0 is a constant) [32]:
4ozl +|1—-ax|
= 5 :

(i) Piecewise linear function : o(z)
(ii) Hard judgment function : o(z) = sign(z);

(iii) S type function : o(z) (e > 0);

~ T+exp(—az)
(iv) Radial basis function : o(z) = exp(—a|z|).

Related to (4.3) an obvious fact holds, that is, the I/O relationship F(-) is

monotone, i.e. for given ),}17 ...,)N(d, 51, ...,%d € Fo(R),

XiCZi (6=1,.id) = F(X1, .., Xa) C F(Z1, .., Za)- (4.4)
Fuzzy neurons can process all kinds of fuzzy information, efficiently . It includes
crisp neurons as special cases.

4.1.2 Regular fuzzy neural network

A regular FNN is an organic structure that connects many neurons in given
order. Now the research will aim at a multi-layer feedforward regular FNN.
As an example, taking a three layer feedforward network with multiple inputs
and single output (MISO), we can establish the topological structure related
as shown in Figure 4.2, where the connection weight between neuron ¢ in the

input layer and neuron j in the hidden layer is WN/ije Fo(R), and the connection

weight between j and output neuron is I7j€ Fo(R).

X1 VT/ij

=2

Input layer Hidden layer Qutput layer

Figure 4.2 Topological structure of regular FNN

Assume that the neurons in the input and output layers are linear, and the
hidden neurons have transfer function o. Denote

W) = (Wijy s Wai)y X= (X1, Xa)-
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The I/O relationship of the regular FNN determined by Figure 4.2 is as follows:

~ ~

~ m o~ d ~ ~ ~
Frn(X1,, Xa) = > Vj'U(Z Xi'Wij+@j)
j=1 i=1

>

Y
(4.5)

~

V- o((X, W)+ 6;).

I
M3

1

.
Il

where (:jje Fo(R) (j = 1,...,m) is a fuzzy threshold of hidden neuron j. By

(4.4) easily we have, fuzzy function Fy, is non-decreasing, that is, the following
fact holds:

XiCZi (i=1,.0d), = Fpn(X 1, Xa) CFn(Z1, - Za)- (4.6)

Two important subjects related to regular FNN’s are as follows. The first is
the learning algorithm for fuzzy connection weights W,;, V; and fuzzy thresh-

old éj . The second is the analysis of the universal approximation property.
The systematical research to such two problems is our main objective in this
chapter. Before doing that, as preliminaries we are going to give the definition
of universal approximation of regular FNN’s, and present the analysis of the
universal approximation of three-layer feedforward FNN’s defined as (4.5) to
the given fuzzy function classes.

Definition 4.1 Let Cp be a sub-class of collection of continuous fuzzy
functions that Fo(R)? — Fo(R). Universal approximation of FNN (4.5) to
Cr means that if VF € Cg, and arbitrarily given compact set U C Fo(R)4,

and € > 0, there exist m € N, and fuzzy weights WZ],VJE fo(R) and fuzzy
threshold @je FoR) (i=1,....,d,j =1,...,m), such that V X= (Xl, ...,Xd)

u, D(I; Tm()N(), F ()N()) < e. Also FNN (4.5) is called the universal approximator
of Cg, or we call that Cr guarantee the universal approximation of FNN (4.5)
to hold.

Choosing Cr = {continuous fuzzy function that Fo(R)? — Fo(R)}, Buck-
ley and Hayashi in [5] have proved that the universal approximation of FNN’s
s (4.5) to Cr does not hold. And they conjecture that if letting Cp =
{ continuously increasing fuzzy function that Fo(R)? — F,(R)}, the universal
approximation of FNN (4.5) holds. However, by the following discussion we
may find that such a conjecture is wrong. Being increasing is only a neces-

sary condition for fuzzy functions to guarantee the universal approximation of
FNN’s to hold.

4.1.3 A counter example of universal approximation

Let fe Fo(R). If the membership curve of Tisa trapezoid, f is called a
trapezoidal fuzzy number, as shown in Figure 4.3. Write T as (to/ta/ts/t1),
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where Supp(f) = [to, t1], Ker(T ) = [ta, t3]. If A€ Fo(R), and denote
Supp(4) = [s1(A), s2(A)], Ker(A) = [ex(4), e2(A))

Let us now define the trapezoidal fuzzy function T.(-) as follows [53]: Tr(:l) =
(s1(A)/e1(A)/e2(A)/s2(A)), as shown in Figure 4.4.

...Z(-)N
— Tr(ax-)

v

t
N
|
1

1

'

T ~ = ~ ~
0 to [2) i3 t1 0 s1{A) ei(A) edA) soA)
Figure 4.3 T(-) Figure 4.4 T,(4)()

Lemma 4.2 Trapezoidal fuzzy function T,(-) is increasing, that is, for arbi-

trary ;11,;126 Fo(R), :11C:12, = TT(;h) C Tr(/ng), moreover Ty is uniformly
continuous on Fo(R).

Proof For ¢ = 1,2, assume that Supp(Az) = [sl(:li), 52(;11-)], Ker(zi) =
[el(Az) €2 (Az)] Then by fact that A1C Az we obtain
81(:12) < 31(:11) < 82(;11) < 82(;12),
61(:12) < 61(;11) < 62(21) < 62(212)'
Thus, (s1(A1)/en(A1)/ea(A1)/s2(41) )C (s1(As)/e1(Az)/e2(A2)/52(42) ), it
follows that T,.(A41) C T (;12) So T-(-) is increasing
Arbitrarily glven € >0, let § =e¢. For each A Be Fo(R) : D(A,B) <4/2,
it follows that dH(Aa,Ba) <6/2(0<a<1). Write
T (A) = (51(4)/e1(A)/ea(A)/52(4) ),
T,(B) = (s1(B)/ex(B)/ex(B)/s2(B) ).

By (1.1) for defining dg, and by choosing o = 1, @ = 0, respectively, we
conclude that

(A)=s2(B)|, ler(A)—e1(B)| |e

max{|s1 (4)-s1(B)|,

—62(§)|}< g (4.7

For arbitrary « € [0, 1], easily we have

D((s1(A)fer(D/ea(D)/52(R)) oo (51(B)er(BY/ea(B)/52(B)),,)= IV I
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where J& = |(1 — a)(si(4) — 5:(B)) + a(es(4) — ei(B))| (i = 1,2). By (4.7) it
follows that JE<(l—a)d/24+ad/2=10/2 (i =1,2). Thus

D((s1(A)/ex(A)/ex(A)/52(D), (51(B)/er(B)/ex(B)/s2(B)))

<9
= V {JfpvJig 2
a€l0,1]
That is, D(Tr(:l), TT(B)) < & = . Therefore, T, is uniformly continuous on
Fo(R). O

Example 4.1 Let T,.(-) be a trapezoidal fuzzy function. Then there is a
compact set U C Fo(R), such that FNN (4.5) can not with arbitrary accuracy
approximate T, on U.

Proof. Define fuzzy numbers :1, B€ Fo (R) as follows, respectively:

( 1 1 z+1
=, —=Z ; -1<x<0;
x—l—z, 2_:/v<0, 5 <z <0
~ 1, z=0 ~ 1, z =0
¥z €R,Az) =1{ | Ble)=4 ,_.
5% x<0<§ 5 O0<z <1
0, otherwise. L 0, otherwise.

The curves related to :4(), lN?() are shown in (a) (b) of Figure 4.5, respec-
tively. Obviously, Yo € [1/2,1], Ao=Ba= {0}. Since T, is a trapezoidal fuzzy

function, it follows that Vz € R, we have

2z +1, <z <0

T(4)(z) = 1—-22. z<0< 1 T.(B)(z) = -z, O0<z<1;
) — 27

l\Dlr—l

0, otherwise.
0, otherwise.

Easily, we can show that

a—11—-«
2 7 2

Ve, Tr(A)= [ ] T.(B)a=[a~1,1—a]  (48)

Let us now prove when d = 1, FNN (4 5) can not with arbitrary accuracy
approximate T, on compact set U = { A B} C Fo (R) If the fact does not hold,

let £g = 0.1, then there exist m € N, and le,VJ,GJE FoR) (j = 1,...,m),
such that

D(Fun(A), THA)< Z, d(Fan(B), To(B))< 3
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Choose ag = 0.75. It follows that

~ ~ ~ E ~ ~ ~
dH (an(A)a07 TT(A)ao)< 507 dH(an(B)ao, T"‘(B)Oto)< 8?0 (49)

Since ,All,m—Ba0 {0}, by Lemma 4.1, F,m(A)m0 = Z (V?/U )ao' U((C:)j )ao) =

j=1
an( )o‘0 So by (4.9) we obtain

~

it (Tr(A) ooy Tr(B)ao) < dut (Tr(A)ags Frn(A)ao)+ds (Frn(A)ao, Tr(B)ao)
= dH (T (Z)aoa FN‘nn(Z)ao)'f'dH (Enn(g)aov Tr(g)an)

< 3 + 5 = £9.
(4.10)
On the other hand, by (4.8) it follows that
~ ~ -1 1-
H(TT(A)aoa TT(B)ao) = dH([aoz 9 2040]’ [(10—1,1—010])

ax{‘ao—l‘ ‘1—a0~}_1—a0_1>
2 T2 T T2 TgT™™

which contradicts (4.10). So FNN (4.5) can not approximation T, on U with
arbitrary accuracy. [

-0.5 0 0.5

Figure 4.5 Membership curves: (a) Curves of A Tr( ); (b) Curves of B TT(B)

4.1.4 An example of universal approximation

By Example 4.1 and Lemma 4.2, if choose Cr as the collection of all con-
tinuously increasing fuzzy functions, the universal approximation of FNN (4.5)
to Cr does not hold. An important problem is, whether can a sub-class Cp
of the collection of continuous fuzzy functions be established to guarantee the
universal approximation of FNN (4.5) to hold? The answer is yes, since we can
choose Cp = {extended function of continuous real functlon} In the following
we study such a problem in R%.
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Lemma 4.3 Let f,g be continuous functions on compact set B C R%, and
let h > 0. Moreover, Vx € B, |f(x) — g(x)| < h. Then for each compact set

B, C B, it follows that' V FE)Y - V {gx )}|< h.

x€B, x€EB)
Proof. Since B is a compact set, and f,g are continuous on Bj, there
are Xg € By, yo € By, satisfying f(xo) = V {f{®)},9(yo) = V {gx)} If

x€B1 xEB;
|f(x%0) — 9(¥0)| = h, we have

f(x0) ~ g(yo) < —h, or f(x0) —g(yo) = h. (4.11)
To the first case of (4.11), considering f(yo) < f(xo), we obtain

f(yo) — 9(y0) < f(x0) — 9(yo0) < —h = |f(¥o) — g(yo)| > h,

which contradicts the assumption! To the second case of (4.11), since g(xg) <
g(yo), it follows that

f(xo0) — g(x0) > f(x0) — g9(y0) > h,== [f(%0) — g(%0)| > h,

which also contradicts assumption. Thus, (4.11) does not hold, that is, —h <
f(x0) — g(yo) < h, So |f(x0) — g(x0)| < h,ie. | V f(x)~ V g(x)| <h.

x€EB, xE B,
The lemma, is proved. [J

Diamond P. & Kloedem P. have showed in [19, 20] that each compact set
in Fo(R) is uniformly bounded, that is, the following conclusion holds.

Proposition 4.1 LetU C Fo(R)? be a compact set. Then the supports of
fuzzy sets in U is uniformly bounded, that is, there is a compact set U C R,

such that V A€ U,Supp(;&) cU.

N ———
Proof. Fuzzy number O= X{o} X -+ X Xx{o} € Fo(R)?, where x{0}(0) =
1, xo3(z) =0 (z # 0). Since U is a compact set in metric space (Fy(R)?, D),

the set {D((N), X)]Ke U}C R is a bounded set, that is, there is K > 0,
we have, on ((Zl)o, . (/Nld)o)z (Supp(;h), - Supp(zd)): Supp(g), hence
V A€ U, D((N), _Z.)g K, and therefore sup{||x|| |x = (z1,...,2q) ERO}S K.
Thus, if let U = [~K, K]¢, then U C R? is a compact set. Moreover, V¥ A€
U, vx e Supp( A), x|l € K, i.e. x € U. Therefore, Supp(A) cu.Od

Lemma 4.4 Let f : R — R be a continuous function. Then extended
function f: Fo(R)4 — Fo(R) is continuous in Fo(R)%.

Proof. By Lemma 4.1 we obtain the fact that for arbitrary (;11, vy Zd) €
Fo(R)4, Supp(f(zl,...,zd))z f(Supp(;ll),...,Supp(?ld)). Since f is continu-
ous, f(Supp(Zl), . Supp(zd))c R is a compact, i.e. Supp(f(:h, . Zd))c R
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is compact. Also by Lemma 4.1 we obtain, f(;h, cevy ;Lz)a = f((;h)a, v (Zd)a)
for each « € (0,1]. The fact that (Zz)a € cc(R) implies f((zl)a, ey (Zd)a)e

cc(R). Obviously, Ker(f(,rzll,...,:ld));é 0. So f(;ll,...,;ld) € Fo(R), i.e. the
range of extended function f is included in Fp(R).
Arbitrarily given (Au, ..., Ag) € Fo(R)?, and € > 0. There is a closed in-

terval [a, b] : Va € [0,1], (Zl)a X e X (Zd)a C [a,b]¢. Obviously, f is
uniformly continuous on [a, b]¢, so there is § > 0, such that V(z1,...,z4) €
[a, B]%, ¥ (y1, -, a) € [a, b]?, it follows that

; €
Vie{l,..,d}, |z —uil <9, = ]f(xl,...,xd) — fy1, - ya)|< 5
For each ()N('l,...,)?d) € Fo(R)4, if D(}N(“/Nh) < 6§ (i = 1,...,d), then Vo €
[0, 1], dr ((Xi)a, (Ai)a)< 6, that is

V(A =)V (A st b=,

t€(A)a SE(Xi)a s€(Xi)a tE(Ai)a

Thus, for each ¢ € {1,...,d}, if t € (Zz)a, there is ¢’ € ()N(,)a, [t —s'| < 6. On
the other hand, Vs € (Xl)a, thereist’ € (A¢)q, satisfying It’—sl < 4. So for any

(@1, 24) € (A1)a X (Ad)a, there is (¥, .., 3) € (X1)a X -+ X (Xd)a
|z; —yil< 6 (i = 1 d), satisfying |f(z1,...,2q) — (yl, ,yél)[ < /2. And
Y(y1y -y ¥d) € (X1)a X - X (X d)a, there is (2, ...,2}) € (Al) XX {(Ag)a :

|zi —yi| < & (¢ = 1,...,d), such that |f(z],...,z}) — f(v1, .. ,yd)| < 6/2 That
is, we can conclude that

€
v A )~ el < 5
21€(A1)ar2a€(Ad)a y1E(X ar - ya€(Xd)a
£
V A {If(xl’---,xd)—f(yla'-wyd)l}}f 3
y1€(;{1)a,---,’yd€()?d)a $1E(Z1)a,~-,zd€(zd)a
Thus, we can conclude that the following fact holds:
Y A s = e}
21€(A1) ey 2a€(Ad)a v1€(X1)ar -9 €(Xd)a
d v N e~ Sl

1 E€(X1) s ¥d€(Xa)a #1€(A1)as - Td€(Ad)a

<_
2
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Consequently, we obtain

dir (F(X1, s Xad)or F(A1yerr Ad)a)
= di (F(X1)ar s (Xada)s F((A1)ar - (Ad)a)) <

DO | ™

D(f()}lv“'a)?d)’ f(er"aZd))
= V {dn(f (X1, Xa)a F(A1, e, Ad)a) }< =

—<E.
«€[0,1] 2

So f is continuous at (:11, ---,;Lz)- Consequently f is continuous in Fo(R)¢. O

Let us now generalize the conclusion (ii) of Lemma 3.1 to general case.

Lemma 4.5 Let I be an arbitrary index set, {a;|i € I}, {b;]i € I} C [0,1],
and h > 0, satisfying ¥i € I, |a; — b;| < h. Then

‘\/ai—\/bz‘ﬁh; ‘/\%*/\bi

i€l i€l el el

< h.

Proof. By assumption easily it follows that both § 2 V a; and A 2 V b
il iel
exist, moreover, 3, A € [0,1]. Let us now prove | — A| < h.
For each £ > 0, there are g, jo € I, so that a;, < 8 < a;, +¢, bj, LA
bj, +¢. Thus
aig—bj0—€<ﬁ—/\<ai0—bjo+s. (412)

If ig = jo, by assumption and (4.12) we obtain —h—¢ < a;y —bj, —e < f—A <
iy — bj, +e <h+e. So |8~ Al <h+e. Therefore, |3 — | < h. If 4o # jo, it
suffices to prove |8 — A| < h, respectively with respect to the following cases:

I a; > Qi b'io > bjo; Il. a;, > Qjg s b, < bjo;
II1. iy < Qjgs bio > bjo; 1V. iy < Qjg,s bio < bjo'
To the case I, easily we have
—h <aj, ~bj, s, —bj, <ay, —(A—¢€) <ayy—by, +e<h+e

So by (4.12) it follows that ~h —e < S — A < h+2¢,ie. |- A <h+2,=
|8 — A| < h. To the case II, the following fact holds:

—h < i, — bjo < Qg — bjo < Gy — bio < —h.

By (4.12) we can conclude that —h —e < 8- A <h+ec= 8-\ < h.
With the similar reason we can show |8 — A| < h to case III and case 1V,
respectively. Hence the first part of lemma is proved.
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Easily we can imply that if Vi € I, let af = 1 — a;,b, = 1 — b;, then

agmemuﬁmmfmghuensmwwnmm%nm4%¢_%mgn
1€ i€

Therefore
’/\ai d /\bz = ’(1— /\al)—(l — /\bz)
i€l i€l iel i€l

The lemma is proved. O

< h.

=V ai- Ve
iel i€l

Lemma 4.6 Assume that f, g: R?* — R are continuous functions, h > 0.
Moreover, for each compact set of RY, it follows thatVx € B, |f(x)—g(x)| < h.

Then for arbitrary compact setU of Fo(R)¢, and each (A1, ..., Ad) € U, we have,
D(f(ZI, ey :ld), 9(741, ...,Zd))ﬁ h.

Proof. Arbitrarily given U C Fy(R)?, by Proposition 4.1 it follows that
there is a compact set B of R?, so that for each (;h,---,:ld) € U, the set

defined as {x = (z1,...,za)|71 € Supp(zl),...,xd € Supp(;ld)} is included in
B. Sincef, g are continuous, by Lemma 4.1 we obtain Va € [0, 1], and for each

(A1, ey Ag) € Uy f(A1y-s Ad)a = F((A1)as - (Ad)a), and g(A1, ... Ad)a =
g((:h)a, oy (Zd)a). Therefore, the following fact holds [19, 20]:
dH (f(zla R Zd)aa g(Zla “ery Zd)a)
=dg (f((zl)ou ey (zd)a)a g((:&/l)om sy (Zd)a) (413)
= [ Y_l{‘s(p» f((le)a), ey (Ad)a)‘s(p’g((Al)av seey (Ad)a)l}

Moreover, for each p € R : |p| = 1, we have

|5 (D, £ (A)as s (Ad)a) ) =5(P, 9 (A1) s (Ad)a))
=|sup{p-yly € F((A1)ar - (Ad)a) } —sup{p - yly € 9((A1)as s (Aa)a) }|

—|sup{p- f(21, - 7a)|2i € (As)a } — sUD{p - g1, ., €a) s € (Ai)a }
(4.14)

Considering assumption and the fact that {(xl, o Zd)|zs € (Zi)a,i =1,..,d}C
B, |p| = 1, we imply

Vx = (‘Tla ""xd) € (Zl)a XX (Ed)a’ |pf(x) _pg(x)‘: |f(X) _g(x)l <h.

So it follows that dgy (f((zl)a, s (Zd)a), g((:{l))a, s (Zld)a))< h by Lemma
4.5 and (4.13) (4.14). Therefore

D(f(:h, ...,Zd), 9(21,---,;1@)
=V {da(f(A)as - (Ada)s 9((A1)as ) (Aa)a)) }< b

a€[0,1]
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The lemma, is proved. [J

Theorem 4.1 Let f : R? — R be a continuous function, and let U C
Fo(R)¢ be an arbitrary compact set. Then for each € > 0, there are m €
N, vj, 8; € R, and w; = (w1, ..., wq;) € R*(j = 1,...,m), such that

vX= (X1, Xa) €U, D(F(X Zu, o((w;, X)+6;) )< e,

where ¢ is Tauber- Wiener function.
Proof. By Proposition 4.1 it follows that there is compact set U C R?, so

that V(X1, .., Xa) € U, {x = (21, ..., zq)|z; € Supp(X;),i =1,..,d}C U. For
e > 0, since o is Tauber-Wiener function, there are m € N, v;,0; € R, and
w; = (wij, ..., wq) € R4 = 1,...,m), satisfying

vx € U, |£(x) Zu] (% w3)+05)|<
Let g(x) = i v; - o({x,w;)+8;) (x € R?). By Lemma 4.6 we obtain
1=j

~ ~ ~ ~ ~ ~ ~

VX=(X1,..,Xa) €U, D(f(X1,.s Xa), 9(X1,..., Xa))<

[NCRRy]

Therefore, D ( f (}N( ) ,
O

<

o({w;, X >+9]’)) < ¢/2, which implies the theorem.
1

Il

2

By Theorem 4.1, if we choose Cr as the collection of all extended functions,
the regular FNN’s as (4.5) are the universal approximators of Cr. Related to
this fact an important problem is, whether can we establish some equivalent
conditions for continuous fuzzy function class Cr to guarantee the universal ap-
proximation of multilayer feedforward regular FNN’s to hold? Such a research
topic is important and urgent to apply regular FNN’s as useful tools of solving
many real questions, such as, system modeling and system identification and
so on. The systematic research to this topic is the main objectives of §4.4 and

§4.5, respectively. To this end, let us now develop some learning algorithms for
FNN (4.5).

§4.2 Learning algorithms

Since the input signals, connection weights and the thresholds related to
regular FNN’s are fuzzy numbers, naturally it is much more difficult to develop
learning algorithms for regular FNN’s than for corresponding conventional neu-
ral networks, which leads to lacking systematic achievements in the field. The
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basic processes to deal with the learning for FNN’s are similar ones for con-
ventional neural networks, that is, define a suitable error function, and develop
some iteration schemes for fuzzy weights and fuzzy bias terms. Since we do not
have the calculus for fuzzy numbers, the conventional learning algorithms for
multi-layer neural networks cannot be directly fuzzified.

So far there have been two approach to complete the learning of the regular
FNN’s. One is to apply the level sets (a—cuts) of fuzzy numbers related,
and the BP algorithm is employed to adjust the endpoints of the level sets
to determine the fuzzy weights and biases. For instance, Buckley et al. [7],
Hayashi et al. [36] and Ishibuchi et al. [37] apply direct fuzzification to develop
the fuzzy delta rule. However, it cannot be used, practically because of the
lack of theoretic support. By restricting fuzzy weights and fuzzy biases to
be real numbers, Ishibuchi et al. [39] propose a fuzzy BP algorithm based
on finite level sets of the fuzzy numbers related. A general fuzzy number
cannot be determined by finite parameter collection. This is a main reason
that causes the difficulty for developing FNN learning algorithms. To avoid
such a case, specifically, many authors restrict fuzzy weights and biases to
be a given fuzzy set class, such as triangular and trapezoidal fuzzy numbers.
Ishibuchi et al. [38, 40, 41] use symmetric triangular fuzzy numbers for fuzzy
weights. And in [42], Ishibuchi et al. examine the ability of regular FNN’s
with four types of fuzzy weights (i.e. real numbers, symmetric triangular fuzzy
numbers, asymmetric triangular fuzzy numbers, and asymmetric trapezoidal
fuzzy numbers) to realize approximately fuzzy IF-THEN rules. In order to
call off constraint conditions for fuzzy weights, Dunyak et al. [21-23] present
a transformation which does not simplify the representation of fuzzy weights.
And based on the level sets of fuzzy numbers and the interval arithmetic, Park
et al. [75] develop an inversion algorithm of regular FNN’s.

However, no matter how different fuzzy weights and error functions these
learning algorithms have, two important operations ‘v’ and ‘A’ are often in-
volved. An indispensable step to construct the fuzzy BP algorithm is to differ-
entiate ‘v — A’ operations by using the unit step function, that is, for the given
real constant a,

ozva) { (4.15)

or

1’ T Z @, 8(3:/\&) 17 z S a,
0, z<a oxr 0, x>a.

Above representations are only valid for special case x # a. And if z = a, they
are no longer valid. Based on these two derivative formulas, the chain rules
for differentiation of composition functions are only in form, and lack rigorous
mathematical sense. Apply [81, 82] to fully analyze the ‘v — A’ operations and
to develop a rigorous theory for the calculus of ‘v’ and ‘A’ operations are two
subsidiary results of this section.

Another approach for the learning of regular FNN’s is to utilize genetic
algorithm (GA) (see Goldberg [31], Mitchell [70]) to minimize the error func-
tion and consequently determine the fuzzy connection weights and bias terms.



Chapter IV Regular Fuzzy Neural Networks 145

When the learning for weights and biases is completed with GA, the fuzzy num-
bers related must be restricted to a small class, such as triangular or trapezoidal
fuzzy numbers, so that they can be determined by a few of parameter related
to the class of fuzzy numbers. For instance, Aliev et al. [3] and Krishnamraju
er al. [48] employ simple GA to train the triangular fuzzy number weights
and biases of regular FNN’s. They encode all fuzzy weights as a binary string
(chromosome) to complete the search process. And the transfer function o
related is assumed to be an increasing real function.

Unlike neuro-fuzzy networks of mapping a non-fuzzy input signal to a non-
fuzzy output, which are the main objectives of Chapter VI (see also [12, 46, 49]),
regular FNN’s can directly process fuzzy information. If a real system maps
fuzzy inputs to fuzzy outputs, we can employ regular FNN’s not neuro-fuzzy
networks to realize this system, approximately (Ishibuchi et al. [44]). Further-
more, applying regular FNN’s we can solve the overfitting problem (Feuring
et al. [25]). Hence regular FNN’s play an important role, which can not be
replaced by neuro-fuzzy networks in application.

In this section, we at first employ level sets of fuzzy numbers to develop
learning algorithms of FNN’s. The first step to do this is to represent the
output fuzzy numbers of FNN as some functions of the endpoints of level sets
related to fuzzy weights and thresholds. Here the triangular and trapezoidal
fuzzy numbers are generalized to general ones. So the results in the section is
general and can be widely applied in real fields.

4.2.1 Preliminaries

Before developing learning algorithms, we at first recall the interval arith-
metic, the detail related please see [2, 73]. Let [a%, aV], [bL, bY] be closed
intervals. By ‘«’ we denote ‘+’ ‘=’ ‘x (-)’ and ‘+’, respectively. If let

I = inf{z xylz € [aL,aV],y € b7, Y]},
I* = sup{z * y|z € [aF,a"],y € [bF,bY]},
we define [aF, aU]x[bL, V] = [I,, I*]. Easily we can show
[af, aV]+[bL, bV]= [a + b, oV 4+ bY],
[aL,aU]__[bL7bU]= [aL _ bU, av — bL],
moreover, [a¥, aV]x[bE, BV]= [cF, V], where
ct=min{a™ b*,a" bV, a"- b%,a¥ bV}, V=max{a™ b*,a% bV, a’- bL,aV. U }.
If 0 € [b%,bY], we can obtain the operation law of interval division:

b i1 L Ul.Tpl Ul [,L U 1
i N Rt R GRS TRt s s
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If f: R — R is a monotone function, f can be extended as follows:

f([a",a"])= [f(a")Af(a"), F(a®)VS(a")].

Next, we restrict the general fuzzy number space to a smaller class, i.e.
Foo(R), satisfying ¥ A€ Foo(R), if let Supp(A) = [a!, a?], Ker(4) = [el, 7],
then A(-) is increasing on [a, e!) (i.e. for arbitrary z1, 72 € [al, €!), 1 <
2o, = z(zl) <A(z2)); and is decreasing on (€2, a?|(i.e. for arbitrary z1, z5 €

(€2, a?], z1 < m3, == A(z1) >A(x2)). Obviously, Fo.(R) is closed under
the extended operations ‘4, ¢’, and ‘—’, respectively. Furthermore, Fp.(R)
includes the fuzzy numbers often used in application, such as triangular fuzzy
number, trapezoidal fuzzy number and so on.

Theorem 4.2 For any £ > 0, and Z,Ee Foc(R), if there are my € N,
and constants ag, @1, ..., tm, € (0,111 0 =g < @1 <+ < @, = 1, satisfying
du(Ac_y» Aax) < €/3, du(Bow_y» Bay) < €/3 (k = 1,...,mg). Then by the
fact that Vk € {0,1,...,mo}, du(Aay, Ba,) < €/3, it follows that D(A, B) <e.

Proof. Given arbitrarily « € [0,1], it follows that there is k € {1, ...,mo},
satisfying & € [ag—1, ). So we have

der(Aa, Ba) < dir(Aas Aay) + di(Aay, Bay) + di(Bays Ba).  (4.16)

Considering ;1, E € Foc(R), and the definition of Fy.(R), we can obtain the
following inequalities: dy(Aa, Aa,) < du(Aas_,, Aa,) a0d du(Ba, Ba,) <
d1(Ba_,» Bay)- By (4.16) it follows that

dH(Zaaga) < dH(Zak—17Zak)+dH(Zak7§ak)+dH(§ak—17§ak)

< f4f4i-c
3 3 3 7

by which we can prove the theorem. [J

For any v € N, let Ac Foc(R), and denote Aak [a}, a2], where o =
k/v (k=0,1,...,7). By contlnuously increasing curves we link up such points
on the curve y A( ) as (a}, 0), (al, A(al)), .. ., (%, 1) successively. By continu-
ously decreasing curves we link up the points (a2,1), (a2_;, A( a_1)), .., (a§,0),
successively Thus, we obtain a fuzzy number ey ( A) € Foc(R) : Supp(cy (;1)) =
Supp(4); Ker(cy(A)) = Ker(A); ¢ (A)a, =Aay (k=0,1,...,7). We call ¢, (A)
a defined-piecewise fuzzy number of A If the curve segments linked up suc-

cessively become line segments, cﬁ,(:l) is called a symmetric polygonal fuzzy
number, which is a main objective in Chapter V. By Theorem 4.2 we can show
the following fact.
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Corollary 4.1 Let A€ Foo(R). Then when vy — +0o, D(Z, c—y(:l)) — 0,
that is, _lim D(A, ¢y(A)) = 0.
7—+00

Proof. For A€ Foo(R), ax = k/v (k=0,1,...,7), Let Aq,= [al,a2]. Then
by the fact Z() is increasing and right continuous on (a, a}{), and decreasing

and left continuous on (a2, a), it follows that Ve > 0, there is vo € N, such that
Vy €N: v >, lak—ai_;| < &/3, laz—a?_;| < /3. Thus, dir(Aay, Aay_,) <
e/3(k=1,..,7). But Zak: c,,(z)ak, Theorem 4.2 implies D(Z, C’Y(Z)) <e.
So _lim D(A, ¢4(A)) =0.0

4.2.2 Calculus of V — A functions

As the preliminaries of developing learning algorithms, let us now study the
derivatives of V — A functions and derivation operation laws (see [81], [82]). By
V — A function class L, we mean the collection of all functions generated
with the following rules [81]:

(1) ct (R) C Lmm;

(ii) If f,g € Loym, then fV g, fAg€E Lym, where

(Fvg)z) = flz)Vg(x), (fAg)(e) = f(z) Ag(z);

(iii) If f € Lynm, and F € CY(R), then F(f) € Lm.

The basis forms of V — A functions are fV g and f A g, where f,g € C*(R).
In the following we mainly aim at the derivatives related to V — A functions.
To this end, let

1, >0,
lor(-): R — R, lor(z) = %, z =0, (4.17)
0, =<0

For given p € N, let fi,...,f, € C*(R). By the following theorem, we can
characterize the differentiability of the V-A functions f; V.- -V f, and fiA-- A fp.

Theorem 4.3 Suppose f1, ..., f € CHR). Write F = fiV---V f,, and G =
FiN--- A fp. Forxzg € R, let I(zo) = {2 e {1, ...,p}|fi(x0) = F(:L‘O)}; J(xo) =
{z’ € {1,...,p}|fi(x0) = G(mo)}. Then

(i) F is differentiable at zy <= either I{xg) is a singleton set or, Vi, j €
I(zo), fi(zo) = fi(z0);

(it) G is differentiable at xo <> either J(xo) is a singleton set or, Vi, j €
J(zo), fi(zo) = f}(z0)-

Proof. It suffices to prove (i) because the proof of (ii) is similar. Assume that
F is differentiable at z, and I(xo) is not a singleton. For given i, j € I(xy),
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satisfying the following equalities:

fle) =\ {fi@o)} film)= N {filzo)}.

kel(zo) k€l(zo)

If fi(zo) # fi(xo), then f{(xo) > fi(xo). Since f;, f; € C'(R), moreover
fi(@o) = fj(xo) = F(x0), there is § > 0, such that Vz € (zo — 4, zo), fij(z) >
fi(x), and Vz € (zg, o + 0), f;(x) < fi(z). Consequently, by the fact f;, f; €
C'(R) it follows that

F(z) = F(zo) fi(z) = fi(zo)

Fl(zg—0) = i < i = fj(=o);
(350 0) :c~—l>lzr(r)1—0 Tr—XIg - z—l}zI?—O Tr—Xo f] (IO)’
. F(z) — F(xg) . fi(x) — fi(wo)
F = lm O CR0 —————" = fi(z0)-
(20+0)= lm ———= > lim S = fi(eo)

Considering F' is differentiable at zg, i.e. F'(zo — 0) = F'(zo + 0) = F'(=y),
we obtain f;(xo) > F'(zo) > fl/(zo), which is a contradiction! So Vi,j €
1(@o), £1(z0) = £1(z0).

Conversely, if I(xq) is a singleton set, let ig € {1,...,p}. Then f; (z9) =
F(xg), furthermore, Vi € {1,...,p}, ¢ # i9, = fio(x0) > fi(xg). So there is
a neighborhood (xg — §, 2o + &) of xg, satisfying Yz € (xo — 6, o + 6), Vi #
ig, fio(2) > filz),=> F(z) = fi,(x). Thus, F is differentiable at zq. If I(zg)
is not a singleton, then Vi,j € I(xzo), fi(zo) = fJI-(.'L'g) £ X there is &' > 0,
such that Vz € (zo — &', zo +8'), Vi € I(xg), Yk & I(x0), fi(z) > fe(z). Hence
Vz € (zg— &', xo + '), there exists i, € I(xg), fi(x) = F(z). Arbitrarily given
a sequence {yx} C R: yx — zo(k — +00). Since I(zg) is a finite set, and the
following set

Io(zo) = {5 € I(xo)] there is {yp } C {yr} : fz'ykl (yir) = fi(ywt) = Fyp) }5 0.

For each j € Ip(xzo), we have

lim F(ykl)_F(xo) = lim fiykl(ykl)_fiykl(xo) = lim fj(ykl)_fj(mo)

= =\
l—+too Ypi — Xg l—+o0 Yt — g l—+4o00 Yt — Tg

(4.18)
Easily we can show that {yx} can be finitely partitioned into infinite subse-
quences, each of which can guarantee (4.18) to hold. Therefore

—_F -
lim —————F(yk) (z0) =\, = lim —_F(x) F(wo)
k-»+o00 Y — To T—XLo r— Xy

= A

That is, F is differentiable at z¢. O
Choose p = 2, by Theorem 4.3 we can easily show the following conclusion.

Corollary 4.2 Let f,g € CY(R), and zo € R. Then the following conditions
are equivalent:



Chapter IV Regular Fuzzy Neural Networks 149

(i) f(zo) = g(zo), f'(zo) # g'(x0);

(i) fV g is non-differentiable at xo;

(iii) f A g is non-differentiable at xo.

Similarly with Theorem 4.3, we can also characterize the differentiability of
hy = lor(f(z) — g(z)) and hy = lor(g(z) — f(x)).

Theorem 4.4 Suppose f, g € C*(R). Define the functions hy, hy respec-
tively as follows: hyi(z) = lor(f(z) — g(z)), ha(x) = lor(g(z) — f(x)). For given
g € R, the following conditions are equivalent:

(i) h1 is differentiable at o;

(it) ho is differentiable at xo;

(iii) Either f(zg) # g(xo) or, f(zo) = g(xo) and there is 6 > 0: Vz €
(mo — b0, @0 + do), f(z) = g(=).

Furthermore, when hi, he are differentiable at xq, it follows that h](zq) =

Proof. By the definition (4.17) for lor(-), easily we can show that Vx €
R, lor(f(z) — g(z)) = 1 —lor(g(z) — f(z)). It suffices to prove (i) <= (iii).
Let (i) hold, and f(zo) = g(zo). If (iii) does not hold, then Vk € N, there
exists z € (xo — 1/k, mo +1/k): flxr) # g(xk). So there is a subsequence of
{zr}, and harmlessly we choose the subsequence to be {zy}, satisfying {zx} C
(o — 1/k, xo + 1/k). Moreover, either Vk € N, f(zx) > g(x) or, Vk €
N, f(zx) < g(zg). It is no harm to assume Vk € N, f(zx) > g(zx). Therefore

_ 1 - -1/2 -
lim ha(zg) —ha(zo) — lim or (flzx) —dzk) -1/ — lim 1-1/2
k—+oco T — Xo k—+o00 T — X k—+oco X — X

which contradicts the fact that hy is differentiable at z¢. So (iii) holds. Con-
versely, if f(zg) # g(zo), let f(xo) > g(zo). Then there is a neighborhood
(g — 6, g +08) : Vo € (20 — 4, z¢ + 0), f(x) > g(x),=> hi1(z) = 1. Hence
h1 is differentiable at zg, moreover hi(z¢) = 0. If there exists g > 0: Vz €
(zo — 00, o+d0), f(z) = g(x), then Vz € (xg —do, zo+do), hi(z) = 1/2. Ob-
viously, h; is differentiable at o, and k| (xo) = 0. Thus, (i} holds. In summary,
when h, hy are differentiable at zq, hi(zo) = h4(zg) = 0. O

For f,g € C*(R), define Upmm(f,g) = {z € R| f V g is differentiable at z},

and Uyor(f, g) = {x € R|lor(f(z) — g(z)) is differentiable at z}. By Corollary
4.2 and Theorem 4.4, easily we have

= -+-OO’

Umm (f,9)= {xE]R | f A gis differentiable atx};
Uor(f,9) {meR |lor(g(z)— f(z))is differentiable at x},

also Uior(f,9) C Umm(f,g), and the complement [Lllor(f,g)]c, [Umm(f,g)]c
can be represented as following, respectively:

[Ulor(f,g)]cz{x€R|f(a:):g(a:),Vé > 0,32’ € (x—6,x+6) : f(z')#g(z')};
Ui (£,9)] "= {z € R| f(z) = g(2), ['(z) # ¢'(x)}.
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Theorem 4.5 Let f,ge C'(R). Then [Ui(f, g)]c at most is a numerable
set, consequently [Unmm(f, g)]c is also at most a numerable set.
Proof. At first we show that Va,b € R : a < b,Vk € N, the collection

V(a,b, k)-—-{:ve[a, b |f(z)=g(x),¥6>0,3z" € (z—d,z+9) : |f(a:')—g(x')|>%}

at most is a finite set. Otherwise, there is a infinite sequence {z;} C [a,b] : Vj €
N, f(z;) = g(x;). Moreover, V6 > 0,3z} € (z; — 6, z; +6) : | f(z}) — g(z})| >
1/k. Since {x;} has a convergent subsequence, which can harmlessly be assumed
tobe {x;}, that is, let jEToo z; = xg € [a, b]. By the continuities of f, g it follows

that f(zo) = g(zo), and easily we can show that
V6 >0, 3zj € [a,b] N (ko — b, zo + 6) : | f(xy) — 9(xp)] > —.

And there is 6 > 0, so that the following fact holds:

Vz € [a'> b] N (IO - 507 Zo +50)a |f(.’L') - f($0)|< 3ikv |g(.’L‘) —g(l‘o)|< 3—k
Choose zj, € [a, b] N (xo — Jo, To + o). Then
2
L < 1f(ah) — 9(ab)] < |£(h) — Flmo)l + lg(z0) — glab)| < 5 + o = o,

This is a contradiction. So at most V(a, b, k) is a finite set. Also it is easy to
show

ulor fa U .7 ]a

”C8

hence [Uyor(f,9)]° is at most a numerable set. Easily we have [Unm(f,9)]°C
[Ulor(f, g)]c. Thus, [L{mm(f, g)]C is also at most a numerable set. [

By Theorem 4.5, if f, g € C*(R), we may imply that f Vg, f A g, and
lor(f(-) — g(*)), lor(g(-) — f(-)) are differentiable almost everywhere (a.e.). So
using Corollary 4.2, we can easily show the following conclusion.

Corollary 4.3 Suppose the functions f, g are differentiable on R, h; =
f Vg, hag = f Ng. Then hy,hs are differentiable on R a.e., and if hy, ha are
differentiable at x, we have

(@) _ STV IED _or( (a) —g(a) L +10r(g(2) 1) 242,

ha(w) _ TN _10r(s(0) o) 0D 1 tox(y(a) - (@) L2
Specifically, if a € R, then

WSO _ ror(p(a) — ) B, LOATED o ) 2
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Proof. Arbitrarily given x € R, it follows that

{ f(@) v glz) = f(@)lor(f(z) — 9(x)) + g(a)lor(g(z) — f(2)),
f(@) A g(z) = g(z)lor(f(z) — g(x)) + f(x)lor(g(x) — f(z)).
Assume that fVg, fAg are differentiable at z. If lor(f(-)—g(-)), lor(g(-)— f(-))
are differentiable at x, we can employ derivation laws and Theorem 4.4 to imply
the conclusion. If lor(f(-) — ¢(-)), lor(g(-) — f(-)) are non-differentiable at z,

By Corollary 4.2 and Theorem 4.4, f{z) = g(z), f'(z) = ¢’(x), which can also
show our conclusion. O

If our study topics are restricted to a bounded interval [a, b], the corre-
sponding conclusions also hold, that is, we have

Remark 4.1 If we substitute the closed interval a,b] for R, Theorem 4.3,
Theorem 4.4 and Corollary 4.3 also hold.

4.2.3 Error function

In the sequel, we write oy, = k/v (k = 0,1, ...,7). Related to the regular
FNN’s as (4.5), introduce the following notations fori =1,...,d; j =1, ...,m

(Xz) = [z} Ziky ?(k)]; (Wij)ak: [wilj(k)’ w?j(k)];
(Vj)ak: [U}(k)’ ”?(k)k (@j)ak: W(k)’ gf(k)]'

In the subsection we assume that the transfer function o is continuous, the
input X;€ Fo.(R) (i =1,...,d). By (4.5) and the interval arithmetic we have

m

E‘nn()?la- ’Xd Z ](k)v ([X_yl(k)7 X?(k)])7 (419)
7j=1

where X! (k) ng(k) are defined respectively as follows:

d
1 —pl : 1 1 1 2 2 1 2 2 .
Xy = O+ Zmin{ion @i iy Wiiey Tl Wi Tiw i

d
2 — f2 1 1 1 2 2 1 2 2
Xiw =Oiwm+ ;ma"‘{xi(mwmk)v i Wit Tl Wi Ti Wi b

(4.20)
Since o(-) is a continuous function, for 7 = 1,....,m; k = 1, ..., 7, we conclude

o ([X3wy X)) = [01 (X2 X20)), U2 (X Xiiay)] (4.21)

where both Wy(:, -), ¥y(:, -} are continuous. By (4.19), }?‘nn(;{l,...,)}n)ak =
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2 (B B

=
( Ry = {”?(k)"l’l( i Xie) {”() Va2 (X ey f<k>)}/\
Moy - 1 (X X2) P02y - 22Xy, X20) }s
Ry = {J(k) U1 (X ey J(k)} iy - 2 (X Xay }V
V{”?(k)"l’ (X <k>)} { iy - Y2 (X ), Xj(k))}-
(4.22)

If o is nonnegative and increasing, by (4.21) it follows that

U1 (X X)) = (Xjy)s C2(Xjyr X)) = (Xi)-

~

(.19 become s, o5, e = 35k ] 7 (Kh), ()
And (4.22) is as follows:
Rl = (vl - oK) )7 (w309 - 7 (K0):
Ry = <”92'<k>' “(lew)))v(”f(k)‘ "(Xfw)))-

Let ((X1(1); . Xa(1)); OD)); -, ((X1(L), s Xa(L)); O(L)) be a family of
fuzzy patterns for training FNN’s, that is, when (X1(1), ..., X 4(l)) is the input
of a FNN,rthe corresponding desired output is O(l), where I =1,..., L. Let

(4.23)

~

(Xi(l))ak: [mg(k)(l)y xiz(k)(l)]; (5(1))ak: [O%k)(l)’ O%k)(l)]'

By the definition of metric D(-,-) and Corollary 4.1, we conclude that

D(Fan(X1(1), s Xall)), OW)= 0
if and only if for arbitrarily sufficiently large v € N, the following fact holds:
Z dH((an(Xl(l), ...,)N(d(l)))ak, (5(1))%)% 0. Considering the equivalence
between dg (-, ) and dg(-, -), we define the error function as follows:

m m

- %Zi([o(k) Z (k) l)] [O(k) Z 3 (k) l)] ) (4.24)

=1 k=0 =1 =1

where R! e (D), R?(k)(l) and X;(k)(ll, X?(k)(l)N are determined by (4.20) and
(4.22) when the input of a FNN is (X1(1), ..., Xa())) (1 = 1,..., L).
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4.2.4 Partial derivatives of error function

Now we focus on the differentiability of the error function E(-) with re-

1 2 1 2 1 2 Ci

spect to the parameters Wiy Wijiky Yiceyr Vick)r Hj(k), Hj(k) i=1,..,dj=
1,....,m; k = 0,1,...,7), respectively. Assume that there are N such param-
eters. Then easily N = 2m('y + )(d + 2). For given i € {1,..,d}; 7 €

(4.24), if let p=wl ., v? ., 07 (q = 1 2) respectlvely, we have

tj(k)? “5(k)’ “i(k)

OF L OR; k 0 OR; k (0
ok Dt (k) D2 3 (k) )
B Z( ey (D) Bp + Diiy (1) ap )

=1

(4.25)

Let 0 : R — R be a differentiable and increasing function. Let parameter p
be wilj(k), wizj(k), 0;(k), 0]2.(k), respectively. By (4.23) (4.25) and Corollary 4.3,
and the fact 0(X ) < 0(X5,,), it follows that

8R!, (1) 2 aXt (1)
)\ j (k)
]3p = vj - Y _lor((=1)" 1o )0 (X (1) Jp ;
t=1
OR2, (1) 2 axt (1)
(k) (k)
By = Ut 2 1or(C) W)’ (X () —
= (4.26)
oR: (1)
(k)
—87])—1»@)_ = lor(vjl»(,c)) . U(X;(k)(l))—i—lor(—v]l»(k)) . O'(ij(k)(l));
j
OR2,(1)
J
@Rl [ ORZ, (I
Furthermore, i) = ) = 0. We choose p = wZ, ., 8% . (¢ =
v 2(k) vl ) ij(k) Vi(k)
J J
1,2), respectively. By (4.20), Corollary 4.3, and w} ey < w? (k) We get
[ 9X!
ik
L = Zaz iy (Dor (1)@ (D)o (2 4y (D)5
aww(k) t=1
9X2, _
aw( N Zx (Dor((—1) 1T, 5 (1) or (—23,L (1))
ij(k
(k) t=1 (4.27)
axl 2
%— = Zx () (Dlor (( l)t_HEij(k)(l))lor(_mz(k)(l))Q
5 (k) t=1
oX2, _
J(()k) Z‘T(k) Yor(( 1)t+1\I!ij(k)(l))lor(xf‘(jc;(l)).
\ ij t=1
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ox1 (1l 0x371
Moreover, _&QEIL)) =1; a;ék)(l) =0{(g=1,2), where
(k) (k)

i) (D = (Wi 0y 20y D) AW (1) 20y (D) = (w0} ey iy (1) MNwg iy Tig (D)
Ty (1) = (wilj(k)x?(k) 0) V(w?j(k)‘r?(k) 0)- (wilj(k)le(k) (l))v(wzzj(k)xil(k) ).

Synthesizing (4.25) (4.26) and (4.27) we obtain the following conclusion:

Theorem 4.6 Let the transfer function 0 : R — Ry be a non-negatively

differentiable, increasing function. Then the error function E is differentiable

: q q q — o=

a.e. on R with respect to the parameters Wyiekyr Vi) Hj(k) (¢ = 1,2, =
1,.,d;5=1,..,m; k=0,1,...,7v). Moreover, if let

Oy (D) = Xi: z(k)( Nor ((—=1)4F W, 54y (1)) lor ((—1)4 xz(k)( )
ng(k)(l) = til i(k) (l)lor((_l)ﬂ—lgij(k)(l))lor((_l)q+1x§(k)(l));

“‘Il

iy () = vjaylor(v5k)) - Dy (D) + v lor(=vy ) - Dy (13
Ajany(l) = j(k)lor(—vj(k)) . D(lk)(l) + U?(k)lor(vf.(k)) - D(Qk)(l).

The followmg partial derivative formula with respect to wf’j(k), U?(k)’ Qj(k) hold:

* _Z( m k)(l) ( ;(k)(l))+Aj(k)(l)q)gj(k)(l)UI(ng(k)(l))>;
ZJ =1
B . ) X .
(%) Bvl.(k) Z (k)(l) (lor(vj(k))U(Xj(k)(l))+10r(_vj(k))U(Xj(k)(l)))3
J =1
L
Bt = 2Dl (lor<—v3<k>>a<x;<k> a>>+lor<vf<k>>a<x;(k>u)));
(i) 0% 1, - Z(AJ(’“)( ))-o(Xj); 592 Z ity (! Xy)-
J 1=1 —

Proof. By (4.26) (4.27) and Theorem 4.4, we conclude that the following
partial derivative formulas with respect to ng (k) hold a.e.:

AR (1)

3‘“—w(kzl) [o (Xl(k)(l)) zg(k)lor(v}(k'))—ml(ij(k)(l)){)gj(k)lor(_vjl'(k))]vjl(k);
ij

ORZ,, (1)

812(;) :[OJ(X;(k)<l))rgj(k)lor(_vi(k)) ( J(k)(l)) i5(k) k’f( g(k))]%z‘(k)-

910
(4.28)
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By substituting (4.26) (4.28) for corresponding ones in (4.25) it follows that (i)
holds. Similarly we can show (ii) (iii). O

4.2.5 Learning algorithm and simulation

Using the partial derivatives determined by Theorem 4.5, we can develop fol-
lowing iteration schemes related to ay—level sets [wl J(k), i (k)] [ }(k), ?(k)]

and [0;(,6), 0]2(,6)] (k = 0,1, ...,7) of the fuzzy weights W”, VJ and the fuzzy
threshold éJ By (4.23) (4.24) the adjustable parameters are the endpoints:

w? v2 1 .
za(k)’ Wiy Vitky Vit i Oy Where = 1om, j = 1,.m, k=
..,7¥. Rewriting the parameters as wy, ..., wy, we obtaln the followmg iter-

atlon scheme:

9E[]

By T At =1, N). (4.29)

wplt + 1] = w,[t] -

where t = 0,1,..., is iteration step. And in each iteration we re-rank the
following sets:

{wilj(o) [t + 1], ...,w}j(l)[t +1], ...,w?j(w)[t +1]},
{v}olt + 1, vyt + 1] w3 s [E+ 1,
{05 lt + 1], 0]y [t + 1], .., 05 [ + 1]},

respectively, so that

wi; ot H Swhg[t+1] < SwiftF] Swd ftH1] < Sw gt
Vioy[t+1] S 0fqy[t4+1] < - S vf 1] < w2 [ERD] < S0 [Es
olt+1] <0} [t+1] < - <6} [t+1] <62 [E+1] < - < 602 [E+1];

To examine the learning capability of the regular FNN (4.5}, let us now
study a simulation example, that is, the FNN is employed to realize a family of
fuzzy IF-THEN inference rules, approximately. Also we present the numerical
comparison of our model with other fuzzified neural networks developed in [37],
[38]. Suppose the inputs related to be a two dimensional variable (z1,%5), and
the output to be an one dimensional variable y. IF-THEN rules are defined as
follows:

IF z; is high AND %4 is high THEN y is high;
IF z; is high AND x5 is low THEN y is medium;
IF z; is low AND z5 is high THEN y is medium;

IF z; is low AND z5 is low THEN y is low.

(4.30)

Here the antecedent and consequent fuzzy sets ‘high’ ‘low’ ‘medium’ are fuzzy
numbers defined on the closed interval [0,4], respectively. Denote H;=‘high‘,
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M = ‘medium®, ZO:‘low’, which are shown in (a) of Figure 4.6, respectively.

{((Hi, Hi), Hi), ((His Lo)s Me), ((Lo, Hi), Me)s ((Los Lo), Lo)} are
chosen as the training patterns for designing the learning algorithms of FNN’s

s (4.5) and those in [37], [38]. In FNN (4.5) let v = 5, i.e. ar = k/5 (k =
0,1,...,5), and there are five neurons in hidden layer, that is, m = 5. Suppose
the transfer function o(z) = 1/(1 4 exp(—x)). With the following procedure we
may complete learning process:

Algorithm 4.1: The fuzzy BP algorithm.

Step 0. Initialize connection weights and biases. Let iterative step ¢t = 0,
and all initial weights and biases are all generated, randomly in [-1,1].

Step 1. Let w[t] be wilj(k) [t], w?j(k) t], U;(k) t], 11]2.(,6) [t],ﬁjl.(k) [t], 9]2.(k) [t], re-
spectively. By Theorem 4.6 calculate OE|t] / Ow(t], where i = 1,2; 7 =1,...,5;
k=0,1,..5.

Step 2. Using (4.29) we iterate w,[t] to obtain w, [t + 1].

Step 3. If t > 2000, or |Et] — E[t+ 1]| < 0.001, stop the iterative procedure
and output results, otherwise let t =t + 1, go to Step 1.

%ow medium high ]
0.5 0.5
(@) (b)
0 0
0 1 2 3 4 0 1 2 3 4
1 1r
05f1 0sf
oy A (d). : S
0= 0 =
0 1 2 3 4 0 1 2 3 4

Figure 4.6 Membership curves of fuzzy numbers ‘high’ ‘low’ ‘medium’ : (a)
desired curves; (b) desired curves (—) and actual output curves by our method (- - -);
(c) desired curves (—) and actual output curves by Ishibuchi method in [38] (---);
(d) desired curves (—) and actual output curves by Ishibuchi method in [37] (---).

Using Algorithm 4.1, we can train the regular FNN (4.5). And correspond-
ing to the input patterns in the training set, we get the actual outputs of this
FNN, as shown (b) of Figure 4.6.

In [38], Ishibuchi et al use the symmetric triangular fuzzy number weights
and biases to construct a regular FNN, whose BP type learning algorithms ad-
just only two kinds of parameters — two endpoints of the triangles. Using such
a FNN model we can also realize the inference rules in (4.30), approximately.
The corresponding actual and desired outputs are shown in (c) of Figure 4.6
after 2000 iteration steps. Also, Ishibuchi et al take the real numbers as the
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connection weights and biases to construct a FNN model in [37]. And sim-
ilarly with the convenient BP method they use (4.15) to develop a learning
algorithm of the FNN. By iterating 2000 steps, we can get the actual outputs
to approximate the rules in (4.30), as shown in (d) of Figure 4.6.

20

ishibuchi method [37]
= = Ishibuchi method [38]

— Algorithm 4.1

Learning error E
>

200 400 600 800 1000 1200 1400 1600 1800 2000

lteration steo t
Figure 4.7 Error curves of different models

By comparing (b) (c) (d) of Figure 4.6, we can easily find that our FNN
model (4.5) gives the best results, i.e. the error of FNN (4.5) is significantly
lower than those Ishibuchi’s FNN models [37], [38]. Also we can see from (d) of
Figure 4.6 the larger error of the model in [37], and even getting the different

outputs through this FNN when the corresponding inputs are ( ﬁ i z,o) and

(Zo, FI 1), whereas the desired outputs are equal.

Figure 4.7 shows the curves of the error function defined by (4.24), cor-
responding to above three FNN models, i.e. the regular FNN (4.5) and two
Ishibuchi’s models [37], [38], where we let = 0.1, & = 0.04 in our Algorithm
4.1 and n = 0.1, @ = 0.18 in Ishibuchi’s two algorithms, respectively. Also we
can find from Figure 4.7 that despite some large fluctuation at the beginning of
iteration, the square error of FNN (4.5) is lowest, and corresponding Ishibuchi’s
two FNN models, the square errors are approximately equal. So our result is
also the best.

From the simulation example we can also find, like the convenient BP algo-
rithm [12], the fuzzy BP algorithms are very sensitive to the learning constant 7
and momentum constant «, that is, very small variations of 7 and « can result
in a large change of the square error E. Furthermore, the choices for n and «
are blind. So in the next section we will focus on developing some systematic
methods for choosing the learning constant 7, rationally. One of the basic tools
to do that is GA.

§4.3 Conjugate gradient algorithm for fuzzy weights

Since the learning constant 1 keeps unchanged in the iteration process of the
fuzzy BP algorithm 4.1 for fuzzy weights of FNN’s, the learning error can not
be controlled, efficiently. Also the fuzzy BP algorithm is liable to fall into local
minimum points, and it can not ensure some convergent speed. With different
learning constants it can result in different results. Moreover, we have so far
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not solved the theoretic problem how suitable 1 can be selected. To study
such a question systematically, this section will develop the fuzzy conjugate
gradient(CG) algorithm for fuzzy weights. In each iteration step of the fuzzy
CG algorithm, the learning constant 7 is adjusted, rationally. The optimal
7 is achieved by the genetic algorithm(GA). Also we show the algorithm is
convergent.

4.3.1 Fuzzy CG algorithm and convergence

By w = (wy,...,wg) we denote the vector consisting of all adjustable pa-
rameters wz.lj(k), wfj(k); U]l(k), 'v]z(k); 9]1.(k),0]2.(k) (k=0,1,.,v;i=1,.,n;7j =
1,...,m) related to (6). And VE(w) means the gradient vector of 2 E(w)
defined by (4.24):

¥

VE(w)= (aE(W) OE(w) O0E(w)  JE(w)  JE(w)

8“’}1(0) T 8“’%1(7) , 6”’%1(7) v 8“’%1(0) v aw?im(o)

OB(w)  0B(w) 9B(w) 9E(w) 0E(w) 0B(w) ~9E(w)

i 1 1 3
Buig) " vy Oy T iy T B )T 001y T B0y
OB(w)  9B(w)  9B(w ))
2 i Tapy e )
T N
B (BE(W) 8E(w)>
TN Bw, VT Bwy /]

For convenience, in this section let the input pattern (( X 10, .., X a) (1=
1,..., L) of FNN (4.5) belong to Fo(R4 ). Theorem 4.6 can be simplified:

d
1 _pgl 1 1 2 1
Xy = O + 2 (@ i00 A i Wisw)-

d
2 — p2 1 2 2 2 .
Xy = Gy + 2 @y v #lay i)

gij(k)(l) = (xf(k)(l) - 371'1(1@ (l))wilj(k v, ey () =(z z(k)(l)‘ m%(k)(l))w?j(k);
%0y (1) = @y (Dlor (Wl ) + gy (Dlor (= U(k))’ i) (1) = 0;
Fij(k)(l) = xi(k)(l)lor(wh(k )+ xz(k r(—w zj(k ) z’j(k)(l) = 0.

By Theorem 4.6 and (4.34) (4.35) we can show the following theorem.

(Do
(Dlo
Theorem 4.7 For given fuzzy pattern pair ()}1 D), .., Xa (l),5(l)) (1=

1,..., L), define the following space

Wan = {w = (wy, ..., wn) € RN |wy - wy # 0}
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If the transfer function o is non-negatively increasing and continuously differ-
entiable, we have the following conclusions:

(i) The error function E(-) is differentiable in Wy, and VE(-) is continu-
ous in Whp;

(i) For given Iy > 0,..,1x >0, let Wit = {(w1,...,wn) € Waa||w1| >
li, ..., lwy| > In}. Then VE(-) is uniformly continuous in W'V .

Henceforth we call W,,,, to be the nonzero weight space of the regular FNN
(4.5). Using the derivatives established in Theorem 4.6 and Theorem 4.7, we
can calculate VE(w) in W,,,. Consequently, we design the following conjugate
gradient algorithm.

Algorithm 4.2 The fuzzy CG algorithm.

Step 1. Initialize the weight vector w = w[0] = (w1, ..., wn) € Wy, and let
t=20.

Step 2. Calculate the gradient VE(w(t]), and discriminate ||V E(wlt])||< £?
if yes, go to Step 10; otherwise go to the following step.

Step 3. Put v[t] = VE(wlt]), and let the direction hft] = —v[¢].

Step 4. Calculate nt] > 0:

nlt] = max{n > 0| E(w[t] + Ah[t]) is decreasing with respect to A € [0,7]}.

Step 5. Let wlt +1] = wlt] + [] h[t].

Step 6. Discriminate w[t + 1] 2 (w1t + 1], ..., wn[t + 1]) € Wy, 7 if yes,
go to Step 8; otherwise we let ip = min{i € {1,..., N}|w;[t + 1] = 0}, and
6 = min{|w;[t + 1]| |w;[t + 1] # 0}, and set 0 < §' < 6.

Step 7. If i > 1, let wiy[t +1] = 8" - wig—1 [t + 1] /|wio1[t + 1]|; if io = 1, let
wi, [t +1] = 8" - wn[t]/lwn(t]]. Go to Step 6.

Step 8. Calculate the gradient VE(w[t + 1]), and discriminate whether
[[VE(w[t + 1])||< e? if yes, go to Step 10; otherwise go to the following step.

Step 9. Put v[t+1] = VE(w[t+1]), and let h[t + 1] = —v[t + 1] + S[¢] - h[t].
set t =t + 1, go to Step 4. Here we choose J[t] as follows [11, 76]:

(VEWH]),VEWw[]))  |[VEWR)|’
(VEwlt = 1), VEM 1))  [VEwE— 1]
Step 10. Output the weight vector w[t + 1].

Remark 4.2 (i) Algorithm 4.2 is a fuzzy BP algorithm, in which the
learning constant 1 and momentum constant « are adjusted in each iteration:

_ nlt]Blt - 1] ,
wit + 1] = wit] — n[t] - VE(wlt]) + W . (W[t] —wft— 1]),

plt] =

(ii) By Step 4 calculating the learning constant n[t] is equivalent to solving
the following minimum value problem:

E(w[t] +n[th[t]) = r/\n>i1&{E(w[t] + Ah[t])}. (4.31)
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The key step to realize Algorithm 4.2 is to find the learning constant 7]t],
that is, get a solution of (4.31). To this end, we employ a non-accurate line
search method, i.e. Armijo-Goldstein(A-~G) line search [80] to establish n]t]
in Step 4. At first, for simplicity we leave out the iteration step ¢, and let
nlt] = n, w[t] = w, h[t] = h. Let (see [11, 77, 80])

{ E(w) — E(w +1nh) > —nb; - (h, VE(w)), (432)

(h, VE(w +nh))> by(h, VE(w)),
where by, by are constants: 0 < by < be < 1. For given w = (w1, ..., wn) € Whn,
and « > 0, let ¥(z) = E(w + zh).
yY y = (=)

y = 9(0) + b1y’ (0)z

i712 T

.
y=90)+ ¢ (M y=1v(no)+ Y (no)x

0

Figure 4.8 Illustration of constraints in line search.

Theorem 4.8 (i) The left and right derivatives of the function ¢(-) exist in
[0, +00); (i) For arbitrary w = (w1, ..., wn) € Whpn,h = (h,...,hn) € RV, the
Junction (-) is differentiable in Ry; (i) If t € N, so that w = wit], h = hl[t],
then 1 is differentiable at n =0, and ¢'(0) = (h, VE(w))< 0.

Proof. (i): By definition (4.24) for E(-) and Theorem 4.6, we can show
that, the left and right derivatives of ¥(-) exist in [0, +00), that is, (i) holds.

(ii): Obviously, R™ \ W,,, is a finite set, 50 YW € W,n,h € RN. The set
{z € Rlw + zh ¢ W,,,,} is finite. Thus, Apart from finite 2’s, w 4+ zh € Wh,,
So Theorem 4.7 implies, 9(-) is differentiable in Ry a.e..

(iii): Let w = (wy,...,wn) = wlt],h = (h1,..,An) = hlt]. By Algorithm
4.2,w € Wy,,,. So Theorem 4.7 implies, F(-) is differentiable at w. Therefore

E(w +zh) — E(w)

lim
z—040 i
- lim E(w; + zhy, ..., wn+zhy) — E(wy, wa+zhy, ..., wn + zhy)
T 2040 z
tet lim E(wy, ..., wN_1,wy + zhy) — E(wi,, ..., wN)
z—04-0 x
OFE oF
:hl._(lv_)+...+hN.~__(w_) :<h, VE(W)>,

6101 6’(1)1\]
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i.e. () is differentiable at = = 0, ¢/(0) = (h, VE(w)). By the definition of
h, (h, VE(w))< 0, which implies the theorem. O

Let us now use Theorem 4.8 to show the existence of constants by, by in the
A-G condition (4.32). By Figure 4.8, we can find the first condition in (4.32)
refers to the straight line y = ¥(0) 4 519’ (0)z; The second condition refers to
the tangent line y = ¢(no) + ¥’ (10)x.

Theorem 4.9 Let {w[t]|t € N} C Wy, {h[t]|t € N} c RY. For each
t € N, if denote w = w[t],h[t] = h, then there are by, by : 0 < by < by <1, and
no € [0, +00), such that E(-) is differentiable at w+nh, and the A-G condition
(4.32) holds.

Proof. By Theorem 4.8, ¢/(0) < 0, so = 0 is not a minimum point of
¥(+) in [0, +00). Since 3 (x) > 0, we choose by € (0,1/2), so that at least there
exist two points of intersection between the curve y = ¥(z) and the straight
line y = (0) + 019’ (0)x, as shown in Figure 4.8. Let

n2 = min{A > 0[¢(b) = ¥(0) + by’ (0)A}.

Then ¥ A € 0,71, $(A) < ¥(0) + by Ap’(0), and ¥(nz) = $(0) + byt (0). that
is, VA € [0, 2], we have

E(w) — E(w + Ah) > —Aby (h, VE(w)).

Choose bz € (0,1) : by > by. Obviously, there is zo € [0,400), satisfying
W {zo) 2 0 > 51¢'(0) > by’ (0). So let

0)};
0)}.

Then 0,71 € [0,7m2] : Mo < 11, and Vz € (no,m), if ¥'(z) exists, we have,
bat)'(0) < ¢/ (x) < byy'(0). Therefore, choose n € (19, m), so that ¥(-) is
differentiable at 7, i.e. E(-) is differentiable at w+nh. And (VE(w +nh), h>2
ba’(0). Thus

I

no = min{x € Ry |[¢'(z) exists, and ¢’ (z) > bay)'(
) = bi/(

n = min{z € Ry [¢'(z) exists, and ¢’ (z

E(w) — E(w +nh) > —bin(h, VE(w)); (VE(w +nh),h)> by(h, VE(w)).

The theorem is proved. [

By Theorem 4.9, it follows that the A-G condition (4.32) is rational as
the constraint of minimum problem (4.31). Therefore, it can ensure some
convergent speed of Algorithm 4.2.

Theorem 4.10 Let {wlt]|t € N} be a vector sequence generated by Algo-
rithm 4.2. Let there be ly,....Ixy : 1; > 0 (i = 1,...,N), satisfying {w[t]'t €
N} € Wi-Ivand there be 8y € (0,m/2), the angle of intersection between
hit] and —VE(w{t]) be 0t] : 0 < 0[¢] < 7/2 — 6y. And in learning constant
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sequence {nt]|t € N}, n[t] satisfies the A-G condition (4.32) for each t € N.
Then lirf | VE(wlt])||= 0, moreover, each cluster point of {wft}|t € N} is the
p—-} o

minimum value point of E(-).
Proof. By Algorithm 4.2, ¥t € N,w(t] € W,,,. So using Theorem 4.7 we

imply the error function E(-) is continuously differentiable at w[t]. Moreover,
Vt € N, E(wlt]) > 0, by Theorem 4.9 it follows that

E(wlt]) — E(wlp+ 1) > —binf] - (VEw[A), hif])> 0. (433)
That is, {E(w(t])|t € N} is decreasing. So the limit Jlim E(wl[t]) exists, and
lim (E(w[t]) — E(w[t + 1]))= 0. By A-G condition (4.32) we obtain

t—+00

0

IN

n[t] - [uft][|-| VE(w(t])]]- sin(6o)
n[t] - |[uft][|-[| VE(w(t])]|- cos(6]2])

IA

] (B[t bi)< - (B(wld) = E(wit + 1) 0t = +00),

So  lim nft] - ||| | VE(w[t])||= 0. If let || VE(w]t])||#4 0 (t — +o0), then

there are g9 > 0, and a subsequence { | VE(w[t,])||,q € N}: || VE(wltg])||> co-
Therefore, liril nt] - |[ht]||= 0. Since {wlt] |t € N} € Wt~ by Theorem
g—+o0

4.7, VE(-) is uniformly continuous on W'~ Considering
Wity + 1] — witg]||= nltg] - ||hltg]]|— 0(q — +o0), (4.34)
we imply for sufficiently large ¢, |[VE(w(tgy + 1]) — VE(w[t,])||< cos(8[t,]) -
|VE(wltg))||- Thus
[(VE(wlty + 1)), bltg])—(VE(wltg]), ht,])|
< | VE(wltg +1]) = VE(wltg])||-[|hte] |
< cos(0[ty]) - [[VE(Wlty))||- [ altol[|= (VE(w(ty]), hlto])-
Hence we can imply that
(VE(wltq + 1]), hlte])< 2(VE(wltg]), hltg])< 0,

which contradicts A-G condition. So . liin |E(w[t])||= 0. The second part of

the theorem is the direct result of the fact that {E(w[t] |t € N)} is decreasing.
O

Using Theorem 4.10 and Theorem 4.9, we can show that Algorithm 4.2 con-
verges to a minimum point of E(-) with some convergent speed. So Algorithm
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4.2 can improve the fuzzy BP algorithm to overcome the drawbacks of choosing
7, blindly and being liable to fall into local minimum points. In the following
lets us establish optimal 1 at each iteration of Algorithm 4.2 by solving con-
straint type minimum problem (4.31) (4.32). The basic tool to do that is the
GA.

4.3.2 GA for finding optimal learning constant

In Algorithm 4.2, the learning constant nt] = 71 can be obtained by solving
the following constraint type minimum problem:

E(w +nh) = I§1>il(}{E(W + Ah)},

E(w) — E(W + Ah) 4 A\b1 - (h, VE(w))> 0; (4.35)

Subject to
(h, VE(wW + Ah)) — by - (h, VE(w))> 0.

Now we employ a simple GA to find a solution of (4.35). To this end, con-

sidering E(w + Ah) > 0, we transform the constraint type problem into a

unconstraint one [48, 60]:

A 1 1
max{G(\)} = max{ . }, (4.36)
A>0 A>0 1 + [11] E(w+Ah) [11] C(N)

where C() is defined as follows:

C(A) = |E(w) — E(w + Ah) + \b; - (h, VE(w))|
+|(h, VE(w + Mh)) —bs - (h, VE(w))|.

To guarantee the error sequence to belong to the given interval, let the learning
constant lie in [0, 1/5]. The main steps of using GA to solve (4.36) are as follows:

(1) Code. Using a binary number 3 to express 1 € [0,1/5], approximately.
Such a  can represent a possible solution of (4.36), all of which constitute the
solution space S, of (4.36).

(2) Initialize. Let ng € N be the population size at each evolution genera-
tion. Randomly we choose from S, ng individuals A(0, 1), A(0,2), ..., A\(0,7p) to
constitute the initial population P,(0) = {A(0,1),...,A(0,70)}, and set ¢t = 0.

(3) Calculate fitting. Given A(t,7) € P,(t), calculate G(\(t, §)), where P, (t)
means the {— th generation population.

(4) Genetic selection. By roulette wheel selection method, the live proba-

bility of A(t, j) is p; = G(A(%))/ 3+ G(A(t, ")), that is, the probability that
j'=1

A(t, §) is reproduced to offspring is p;.

(5) Genetic operator. Randomly choose from P,(t) the individual pair
(A(t,j1), A(t, j2)) to match. C, is the single-point crossover operator, and the
crossover probability is p., that is, with probability p. cross over the pair at a
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randomly chosen point to form two offspring C,(A(¢, 71), A(t, 52)), which is the
set {A(t+1,751), A(t + 1,7%)}. Take an example as follows:

crossover point
At,j1): 101 | 101 c, At+1,79): 101110
Alt.ge): 010 | 110 At+1,75): 010101
If no crossover takes place, two offspring are exact copies of their respective
parents.

By mutation operator the offspring mutate at each locus: 0 — lor1 — 0
with mutation probability p,,. By the mutation operator we can accelerate the
convergence to optimal solution, and insure the population against permanent
fixation at any particular locus. To ensure the individuals close to optimal
solution not to be violated, we let p,, be small, for example p,, = 0.005.

(6) Stop condition. Repeat above steps (3)—(5) until a suitable solution is
achieved, or the iteration number exceeds the given bound.

4.3.3 Simulation examples

Let us now proceed to analyze the approximation realization of fuzzy IF—
THEN rules by FNN’s as (4.5) based on the fuzzy CG algorithm 4.2. Moreover,
we present the comparison between the results based on our method and those
in [23], [41]. Also we study the generalization capability of FNN (4.5). Choose
the fuzzy IF—THEN rules as (4.30), which can be realized by FNN (4.5) using
the fuzzy CG algorithm 4.2, approximately. In Algorithm 4.2, when employing
GA to determine n[t], we choose ng = 20. The parameters are represented
by binary numbers with length | = 6. So code size is 25 = 64, and code
accuracy is & = (1 — 0)/(5(2' — 1)) = 1/315. The initial population P,(0) =
{A\0,1),...,A(0,20)} is chosen, randomly. Define 3[t] as follows:

Blt] = min([|[VE(w[)*/IVE(w[t — 1])II*, 0.05 - nft — 1] /n[t]).

In A-G condition let b, = 0.4,b, = 0.45. The crossover probability p, = 0.5,
mutation probability p,, = 0,005. The parameters and their codes have fol-
lowing relationships:

000000 —— O 000001 —— §;
000010 — 25; ------ 111111 — 1/5.

And we can obtain the real value z corresponding to the binary code A =
%%M%@h:

l 6
_ 1 1 .
- bi-2’_1> = .S p 2L
z=0+ (Z 2_1 315 ;

=1

So we have, [t] € [0,1/5]. We choose the iteration number of Algorithm 4.2 to
be 500, which is much smaller than that of Algorithm 4.1. After iteration pro-
cess, we can get a suitable parameter vector w, which will be used to complete
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a fuzzy rule table based on (4.30). As the iteration progresses, the learning
constant 7 changes as Figure 4.9. As shown in Figure 4.10, the rational vari-
ation of 7 can result in quick decreasing of the square error E(-), which is
approximately equal to that of Algorithm 4.1.

In [21-23], Dunyak et al establish a transformation for endpoints of level sets
of fuzzy weights to leave out the constraints of designing the gradient descend
learning algorithms of fuzzified neural networks. Using Dunyak’s method, we
can train regular FNN’s based on rules (4.30). And we get the corresponding
square error curve, as shown Figure 4.10 after 500 iterations. Ishibuchi et al
in [41] use the trapezoidal fuzzy number weights and biases to construct a
FNN model, in which four parameters related to four vertices of a trapezoid
are adjustable. Also, based on (4.30) we train this FNN and the square error
E(-) is shown in Figure 4.10. By comparison, obviously our result is best,
and Ishibuchi’s models [41] is better than those in [37, 38| since using the

trapezoids to approximate the curves L,, Me, H;, respectively is better than
using real numbers or triangles. The error of Dunyak’s method is largest since
the corresponding transformation is defined by a series of sum formulas, which
can result in a large accumulated error.

1

Learning constant n

ol—1

1

L

L

0
0

5

0

150

60

%0 W B 40

Iteration steo

450

50

Learning error E

=

en

v — Agoritim 42 4
\ ++ - Ishibuchi model [41)
\ = Duyakmodel 23]

00100 150 00 250 W0 B/ 40 40 5N
lteration step t

Figure 4.9 Learning constant curves Figure 4.10 Error function curves

The fuzzy rules in (4.30) are shown as Figure 4.13 in the framework of a
fuzzy rule table, in which only four rules out of 25 fuzzy IF—THEN rules are
presented and others are missing.

low medium fow madium medium high high medium low medium tow

1 1

medium medium high medium high

08 08

06 06

0.4 04

0 05 1 15 2 25 3 35 4 0 05 1 15 2 25 3 £ 4

Figure 4.11 Figure 4.12

Figure 4.11: Antecedent and consequent fuzzy sets; Figure 4.12: Actual outputs of
FNN (4.5)
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12\31 Lo My M. Mu H: CEQK:DI Lo Mi M. Mg H.

Lo | Lo M. Lo | Lo Mp Mp Mp Me

ML My |My Mp M. M. Mn

M. M. |Mp ML M. Mg Mg

Mu Mp |My M. Mg My My

Hi | M. Hi Hi M. Mu Mpg Mu Hi
Figure 4.13 Figure 4.14

Figure 4.13: Uncompleted fuzzy rule table; Figure 4.14: Fuzzy rule table completed
by FNN (4.5)

Let us complete the rule table by assigning one of the five linguistic values
as ‘high’ ‘medium high (M g)’ ‘medium’ ‘medium low (M)’ and ‘low’, whose
membership curves are shown in Figure 4.11, respectively, to the consequent of
each missing rule. For example, we choose the input vector (z;, z2) to be

(ZO’ ]\}L)7 (zoa Me)7 (ML) ]\}H)v (]’\2’8) II}Z)) (MH, ;Ii)a

respectively, the corresponding outputs of FNN (4.5) are respectively shown in
Figure 4.12, from which we can obtain their respective linguistic values: ‘Mg’

‘Mp ¢ 1\7[ et ]\N/] g and ]\N4 g’. Similarly we can complete the other missing rules,
as shown in Figure 4.14. Obviously, these consequents conform to inference
sense of (4.30). So FNN’s as (4.5) possesses strong generalization capability,
which is advantageous over that of Ishibuchi’s model in [38], since the similar
rule table is completed based on nine fuzzy rules.

§4.4 Universal approximation to fuzzy valued functions

The connection weights and thresholds of the regular FNN (4.5) are fuzzy
numbers. If no constraint exists for such fuzzy weights, it will be very difficult
to study this FNN and its learning algorithms. So in this section we shall re-
strict the inputs related to be real numbers to construct a four-layer regular
feedforward FNN, and develop a systematic theory about the universal approxi-
mation of such regular FNN’s. It is show that the four-layer feerforward regular
FNN’s can be universal approximator of continuous fuzzy valued functions that
R¢ — Fo(R), which provides us with the theoretic basis for choosing fuzzy
functions to design fuzzy systems and fuzzy controllers in application.

4.4.1 Fuzzy valued Bernstein polynomial

Let us now extend a conventional multi-variate Bernstein polynomial to
general one, which serves as a bridge to study universal approximation of reg-
ular FNN’s. Given m € N, and a multi-variate function f : [0,1]% — R,
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then Bernstein polynomial B,,(f) with respect to f is defined as follows: For
x = (1, ...,2q4) € [0,1]¢, we have

Bm(f;x) : Z O(ZL) R (:) f(;nl—, eny %)lel . .xfid (1-—x1)m—i1 - (l_md)mﬂ'd‘
Bt (4.37)

Denote Kpiy..iy(x ( ) ( > ’f --~mi"(1 — wl)m_“ - (1= xd)m_id,

where x = (21, ...,z4) € [0,1]%. Easily we obtain

0,1
iu--gz':d:OKm;il...zd [ ( )Il(l )™ ] [;( ) (1-xd)"”]
(

= $1+1—$1)m($d+1—$d)m=1
(4.38)
Define the fuzzy valued Bernstein polynomial with respect to the fuzzy valued
function J : [0,1]¢ — FH(R) as follows:

Z 1 ig
Bm(J;xl,...,a:d) = A Km“ g :I,‘l, d) J(m,..., E)
21,0058 =0

Now let us study the approximation of the fuzzy valued Bernstein polynomial.
At first we present a useful conclusion.

Lemma 4.7 Assume that ;1, /Nh, As€ Fo(R), m € N, and the fuzzy set
family {Wk lk =1, ...,m}, {Vk |k =1, ...,m}C Fo(R). Then

(i) D(A- A1, A A2 )< | A|-D(A1, A2 );

(i) D( 3> Wi, 32 Vi )< 35 D(Wi Vi ),
k=1 k=1 k=1

Proof. Va € [0,1], let (A)a = [ak,,a2] (i = 1,2), Aa= [al,a?], and

(I;Ivfk)a = [wia, w,], (Gk)a = [v},,v2,] (k = 1,..,m). By the definition of
dp (-, -) we imply the following equalities:

di ((At)ar (A2)a)= dr (010, a1a], 1020, 050])= lals — a5al V |ala — a30)-
We shall prove (i) and (ii) respec‘mvely

(i) Since Va € [0,1], (A - A1)a =Aq - (A1), if let (A - A1)a = [1', 7?], We
have

,’71 = (acll . a%a) A (a’i ) a%a) A (atl)z ’ a‘%a) A (a’i : a%a)a
772 = (a‘%x ) a‘%a) 4 (a% : a]ia) v (a}z ' a%a) N (a‘i ’ a%a)'

With the same reason if let (;1 . 22)0( = (€L, €2, it follows that
€' = (a, - aba) N (ad - a3a) A (ag - a3,) A (a2 - a3,),

£2 = (azll . a%a) v (ai ) a’%a) N (atll : a%a) \ (ai : a’%a)'
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Furthermore, we can easily show the following facts:

lag, - 610 — ag - a3,)| < lafn —agal | A| <[ A - D(
Iai'a%a_a’i'a’%a)lSla%a_a%al'|A|SIAI'D(
la’}t'a%a_ai'a%a)[S|a%a_a%a|'|A|S|A|'D(

|2 - afo — 0l - a3,)| < laf, —ad,|-[A| <[ A|-D

So by Lemma 4.5 and (1.1) it follows that

~ o~ ~ o~

dr (A - A1)as (A A2)a)

drr ([n*,m%), [€*,€?))
It — & |V|n? — 2|< | A |- D(As, A2 ).

Therefore, D(Z - Ar, A :12) <| A | - D(;h, :12) which implies (i) holds.
(ii) At first it is easy to show that for arbitrary ti,...,tm, 81, ..., $Sm € R,

(i ltel)V i lsk]) < i": (Itk| V |sk]). (4.39)
k=1 k=1 k=1
So Ve € [0,1], by (4.39) it follows that
(£ ), (8 7) o (Bt £ ) [ )

= ‘ Z (wl]c-a - vl%a) N Z (w%a vl%a) l: |wka vkaljlv[z |wka vl%a’]
k=1 k=1 k=1 k=1
< 3 [0k =~ vhalVIURa = val)= X dar(Wi)ar (Vida).
SoD(L Wi X Vi )s V(X du((Widay (Vida)S X D(Wi, V).
k=1 k=1 a€0,1] k=1 k=1

Thus, (ii) holds. O

Using Lemma 4.7 we can present the universal approximation of fuzzy val-
ued Berstein polynomials.

Theorem 4.11 Let J : [a1,b1] X - -+ X [ag, ba] — Fo(R) be a continuous
fuzzy valued function. Then Ve > 0, there is m € N, such that

V(x1, ..y Tg) € [a1,01] X - -+ X [ag, ba], D{Bpm(J; 21, ..., xa), J(21,...,24q)) <e.

Proof. Since by some suitable linear transformation we can turn [a;, b;] (¢
1,...,d) into [0, 1], without loss generality, we can assume [a;, b;] = [0,1] (¢
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1,...,d). By real analysis, we can show the following fact:

vt € [0,1], m €N, Z( )(z——mt)2tz(1 )™= =mt(1—t)§%. (4.40)

i=0

Since J is continuous on [0,1]¢, it follows that J is uniformly continuous on
[0,1]¢. So for £ > 0, there is § > 0, so that Vx = (z1, ..., Za), ¥ = (Y1, .., Yd) €
(0,14, [x —yll < §,= D(J(x), J(y)) < &/2. Thus, there exists m € N,
satisfying Viy,...,ig = 1,...,m,

Vx,y € [“n; L %]x [Zdnfb ) fnﬂ DU, ) <5 (441)

By the continuity of J it is easy to show that D(J(x), J(y)) is continuous
with respect to (x,y) on [0,1]% x [0,1]¢. So there is M > 0, such that Vx, y €
[0,1]¢, D(J(x), J(y))< M. For each x = (21, ...,xa) € [0,1]%, by (4.38) and
(4.40) (4.41), and Lemma 4.7 it follows that

D(By(J5%), J(x»:D( £ Kmis0I(2002), )

ilv 8g=0 m

=D }% Km si1.. zd J Zd)» Z Km;i1~--id (X)J(X)>

i1, 8 =0 m “5nensta=0

< Z Km;h---w D J( ' ) J(x))

il,.“,’id:O

m 11

< S KD ), I00) +

i1,edatlx— (5, M) <6

m
+ z Komsin..ia D(']( ) J(x)>
i yeeiai (B 326 m’

£ m X — Z—l .

<§+M' Z Km;is.. zd(x)[H )“]
i1,entaflx—(& .., M) |>s
d .

IS L k21(xk_;_;)2

<Sg+M- > Kmiis..ia(X) [;52_‘]
i1,etaillx—( e 22) 128

e M m d T\ 2
S MR e [ (-
<S4+ (3 (D)e(t — m)m fma — i)?)
-2 m2462 k=1 =0 b/ h
<e  Md m_e  Md
—2 m26? 4 4mé?

Select m > Md/(2e - §?), the theorem is proved. (I
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Remark 4.3 If J is continuous on R?, then in Theorem 4.11, the set
la1, b1] x - X [aq, bg] can be extended as an arbitrary compact set of R?, in
which the theorem holds.

4.4.2 Four-layer regular feedforward FNN

This subsection focuses mainly on proving that four-layer regular feedfor-
ward FNN’s with real number inputs can be universal approximators of fuzzy
valued functions. The basic tool is the fuzzy valued Bernstein polynomial. Let

7~
P={P:R! — R®)|P(x)= 3 W -Pe(x),
k=1
gEN, Wie Fo(R), Py() is d variate polynomial}.

Definition 4.2 Let A be a subclass of all fuzzy valued function that
" R? — Fy(R). Given J : RY — Fy(R), if Ve > 0, and for arbitrary compact
set U C RY, there is H € A, such that Vx € U, D(J(x), H(x)) < . Then A is
called a universal approximator of J.

input layer hidden layer  hidden layer output layer

Figure 4.15 Four-layer regular feedforward FNN

By Theorem 4.11 and Remark 4.3, P is a universal approximator of arbi-
trary continuous fuzzy valued function J : R* — Fy(R). Let

o] ={Fiv : R — Fo®)| (0= £ We( £ Ve -0 ((x T+ 8))

P, qE€ N7 Wk‘a ija @je ]:O(R), U(J) € fO(R)d}
(4.42)
Obviously, for each H € H[o], H is a regular feedforward FNN with two hidden
layers, in which the first layer hidden neurons have the transfer function o(-),

and fuzzy threshold (:)j, the second layer hidden neurons are linear, as shown

in Figure 4.15. G(J) = (171]', ey 5dj)-
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Specifically, if let [NI(j), \7jk, (:)j be u(j) € R%, vk, 0; € R, respectively, we
obtain the subset Hy[o] of H[o] as

Holo] = {FN iR — Fo(R)|Fn(x) = Zqﬁl W (JZ: Vjk '0(<u(j)»x>+9j))

P, g €N, W€ Fo(R), vjr, 6; € R, u(j) € R4}
(4.43)
Before studying the universal approximation of H[o] or Ho[o]|, we present
a useful property about universal approximators.

Lemma 4.8 Let A be a universal approximator of the fuzzy valued function
J :R? — Fo(R), and VFN € A, Fy be continuous. Then J is also continuous.

Proof. If assume the conclusion to be false, there are x° = (z9,...,z9) € R¢
and €9 > 0, such that V¥ > 0, there is x' = (2, ..., z};) € R?: ||xo—x'|| < §, and
D(J(x'), J(x¢)) > €o. Choose § = 1, 1/2, ..., 1/k, ..., respectively, we obtain
the sequence {x* = (z¥, ...,z%)|k € N}C R, satisfying

Vk e N, [x* — x°| < % D(I(x*), T(x)) > eo.

Let U = {x° x',..,x*,..}. Obviously, U ¢ R? is a compact set. By the
assumption there is Fiy € A, satisfying Vx € U, D(J(x), Fn(x)) < £0/4. On
the other hand, since Fi is continuous at x°, there exists §p > 0 satisfying the
following condition:

Vx € U, flx = x° < 8 = D(Fy(x), Fn(x*))< 2.

Let ng € N, so that 1/ng < . Thus, D(Fy(x™), Fn(x°))< £o/4. Therefore
go < D(J(x™), Jx%))
D(J(x°), Fn(x°))+D(Fn(x%), Fy(x™))+D(Fn(x™), J(x™))

IA

€0 o €0
i + 4 + 1 < €p,

which is contradictory. So J is continuous on R¢. O

A

Now, we proceed to analyze the properties of four layer regular feedforward
FNN’s, which are similar with ones of conventional neural networks.

Theorem 4.12 Let 0 : R — R be a Tauber- Wiener function. Then

(i) For each P € P, Hplo] is the universal approzimator of P.

(i) If J : RY — Fo(R) is continuous, then both Holo] and Ho] are the
ungversal approzimators of J, respectively.

@
Proof. (i) Let P(x) = 5. Wi -Pe(x) (x € R?), and without losing
k=1

generality to assume not all | I/?/l sy | V?/q | are 0. Choose arbitrarily the



172 Liu and Li Fuzzy Neural Network Theory and Application

compact set U C R? and ¢ > 0. Since the polynomial P, (k = 1,...,¢q)
is continuous on R?, and ¢ is a Tauber-Wiener function, there exist py €
N, Vg Vpgor Orps o O € R, wi(1), ., up(pr) € RY, satisfying vx =
(21,...,2q) € U,

(4.44)

Pk
Po() = Sty - o ({x, wh(5)) + 00 | <
j=1

q k—1
Let p= > pi. For k=2,...,q, denote 8 = > p,, /1 =0.Ifk=1,...,q, j =
r=1

k=1
1,...,p, let
Vair = Uzj—ﬂk)k’ Br <J < Brts 0. — ezj—ﬁk)k’ Br <J < Bry,
! 0, otherwise; ’ 0, otherwise;

u(j) =
G) otherwise.

{ w,(j — Be)y Br <J§ < Brrts
0,

Vk € {1,...,¢}, it is easy to show

ZUjk co({x, u(j)) +0;)= Z’u;k co({x, w(5)) + 9;k). (4.45)
j=1 j=1

q o~ p
Let G(x) = 3 Wk - Y vk o({x, u(j)) + 6;). Then for x € U, using Lemma

k=1 =1
4.7 and Lemma, 4.8 we can show

~

vk - o ((x, uj)) + 6;), kél W Pk(x)>

M'zs

.

ol |

< VD) 3P0~ 55 v o (b w ) + 65|
=1 =1

k<

D(G(x), P(x)) = D(

1

vjk - o ((x, u(j)) + 6;) —Pe(x)]

5, [t
M"ﬁ T

q
<X
k=1

I
-

J

I/\

< V AIWil}-q- =z
L qzq-1<\k/<{|wk|} 2

—
IA
>

Thus, Vx € U, D(J(x),G(x))< D(J(x), P(x))+D(P(x), G(x))< e/2 + £/2 =
E.
(ii): It is the direct result of Theorem 4.11 and (i). Thus, the theorem is

proved. [J
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Let us now give some equivalent conditions for the universal approximation
holding.

Theorem 4.13 Let 0 : R — R be a continuous Tauber-Wiener function,
and J : RS — Fy(R). Then the following propositions are equivalent:

(i) J is continuous;

(ii) Holo] is the universal approzimator of J;

(iii) H|o) is the universal approzimator of J;

(iv) P is a universal approzimator of J.

Proof. By Theorem 4.12, (i)=>(ii); And by Ho[c] C H][o], then (ii)==(iii)
is trivial; By the continuity of o(-), it is easy to show, VFn € Hlo|, Fn is
continuous. By Lemma 4.8, (iii)==(1); And easily it follows that each function
in P is continuous. So by Theorem 4.11 and Lemma 4.8, (i)<=(iv). O

4.4.3 An example

In this subsection we illustrate by a real example the realization steps of the
approximation process established by Theorem 4.12 and Theorem 4.13. Let the
transfer function o(z) = 1/(1+exp(—z)). Then o is a Tauber-Wiener function
(see [13-15]). Choose the error bound &£ = 0.2, and the dimensionality d = 1.
At first, we need the following lemma.

Lemma 4.9 Let f : R — R be a continuously differentiable function, and
f! be a derived function of f, C C R be a compact set. By ‘fllc we denote
the mazimum norm of f' on C. For W1, W€ Fo(R), satisfying Supp(I;IV/'j) -
C (7 =1,2). Then D(f(W1), fW2))< |f'llc - D(W1, W2).

Proof. By the definition of the metric D(-,-) it is easy to show

D(f(W), f(W2))= V(7 71g), F(W2q))}

=V {dH(f(V’[V/vlc:)y f(ﬁ/%}))}

a€&f0,1)

= Vi{max{ VA {u-sl}, VA {u-u}}}
€O uer(Wagves (Wag) uef(Wagvef (Wig)

< V {max{ V A@-S@I V AI@-F@IH]
a€[0,1) :cGV;h:yEVNVL: xeﬁ’zgyevvh.,

<f'e- ae\lél){max{zexhyev/;% O L v} }

=Ifle- V {da((Wi)a, (Wa)g)}=Ifllc D(W1, W),
«a€l0,1)

The lemma is completed. [
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Using the conclusions in [14-16], [47], [79], we can directly construct a three
layer feedforward neural network related to a continuous function f: R — R
to represent f with the approximate sense =z, that is

Proposition 4.2 Assume that f : [0 1] ~— R be a continuous function.
There is N € N, and write :rj = j/N (j = 0,1,...,N). Moreover, for any
te [(—1)/N, j/N] |f(t) = f((G - 1)/N)|< €/4, so that if let

1

o0 = 10+ S (1(3) -1 (55 ot

where K satisfying: K/N > W, t > W = |o(t) — 1| < 1/N,t < -W =
lo(t)] < 1/N, and t; = (z; + xj-1)/2 (j = 1,..., N). Then Vt € [0,1], we have,
|f(t) — g(®)] <e.

Proof. Forte[0,1],1et j€{1,...,N},s0that t € [xj_l, xj]. Denote

J
h(t) = £(0) + (f(z;) = flaj—0) o (Kt — )+ D (f(zi) = flzio1)).
i=1
By the definition of ¢g(-) and the assumption we can show

90— hO] < SI) - flalo (K- 0)-1

+ Z lf(ﬂh - xw—l)Ha(K(t_ti))l

il ¢
S Zawt
Moreover, easily we have, h(t) = f(z;-1) + (f(z;) — f(zj-1))-c (K —1t;)). So
lg(t) — F@®)] < |F(8) = MO|F|S() — 9()]

3

54

||M2

l\DI(‘)

< If(t) (z5) H"( fl@g)—fz;- 1)) (K(t_tj))l"_%
< 5titice

The proposition is completed. [J

Define the fuzzy valued function S : R — Fy(R) as follows: Vt € R, S(t) =
exp{cos(I;IV/- t)}, where W€ Fo(R) is a given fuzzy number:

1

2 0<x< o,

Z, =~ _2

Ve eR, W)= 2 — 2z, %<m§1,

0, otherwise.
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By Lemma 4.9 it is easy to show S is continuous on R. For the error bound
¢ = 0.2, using the following steps we can construct a four layer feedforward
FNN Fy € Holo] to represent S, approximately.

1 . —_—

08 — st

osl | (174)

0.4 R
0.2 .

U L o ( -

o] L .
262 2.63 264 265 266 267 268 269 2.7 271 272

Figure 4.16 Fuzzy set S(1/4) and fuzzy set Fiv(1/4)

1 —
0.8
— 5(1/2)
osl [ Fy(172)
0.4
0.2
o . . . . . .
2.4 2.45 25 2.55 26 2.65 27

Figure 4.17 Fuzzy set S(1/2) and fuzzy set Fn(1/2)

1.8 1.9 2 2.1 2.2 2.3 2.4 2.5 2.6 27

Figure 4.18 Fuzzy set S(1) and fuzzy set Fy (1)

Step 1. Determine the fuzzy valued polynomial P(-) with respect to 5. Ob-
viously, | W | < 1, and using Lemma 4.9, we have, f(t) = exp(cos(t)). Vt;, t2 €
[0, 1], it is easy to show, Supp(W - t;) C [0,1] (¢ = 1,2). Then

D(S(t1), S(t2)) D(f(W-t1), F(W-t2))< ||f’||[071]-D(I/T/' t, W ts)

< te}é H{sin(t) expleos@)} | W |- [ti—ta] < 2 |ty — ta]

t—1
q

Let ¢ € N. Then D(S(é), S( ))S % (i =1,...,q). By Theorem 4.11, it
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follows that

M2 \V  {D(St), S(t2))}< 2, 6=0.025.
t1,t2€[0,1]

When g > M/(e - §2), i.e. if ¢ > 1.6 x 10%, then D(By(S;t), S(t))< &/2 for
each t € [0, 1]. For simplicity, we proceed to construct our approximate process
by choosing ¢ = 40. Hence

By(S;t) = ﬁ (4k0> th(1 — t)40-k exp(cos(VT/- Zl%))

k=0
Step 2. For k = 0,1, ...,40, construct the three layer feedforward network
Ni. Let Pye(t) = (2)t*(1 — )%, then

W 2 exp(cos(l/?/ 4k0)) = | We | < 2.712.
By Proposition 4.2 we construct the neural network as
Pk . . .
Ni(t) = Py(0) + ;(Pk (;f;)—Pk(kal».a(Kk (¢- jpkl)), (4.46)

where K, pr satisfy the following conditions:

1 €
|t1 — t2| < —, = |Pi(t1) — Pe(t2)] < S
Dk 2q - max {| W |}
1<k<q (4.47)
K, 1 1
SRS Woilet) =1 < =@ > W), |o(t)] < =(t < —W).
Pk Pk Pk
It is easy to show, |Pj| oS 4 (B =0,1,...,40). So using (4.47) and Lemma

4.9, we can choose
pr = 440, K = 2630 (k=0,1,...,40); W =6.2.

Step 8. Construct a four layer regular feedforward FNN as Fy : R —
Fo(R). By Theorem 4.12 and (4.46). Let

g
=Z Zvjk o(uj -t +6;).
k=0 j=1

Then Vt € [0,1], D(S(t), Fx(t)) < e. Using the fact: Py(0) = 1 = 20(0), Wo=
exp(cos(v?/-o))— exp(1), P(0) =0 (k = 1, ...,40), we have

440

Fn(t)= [20(0)+Z a(2630t— @Eilil) ((1— ﬁ)‘m— (1— {1—;&)40)} exp(1)

Jj=1
4

B n(n(55) S il )220,

N

<
Il
—_
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As shown in Figure 4.16, Figure 4.17 and Figure 4.18, they illustrate the
values of the original fuzzy valued function S(-) and its approximate fuzzy
valued function Fx(-) determined by the FNN, at ¢t = 1/4,¢t = 1/2 and t =
1, respectively, that is, the membership curves of the fuzzy sets S(1/4) and
Fn(1/4), S(1/2) and Fn(1/2), S(1) and Fn(1), respectively.

By comparison among Figures 4.16, 4.17 and 4.18, we can find that even
choosing the polynomial whose order is much lower than ones needed in The-
orem 4.11, we can construct a four layer regular feedforward FNN Fin(-) to
approximate the fuzzy valued function S(-) with the given accuracy.

§4.5 Approximation analysis of regular FNIN

In previous section, we show that a four layer regular feedforward FNN with
real inputs is the universal approximator of continuous fuzzy valued functions.
If the input signals are fuzzy sets, whether do the regular FNN’s possess the
same property for the fuzzy functions defined on a collection of fuzzy sets?
Buckley and Hayashi [5] firstly study such a topic, and show that the conti-
nuity of fuzzy functions is not a sufficient condition for ensuring the universal
approximation of regular FNN’s. In addition to the continuity, we must intro-
duce other conditions for fuzzy functions. To this end, we shall restrict our
discussions on the bounded fuzzy number collection F.(R).

4.5.1 Closure fuzzy mapping
Definition 4.3 Let F : F,(R)? — F.(R), and following conditions hold:
(i) Let I4,..., I3 C R be index sets, {(Z1k1,...,2dkd)|k1 €l . kg € Id}C
F.(R)¢ be a pre-compact set, i.e. {(Zlkl,...,;ldkd)]kl €l,...kgels} is a
compact set, then if Vi € {1, ...,d}, kLeJIi Air€ F.(R), the following fact holds:

Ya € [0,1), F( U Atk e U Adk )a = U F(Zwl,--.,:ldkd ).

(87
kel kely . ki€lh,....kq€l4 ¢

(i) Yo € [0,1),V(A1, ..., Aa) € Fo(R)?, we have

F(;h, oy Ad ), = F((;h)? ey (Zd)g)a-

We call F a closure fuzzy mapping.
Now we give an example of closure fuzzy mapping.

Proposition 4.3 Let the function f : R — R be continuous. Then the
extended function of f to F.(R)<, also denoted by f is a closure fuzzy mapping.

Proof. At first define the extended function f : F.(R)? — F.(R). Va €
[07 1)7 X= (Xl’ -'-aXd) € TC(R)da .f(Xl’ ey Xd)c.! = f((Xl)e PRXXYY (Xd)f;Y)C R.
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So we conclude that

F(X1yn Xa)g = F(X1)g, s (Xa)g g

For any index sets Ip,...,J; C R, and for each pre-compact set of F.(R)%

{(A1kry s Adk)lks € I, s kg € Lo}, i Vi = 1,...,d, U Aw€ Fo(R), then for
kEl;
any y € R, it is easy to show the following fact:

f( U Zlk,-n,kg Adk )(y) = V { ;\ ( U Aik )(wz)}

kel f(x1,..,xa)=y ~i=1 ‘ke€l;

C VAR R, v (v (R )

fl@1,.za)= a f(z1,za)=y =1

=V {f<A1k1,...,ded>(y)}=( U ks o Aaes) ) @)

k1€I1,...,ka€lq4 k1€l1,...,ka€ly

Therefore, f( U Arky oy U Adk )= U F(Arky, oy Adr,). Thus,
kel kely ki€l1,...,kq€l4

Va € [0,1), we have

f( U :hk,---, U de) = U f(21k17---a2dkd)e¢

kel kely < ki€l,.. . kq€l4

= U f((A1k1)£.1)“'7(Adkd)(.x)a
ki€lh,... . kq€ly .

So f is a closure fuzzy mapping. O

By Proposition 4.3, we can imply, VP € P, P is a closure fuzzy mapping.

Let A be a subclass of all fuzzy functions F.(R)¢ — F.(R), and F :
F.(R)? —s F,(R). Similarly with Definition 4.2, we can define A as a universal
approximator of F.

Lemma 4.10 Let I be an arbitrary index set, and A, B, A;, B CR (i € I)
be nonempty, h > 0. Then_
(i) du(A, B) = dy (4, B);

(i6) Vi € I, dgr(Ai, B;)< h = dH(U 4, U Bi>§ h.

€1 el
Proof. (i) By (1.3) easily we imply, dg(A, A) = dg(B,B) = 0. Hence

dH(AaB) S dH(AaZ) + dH(Z7§) + dH(Ea B) = dH(Z7§)

Similarly we have, di(A,B) < du(A,B). Thus, dg(A,B) = dy(4,B). (i)
holds.
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(i) Let W = |J 4;, V = U B;. By the assumption and (1.3) it follows

i€l el
that
viel, \| ANllz—s}<h V A{lz—-wl}<h (4.48)
r€A; yeB; yEB; €A,
Vzg € W = |J A;, there is ig € I, satisfying z¢ € A;,. By (4.48) we obtain

i€l

Adlwo—yl} < A {lzo—9l} <h

yeV yE€By,

So V A {lz—y|} < h. Similarly we can show, \V A {lz —y|} < h. There-

zeW yeV yeV xeW
fore, dyr (W, V) < h. Hence by (i) we have, dg ( U4, U Bz-)z du(W,V) < h.
el el
O

Using Lemma 4.10 we can get a useful property about the universal approx-
imators.

Theorem 4.14 Let for each G € A, G be a closure fuzzy mapping, and
A be the universal approzimator of F : F.(R)® — F.(R). Then also F is a
closure fuzzy mapping.

Proof. We apply reduction to absurdity to show the conditions (i) (ii) in
Definition 4.3 hold for F. Ar first we show (i).

If condition (i) in Definition 4.3 does not hold for F, there exist index

sets 19,..,19 C R and {(A1k,, -, Aar )1 € I?, ... kg € 19} C F(R)4, a pre-

compact set family, so that Vi € {1,...,d}, U Zike]:c(]R), and there is a €
keI
[0,1), satisfying

F( U Zlka"'a U de )a 7£ U F(Zlku'nazdkd )Oc'

kel? kel ki1€1?,... kg€l
Choose
€o = —dH( (U Ak, - U Adk) ; U F(A1k1,---,Adkd)g>,
keI keIl ¢ kel ka€ld
U= {(A1k17-~-7Adkd)|k1 el .. kg€ IQ}U{( U Atk oo U Adk )}
kel kel

Obviously, g9 > 0, and U C F(R)? is a pre-compact set. By assumption, there
isGeA: VXeU, D(F(X), G(X))< €0/2- So using (1.6) we imply

€0

Vky € Y, ks € 1, dpg (F(Auky, oo Adka)g» GlAty, s Ada)g )< 5
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Thus, using Lemma 4.10 we obtain the following facts:

~ ~ ~ ~F E
dH( U F(A1k1,...,Adkd )a, U G(A1k1,...,Adkd )Q)S 50,
kle.[?,...,kdelg . klelg,...,kdelg o
~ ~s ~o ~s E
dH<F< U A U Adk) ; G( U 4w, U Adk) )S 3
kel keIl < kel? keIl <
(4.49)
By assumption G is a closure fuzzy mapping, so we have
G( U Atks -y U Adk) = U G(A1kys s Adkg)ar -
keI? keIl C keld,. keeld
By the triangle inequality for dg and (4.49) it follows that
3 ~ ~ S ~
5 &0 < dH(F( U Ak U Adk) ) U F(Atky s - Adka )a>
ker? kell S kiel?,.. kqelf .
SdH<F( U Ak, U Adk) ; G( U Ak, U Adk) )
kelf kel§ ¢ kel? kel§ ¢
+dH(G( U Ak, U Adk) ; U G(Aikys - Adky )a>,
kEI? kelg < k1€I?,...,kd€Ig °
-I—dH( U G(A1k1,---,Adkd )a, U F(Alkly---,Adk; )a),
leI?,...,kdEIg * k1€19,..-,kd612 *

<2 %

=T 2 = €0,
Which is contradictory. So (i) in Definition 4.3 holds. With the same reason,
we can show (ii) in Definition 4.3. Thus, F is a closure fuzzy mapping. [

Theorem 4.15 Let F, G : F,(R)¢ — F.(R) be a closure fuzzy mapping,
and Uy, ...,Us C R be compact sets. Let for any x = (x1,...,24) € Uy X --- X
Ug, D(F(x), G(x))< h. Then

(i) For each X = (X1, ..., Xq), where X; C U; (i = 1,...,d) is a convex set,
we have D(F(X), G(X))< h;

(ii) For each X= (X1, Xa) € Fo(R), and Supp(X;) C U; (i = 1, ..., d),

~ ~

it follows that D(F(X), G(X))< h.

Proof. (i) At first by [19, 20] we have, {{z}|z € X;}C Fo(R) (i = 1,...,d)
is a pre-compact set. Moreover by assumption, Vx = (21, ...,zq) : Z; € X; (i =
1,...,d), it follows that x € U; x -+ x Ug. So D(F(x), G(x))< h. Thus,
Va € [0,1), x = (z1,..,%a) : ; € X; (i = 1,...,d), dH(F(x)?, G(x)a)< h.
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Therefore, using assumption and Lemma 4.10 we imply
du (F (X)cg ) G(X)c.v ): du (F(X)c} ’ G(X)o.z)

=dn(F( U fahn U o)), 6(U fahon U (a}) )

rEX r€EXy r€X1 zEXd

—dg( U Flnzdg, U G@y,nsdg )Sh

[3°]

1€X1,...,24€Xa z1€X1,...,24€Xg
Thus, D(F(X), G(X))= V {du(F( X)g )} < h. (i) holds.
a€l0,1)

(ii) Since F, G are closure fuzzy mapping, Vo € [0,1), we have

~ ~ ~ ~ ~

F(X)g = F((X1)g: - (Xa)g),,» GX)a = G((X1)g, - (Xa)g ),

Thus, by (i) and Lemma 4.10 we obtain

~ ~ ~

Therefore, D(F(X),G(X))= V {dr(F(X)q, G(X)q)}<h. O

Let us now aim at the universal approximation of P to continuously closure
fuzzy mappings.

Theorem 4.16 Let F: F.(R)® — F.(R) be a continuous fuzzy function.
Then the universal approzimation of P holds for F if and only if F is a closure
fuzzy mapping.

Proof. Necessity is a direct result of Theorem 4.14 and the fact: VP € P, P
is a closure fuzzy mapping. So it suffices to prove sufficiency. By assumption,
if F is restricted to R%, then F is continuous fuzzy valued function. For each
e > 0 and compact set 4 C F(R)4, and let U = Uy x --- x Uy € R? be
a compact set corresponding to U{. By Remark 4.3, there is a fuzzy valued

polynomial Py : Py(x) = Z P(x)- A Ai (x € RY, A€ Fe(R)), so that Vx €
U, D(F(x), Py(x X))< g/2. Deﬁne fuzzy polynomial P as follows:

~

¥R (K1, K) € FRY PO =30 A0 AR
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Considering X= ()N(l,...,)N(d) € U, we obtain Supp()N(i) cU (@ =1,..,d).

~

Then using Theorem 4.15 V X€ U, we imply that D(F()N(), P()N())S g/2 <e.
that is, the universal approximation of P to F' holds. (I

In the following we extend the inputs of the regular FNN defined by (4.42)
(4.43) as the fuzzy sets in F.(R). We obtain the general four layer regular
feedforward FNN, i.e. let

o) = {Far [P = 32 Wi (35 Ve o (X, T+ 6))

for X€ Fo(R)%, p, g €N, Wi, Vi, 8;€ Fo(R), UQ) € ]-'C(R)d}.
(4.:50)
Specifically, if let ‘7jk, éj be vj, 6; € R, respectively, and U(j) € F.(R)? be
a vector uy(j) € RY, then we obtain a subset Ho[o] of H[o] :

Fllo) = {Fx [Fu(X) = 5 W (35 oo ((00), X)46.))

for )NCG FAR), p, g €N, v?/ke Fe(R), vik, 0; € R, u(j) € Rd}.
(4.51)

Remark 4.4 By Proposition 4.3 easily we have, if FNE ’}N{[U], then E‘N is
a closure fuzzy mapping,.

We proceed to discuss the universal approximation. The equivalent con-
ditions of continuous fuzzy functions which can be represented with the sense

“~.” by the functions in ﬁ[a] or 77(0[0], can be established.
Theorem 4.17 Let o be a Tauber-Wiener function, and F : F.(R)? —

Fe(R) be a continuously closure fuzzy mapping. Then ’}T(O [o] is the universal
approximator of F.

Proof. For arbitrarily € > 0, and compact set i C F(R)?, suppose U = U x
-« x Uy C R% is a compact set corresponding to /. Obviously, F is continuous
if it is restricted to R%. By Theorem 4.11, there are p, ¢ € N, vy, 8; € R, W€
Fe(R) and u(j) e R¢ (k=1,...,q, j = 1,...,p), such that

q
vx € U, D(F(x), 3 Wi+ D v -o((x, u(i)) +6,)< 5.
k=1 i=1
~ o~ a ~ P ~ ~
Let Fn(X) = > Wi - 3 v - o((X, u(j)) +6;) (X€ F.(R)?). Then we have,
k=1 j=1

Fy E’IA-J[O[J]. And Fy is a closure fuzzy mapping, by assumption and Theorem

4.15 it follows that V Xe€ U, D(F()N(), G()N())S g/2 < g, ie. Ho[o] is the
universal approximator of F. [J
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Similarly with Theorem 4.13, we can obtain the equivalent conditions about
universal approximators.

Corollary 4.4 Let o be a Tauber-Wiener function, and F : F,(R)¢ —
F(R) be a continuous fuzzy function. Then the following facts are equivalent:

(i) Holo] is the universal approzimator of F;

(i) Hlo] is the universal approzimator of F,

(ii3) F' is a closure fuzzy mapping;

(iv) P is the universal approxzimator of F.

Proof. Using Theorem 4.17, Remark 4.4, Theorem 4.14 and Theorem 4.15
and with the order: (i)==(ii) =-(iii)==(i), (i)«<=-(iv), we can show the con-
clusion. J

4.5.2 Learning algorithm

In this subsection we applying the approach in §4.2 to develop a learning

algorithm of the regular FNN’s in Hg[o]. Also we discuss our subjects in sub-
space Fo.(R). Here we assume that o(-) is a continuously differentiable and non-
negatively increasing function. Choose v € N, let apr = k'/y (K’ = 0,1,...,7).

If Fne Holo], fori=1,...d;k=1,..,q,let
i — [l 2 (Y 2
(W), = [Wka wian]s (Xi) o, = [Ziw zien)]
If X= ( X Tyeers X 4) € Foo(R)?, we introduce the following notations:

d d
Xy = 2 (“wl}(kf) A Ui oy )+, X 2y = Zl(“ijf”il(k') v “ijm?(kf))+‘9j7

i=1

P
Ykl(k,) = (v]ka(le(k,)) A vjko(X?(k,))),

bS]

Y,f(k,) = ]zzzl (vjko( ;(k,)) Y vjko(X?(k,))),

Then the oy —cut of F N(}N() can be represented as follows:

q

~ P d
Fn(X)ay, :kzl [“’llc(k')’ wi(m]-(Zlvjk : U(,Eluij : [x%(k')v x%(k/)]+9j>)
1= 1=

- (&

k=

> (Ween Y, k) N Weoen Yegery A Whoeny Yo N Wi k(k’))

?f‘

=1

Zq: [wk(k’)’ wk(k' ](i Ujk [U(X;(k'))’ U(ng(k’))])7
>

(Whoy Yage V Wigen Yo V Wi ooy Yiteny V wl%(k’)YkZ(k'))] .
(4.52)

=
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Let Fn€eMHo [¢]. Choose fuzzy pattern pairs (()}1 (l),...,)}d (l)),5 n) =
1,...,L), by which we can train the fuzzy connection weights and thresholds of

}N7‘N, where ()}1 ), ...,)N(d(l)) is the input of Fy, and 5([) is the correspond-

ing output. Let O (1), = [0} (1), o2 ()], (X: (l))aklz [w}(k,)(l), x?(k,)(l)].
Similarly with (4.24), we define the following error function:

E = %é(éodls(iw (Xa®), - Xa),,, (OW),,) )
- %zi; > ([ok,()~k§i;12;(k,)(l)r+[og,(z)_kzijlz,f(k,)(l)r).

(4.53)
where Z;(k,)(l), Z,f(k,)(l) are defined respectively as follows:

Z,i(k,)(l) = w}c( )Y ek )(l) A wﬁ(k,)Ykl(k,)(l) A wi(k,)Yk(k,)(l) A wi(k,)Ykz(k,)(l)
Z,f(k,)(l) = w}c( nY; (k,)(l) \Y wz(k,)Yk(k, v wk(k,) k(k, (l) % wk(k,)Y (k,)(l)

and ch(k )(l), Ykz(k,)(l) is the representation of Ykl(k,), Y,f(k,), respectively, by
letting z},.) = 2}, (1), 224y = 224 (). We write all adjustable parameters

related to Fy as a vector w = (wy, ..., wn ), that is

— 2 2
W = ('U/ll,...,udp,'l)l]_,...,'qu,el,.. Gp,wl(o), ,wq(,y), q(,y),...,wl(o)).

Similarly with Theorem 4.6, we can prove

Theorem 4.18 Let the transfer function ¢ : R — R be continuously
differentiable and non-negatively increasing. Then the error function defined
by (4.58) is differentiable a.e. with respect to w in RY. Further, for r =
1,2, k=1,..,q; K =0,1,..,v; 7=1,...,p; i =1, ...,d, if let

AL = 3 2y = o (0, ALD = 3 2y () = R D
Di(k' 0= wi k(k')(l) /\wk(k’ k(lc' () wk(k’ k(k’)(l) /\wk(k’ k(k' y(0;
Dy (1) = Wi ( )(l) V Wi Yagery () = Wiy Yoy ) V W5 Yy (03
Af ey (1) = lor ((=1)" D oy (D) (Y ary (Do (W], ) ) + Y (Dor (= w0 (D) );
By (D =lor((~ I)THD/%(I« (D) (Y Dlor (= o) HY ey (Do (w ey (1) )
Uy (D) = lor ((=1)"w3 ) )lor (D oy (1)) Hlor ((— 1) w5 )lor (— k(k/)(l))’
weny (D= lor((~ 1)7+1wk(k/ Jlor(D %(k,)(l))-l—lor((—1)’+1wi(k,))lor( Ic(k’ (l))
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2
Clixtey () = w3 (l0r (=17 03)0” (X3 (D) (Z Ty (lor((~1)*+ )+
2
Hor((=1)"v) 0’ (X} 4y () )(; P (l lor((—1) uzj))>;
HY oy (D) = DL U oy (1) + AL OV (0
HE 3y (1) = DLOTR (1) + AL (D V(D)
we obtain the following partial derivative formulas:

5= 22 2. S iy (35 G DMIoR((=1)+030)) +

2y (D (Z XA Nor(= ) vy }.

2
)y
t=1
q
by
k=1

{ k'(l) (Uli(k' (l) igk(k’) (l) + U}f(k')a)ciljk(k’)(l))—i_
+A2'( )(Vlk/ (l) ijk(k’) (l) +V2k/ (l) ijk(k’) (”)}»
(iii) afk =3 3 {Hl >(z oA X3 ()lor((—1)¢00))

I=1k'=0
+Hz<k/)<1>(i o (X2 Dor((~1) o)) b

t=1

(w) k(k/ Z {Ak(k/)(l (1) + Bk(k " A%/ (l)} (r=

Proof. Similarly with Theorem 4.6 we can directly show (iv). Considering
the following facts we can prove (i)—(iii), respectively:

OZL (1) 075 e (D) ' aYkl(k’)(l) n 0Z5 1 (1) ‘ aYIf(k')(l)'

8uij - 8Yk1(k,) Buij 8Yk2(k,) Buij !
0% 4®) _ 0%() W) | 9%5un) DX,

avjk BYkl(k,) 8'Ujk 8Ykz(k,) 8vjk
0Zkun®) _ 0Z5un (D) g (1) 0Z54n (D) 9V, ()

86, Y 96 Y2, 96;

where r = 1, 2. Similarly with Theorem 4.6, we can show that F is differentiable
a.e. with respect to w in R™. The theorem is proved. O

By the partial derivatives determined by Theorem 4.18, we can construct
an improved fuzzy BP algorithm, that is, the accelerated convergence fuzzy
BP algorithm. Similarly with Algorithm 4.2, we let the learning constant 7
vary as the time step iterates, i.e. suppose n = n[tf] = p(E[t]), 7 is defined by
the error function E[t] in each iteration: p(E[t]) = poElt]/||VE(wW ” where
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VE(w) = (8E /0w, ...,0E/0wy) is a gradient vector, pg is a given constant.
we obtain the following iteration scheme:

( uij[t + 1] = ui;[t] — po - E[t] - ;uE f] /”VE(

ot /IVE@)P

Uikt + 1] = vset] — po - Eft] -

0;t + 1] = 6;[t] — po - E[t] - ;fz/wVE )”
Whin [t + 1] = wigen[t] — po - Et] - BLT— / IVE@)|? (r=1,2).

\

4.54
Let pg ba a small positive number, such as, pg = 0.01. We can constrm(:t thg
learning algorithm for Fne 7:){0[0}:
Algorithm 4.3 Accelerated convergence fuzzy BP algorithm
Step 1. Randomly choose initial values: u;[0], v;x[0], 6;{0] and w . [0]
(r=1,2), and let t = 0;
Step 2. Calculate the following partial derivatives:

B[] OE[] OE[#  OE[]
gl Fuplt] ;[0 Fuy ]

Step 3. According to iteration scheme (4.54) update the parameters u;;, vk,
6; and wy .);

Step 4. For each k € {1,...,¢}, with the increasing order, we re-array the
set {w;(k,)|r =1,2; ¥ =0,1,..,~}, that is, from small to large we have

1 1 1 2 2
Wi(0) S W) S 17 S Wi(y) S Wi(y) S 7 < Whoy-

Step 5. Discriminate whether lE[t”< e? If yes go to Step 6, otherwise let
t=1%t+1 go to Step 2;
Step 6. Output all parameters.

Using Algorithm 4.3, we can employ the four layer regular feedforward

FNN’s in ;{0[0] to represent a class of fuzzy functions, approximately, that is,
we can realize the result of Theorem 4.16 by this algorithm.

Example 4.2 Define fuzzy function F : Fo.(R)? — Foc(R) as follows:
V¥ X= (X1, X2) € FooR)?, F(X) = F(X1, X2) = max(X1,Xz), (4.55)

where Vo € R, define max()?l,jzz)(z) :)N{l(z) \Y% )N('z(x) Then easily we can
imply, the fuzzy function F defined by (4.55) is continuously increasing closure
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fuzzy mapping. Choose fuzzy set family U = {()N((ll), )}(lz)) |1, 1 € NU{0}},
where X () {I € N) is defined as follows:

2 2
2x(5l* + 1) + 51 +3’ _ 1 —l<a:<0,
512 +3 524+1 2~ —
X ={ —2z(512+1)+52+3 1 1
512 +3 524+1 2
0, otherwise;
1
1+ 21}, —5 S x S 0,
ve € R, X(0)(z) = 1 - 2z, 0<x§%,
0, otherwise.
0.02 8
(@) 7 (b}
g 001 ;-’m
§ és
0 50 100 150 200 .250 300 350 400 450 500 0 50 100 150 2|00 ‘250 30'? 350 400 450 500

Figure 4.19 (a): Changing law of n; (b): Changing curve of £

We can show that U C Fo.(R)? is a compact set. For given € = 0.1. To apply
a four layer regular feedforward FNN to represent F' under the approximate
sense “mz.” | we choose the fuzzy pattern family

Uy = {()N((ll), )A(J(lg))|l1,l2 =0, 1,2}.

| . § T —— Value of F
‘‘‘‘‘ FNN realization
0.8
osf
0.4
0.2
s}

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

Figure 4.20 Fuzzy set F()NC(O),)N((I)) and fuzzy set E‘N()N((O), )N((l))
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~— Value of F
‘‘‘‘‘ FNN realization

-05 -0.4 -0.3 -0.2 -0.1 [o] 0.1 02 03 04 05

Figure 4.21 TFuzzy set F()}(4),)N{(4)) and fuzzy set }NT‘N()?(AL),)N((AL))

We can easily show, zh$ D()N((l), )}(0)): 0, furthermore, ¥ Xe U, there

is SN{E Uy, such that H()N(, SN{)< €/2, that is, Uy is a €/2-net of Y. Since

X (0) cx (2) C X (1), we obtain under the sense “~2.” the learning patterns for
realizing fuzzy function F' as follows:

((X(0), X(0)); X(0)), ((X(0), X(1)); X(1)), ((X(0),X(2))X(2),

~

((X(1), X(0)); X(1), ((X(1), X(1) X)), ((X(1),X(2)); X(1)),

((X(2), X(0); X(2), ((X(1), X(1); X(1), ((X(2),X(2)); X(2)).

Solet L = 9, and choose v = 1. And two hidden layers have five hidden neurons,
respectively, that is, p = ¢ = 5. In Algorithm 4.3, after 500 iterations we can
obtain the changing curve of the error function E with respect to the iteration
step f, as shown in Figure 4.19(b). As t increasing, E[t] converges to 0. The
convergence speed of {E[t]|t € N} is much quicker than that of Algorithm
4.1. Figure 4.19(a) illustrates the changing law of the learning constant 7 in
Algorithm 4.3 with respect to the iteration step ¢.

Randomly we choose ()}(0), )N((l)), ()}(4), )}(4))6 U, Calculate the values

of fuzzy function F' and FNN Fn at the given two points, respectively, as
shown in Figure 4.20 and Figure 4.21. Thus, it can be seen that with the
given accuracy ¢, the fuzzy function F' can be realized by a four layer regular
feedforward FNN, approximately.

Similarly with studying the BP algorithm, we can show the convergence
of the accelerated convergence fuzzy BP Algorithm 4.3. Also similar with

Theorem 4.7 we define the nonzero weight space W,,, of ;(0 [6]. In Wy, By
(4.56) we imply that the error function F is differentiable. Also we can show

d

Elt+1] - E[t] = z(awl“)(wi[t+1]_wi[t])go.

Considering E[t] > 0, we have, {E[t]|t € N} is a convergent sequence. By
the illustration, we can also see that the convergence speed of { E[t] |t € N} is
much quicker than that of the fuzzy BP Algorithm 4.1.
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§4.6 Approximation of regular FNN with integral norm

In preceding two sections we study the universal approximation of regular
FNN’s with Hausdroff metric for fuzzy sets, systematically. That is, the regular
FNN’s can with arbitrary accuracy approximate a class of continuous fuzzy
functions on each compact set of f.(R?). Such facts can provide us with the
theoretic basis for applying FNN’s to many real fields, such as system modeling,
system identification and so on. However, if a real I/0 system is not continuous,
but a general integrable system, how can we use FNN’s to solve the similar
problems? That is, whether can we study the universal approximation of FNN’s
with general integral norm? In the section we focus on fuzzy valued integrable
functions, and present the approximation capability of regular FNN’s to a large
class of fuzzy valued functions.

4.6.1 Integrable bounded fuzzy valued functions

For a given set T C R%, and (T, Br, ) is a Lebesgue measure space, where
Br=8BnT 2 {CNT:C € B}, and B is a Lebesgue measurable set family in
R?. Let F§(R) C Fo(R), so that (F§(R), D) is a completely separable metric
space. By [64] we imply, F§(R) can be the triangular fuzzy number space, or

trapezoidal fuzzy number space, and so on. denote L(T) 2 LYT,Bp,p) =
{f: T — R [y |f(@)ldp < +oo}.

Definition 4.4 The fuzzy valued function F : T — F§(R) is called to be
integrable and bounded on T, if there is p € L(T), satisfying Vx € T, Vo €
[07 1]7 Vy € F(X)a, Iyl < p(x).

As an example of integrable and bounded fuzzy valued functions, easily we
can show the following conclusion.

Remark 4.5 (i) If the set 7 C R? is bounded, and F : R — F§(R)
is continuous, then we can choose p(x) = |F(x)|(x € T). Therefore, F is
integrable bounded on T

(ii) Let F : T — F§(R) be integrable and bounded on T. Then |F(-)| €
LY(T).

Let £ (T, By, 1) be a collection of all integrable bounded fuzzy valued func-
tions that T — F§(R). For Fy, Fy € LT, Br, 1), define

A(ELF) = [ D(F (o), Fale) (4.56)

Then by Remark 4.5, easily we have, for Fy, Fy € LY(T, Bz, ), A(Fy, F) <
+o0. Considering (F§(R), D) is a completely separable metric space, we show
that the metric space (L'(T, Br, 4),A) is also complete and separable.
Definition 4.5 Let S : T — F§(R), and {T; : 1 < i < K} be a finite
K

partition of T, i.e. T, =T, T;NTj=0 (i #j),and T; € Br (i = 1,..., K).
k=1
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If there exist :{1, vy Axe FE(R), such that

vx € T, 5(x Z X1(%) - Ak,
=1

we call S a fuzzy valued simple function on T, where x7,(-) is a characteristic
function of T.

Similarly with the conventional measure theory, we at first prove that the
collection of all fuzzy valued simple functions on T is dense in LT, Bz, p).

Theorem 4.19 Assume that F : T — FG§(R) is an integrable bounded
function, and u(T) < 4+o00. Given arbitrarily € > 0, then there is a fuzzy valued
simple function S : T — F§(R), such that A(F,S) <e.

Proof. Since F is integrable and bounded, by Remark 4.5 we obtain, there
is § > 0, satisfying, for each P C T, u(P) < 6, such that [, |F(x)|du < /2.
It is no harm to assume u(7") = 1. Since (F§(R), D) is a separable space, we
let Ao = {A;, i € N} be a dense subset of FS(R). Then V X€ F&(R), there is

i € N, such that D()}, A )< &/2. Let
= {x € T|D(F(x), 41)< }

= {x e T|D(F(x), 41)> =, D(F(x), A2 )< g},

Nlm

Easily we have, T, N T; = 0 (i # j). For each x € T, if x ¢ T, there is i € N,

so that D(F(x), Ai,) < £/2, and D(F(x), 4; )> £/2 (i < 4o). Thus, x € T, .
Therefore, T = |J T;. Considering the following fact:

i€EN
(U T; )— Z w(T;) < +o0,
€N ieN
dg ~
we imply, there is dy € N, satisfying u( U T;)< 6. Let S(x) = 3 x1(x) - Ai
i>dg =1
(x € T). And write Tp = | T3, then {Ty,T1,..., T4, } is a finite partition of
i>do

T. Let :105 0, easily it follows that S is a fuzzy valued simple function on T,
furthermore

Vi:1<i<do, Vx €T, D(F(x), S(x)) = D(F(x), A;)<

/TO D(F(x), $(x))du = /T D(F(x), {0})du = /T (%)l <

NJI(‘f)

TRy
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Also we have

A(E,S) = [ D(F(9), S(x))dn = /@  D(Fk), S0)d

=& [ p(reo. se)u+ [ D(Pe). S00)a

T;

| ™
m

<5 D(F(x), A;)du + +5< —é/dw% %()+§=e.

i=1JT;

l\D

Thus, the theorem is proved. [

By S we denote the collection of all fuzzy valued simple functions thst
R? — FE(R). For each T C R?, § € S, then the restriction of S on T is also
a fuzzy valued simple function on T, which is also written as S.

4.6.2 Universal approximation with integral norm

By Theorem 4.19, if (T, Br, 1) is a bounded measure space, then S is the
universal approximator of each fuzzy valued integrable bounded function with
integral norm, that is, Ve > 0, VF € LY(T,Br,p), there is S € S, so that
A(F, S) < e. Also we call S the Li(u)—norm approximation of F.

Theorem 4.20 Let T C R? be a bounded set, so (T, Br, i) be a bounded
meoasure space. Then (,CI(T, Br, 1), A), the integrable bounded fuzzy valued
function space is a completely separable metric space.

Proof. It is no harm to assume that 7 = [0,1]? is a compact set. Then
w(T) = 1. Easily we have, A is a metric of the space L1 (T, By, 1). The complete-
ness can be demonstrated as that of L;(T"). So it suffices to prove sufficiency.

Let Ap = {;11, Az, ...} is a dense subset of (F§(R), D). Write
C(T) = {F: T — F§(R)|Fis continuous onT },

In the following we show, C(T') is dense in §. Choose a closed set B C T'. For
z €T, define Lp(x) € Ry : Lp(x) =inf{|x — xy|| |x1 € B}. Let

| Qu(x) =1, (x€B),
@O e "N T im Quw =0, (x#B).

For each A€ FS(R), if let F(x) =A -xB(x), Fn(x) =4 ‘Qn(x) (x € T), by
Lebesgue’s control convergent theorem we obtain

A(F,F,)= /T D(F(x), Fa(x))du < | A - /T 15 () =~ Qu (3)]dts — 0 (n— +00).

By the definition of Lebesgue measurable set, VB € B, V :16 F§(R), it follows
that {Q,} C C(T), satisfying liI_i(_l A(A‘XB; Qn)= 0. Thus, Ve > 0, VS € S,
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By Lemma 4.7 it is easy to show, there is @ € C(T), such that A(S, Q,)< ¢,
that is, C(T") is dense in S. Let

cP(T)={F T — FER)Fx)= ) Airia Eomsiy i2(X), Air.in€ Ao},

il,...,id——-O

Then Cp(T) is a countable set. Theorem 4.11 implies, Ve > 0, VF € C(T),
there is a fuzzy valued Bernstein polynomial B,,(F') which is defined as follows:
m

B (F;x) = 3 éil___id - Kimiy.iy(%), where B, ;,€ F§(R), satisfying
1,...,8g=0

vx € T, D(F(x), Bm(F;x))< £/2. Since Ay is dense in (F§(R), D), there is

{Zil---id} C Ap, so that Viq,...,ig € {O,l,....,m}, D(éil._,id, Zh---id )< 8/2.
So using Lemma 4.7 and (4.38) we obtain

D(Ba(F5x), S Aniy Koiyis(0)

i1, ig=0
m ~ ~ €
< Y Kmpyig(%) - D(Asy.igy Biy.oig )< 5
i1, orta=0
m ~
where x € T. Let P(x) = Y. Ai..iy Kmsiy..iy(x). Then P, € Cp(T),

i1 geen 7idZO
furthermore

A(F, Pp) < A(F, By(F))+A(Bn(F), Pn)

z/TD(F(x), Bm(F;x))d,u-i—/TD(Bm(F;x), P (x))dp <e.

Hence Cp(T) is dense in C(T'), and also dense in S. By Theorem 4.19, we im-
ply, Cp(T) is dense in (L(T, Br,u),A). Thus, (£'(T, Br, i), A) is separable.
Therefore, (EI(T ,Br, u), A) is a completely separable metric space. [

We call the transfer function o to be L!'(T)—universal [9], if Vf € L(T),
and Ve > 0, there exist K € N, and a three layer feedforward neural network

K
defined as g(x) = Y a; - o({wy, x)+6;), which there are K hidden neurons,
k=1

so that { f,|f(x) —g;(x)|du}< €. By [9], if o : R — R is not a polynomial a.e.,

and Va,b e R: a <b, f:‘a(az)‘dx < 400, then for each compact set T C R, ¢
is L'(T)—universal.

Theorem 4.21 Let (T, Br,u) be a finite measure space, and 0 : R — R
be L' (T)—universal. Then the following conclusions hold:

(i) With integral norm Hylo]| and consequently H|o] is the universal approz-
imator of S;

(i1) Assume that F : T — F§(R) is integrable bounded. Then with integral
norm H[o] can approximate F to arbitrary degree of accuracy.
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4~
Proof. (i) Let S(x) = 5_ Ak - x1.(x) (x € T). Without losing generality we

k=1
let not all | m . Zq | are zero. For arbitrary € > 0, since X € LYT) (k=
1,...,q), and ¢ is L' (T')—universal, there are py € N, v}, .., v 1y 0, -, 0 €
R, u)(1),...,u}(px) € R?, satisfying
€
[ e = 3wt )+ e < -
=1 2¢- V {l 4k}
1<k<q
k—1
Let p = Zpk Then for k = 2,...,q, write 8 = Zpr, B1 = 0. For k =

k=1
1,...,q, 7 =1,...,p, similarly with the proof of Theorem 4.12 we define

_ { Vo—pokr Ok <J S By { Oi—ge B <J < Br+t,
Vjk = 0, =

0, otherwise; 0, otherwise;

otherwise.

. W, (7 — Bk), Br <J < B,
u(j) = 0

9 ~ P
Let Fn(x) = 3> Ak - Y vjk - o((x, u(j))+6;). Easily we can show, Fy €
k= j=1
Ho[o], furthermore
P Pr
Vk € {1,...,q}, qujk . 0(<x, u(j)>+0j)= Zv;-k -0(<x, uk(j)}—l—@;k).
j=1 j=1
By Lemma 4.7 it follows that

q

A(Fn,S) —/ (é:l Zi:vgk o({x, u(j))+6;) Z ko XT(X )ﬂ

k=1

< [ 311 D9, Y e o, )0,
T k=1 j=1

Pk
<o V1Al [ e = Yoo ol ki) + 05 |d
1<k<q T =
<E.

So with integral norm Hy|o] is the universal approximator of S.
(ii) It is the direct result of Theorem 4.19 and (i). Thus, the theorem is
proved. O
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By the crisp measure we introduce the integral norm of fuzzy valued func-
tions, and study the universal approximation of regular FNN’s to integrable
bounded fuzzy valued functions in this metric. By Remark 4.5, the results
presented here are general comparing with that of §4.4. Since the fuzzy val-
ued measures and fuzzy function integrals are manifold [57], [64], undoubtedly,
choosing different fuzzy integrals result in different research results. This sec-
tion is only a beginning in the subjects related. There are a number of problems
and questions to be solved. The integrable systems exist extensively in real and
theoretic fields, so the research on universal approximations of FNN’s with in-
tegral norm is very important and challenging, theoretically and practically.

References

[1]  Abdukhalikov K. S. & Kim C., Fuzzy neurons and fuzzy multilinear mappings,
Proc. IEEE Internat. Conf. on Neural Networks,1997: 543-547.

[2] Alefeld G. & Herzberger J., Introduction to Interval Computations, New York:
Academic Press, 1983.

[3] Aliev R. A., Genetic algorithm-based learning of fuzzy neural network. Part
1: feed-forward fuzzy neural networks, Fuzzy Sets and Systems, 2001, 118:
351-358.

[4] Bardossy A. Bogardi I. & Duckstein L., Fuzzy nonlinear regression analysis of
dose-response relationships, European J. Oper. Res., 1993, 66(1): 46-51.

[6] Buckley J. J. & Hayashi Y., Can fuzzy neural nets approximate continuous
fuzzy functions, Fuzzy Sets and Systems, 1994, 61(1): 43-51.

[6] Buckley J. J. & Hayashi Y., Fuzzy neural networks: a survey, Fuzzy Sets and
Systems, 1994, 66: 1-13.

[7] Buckley J. J. & Hayashi Y., Direct fuzzification of neural networks, in Proc.
of 1st Asian Fuzzy Syst. Symp., 1993, 1: 560-567.

[8] Buckley J. J. & Hayashi Y., Fuzzy neural nets and applications, Fuzzy Sets
and Al 1992, 1(1): 11-41.

[9] Burton R. M., & Dehling H. G., Universal approximation in p-mean by neural
networks, Neural Networks, 1998, 11: 661-667.

[10] Carozza M. & Rampone S., Function approximation from noise data by an
incremental RBF network, Pattern Recognition, 1999, 32(12): 2081-2083.

[11] Charalambous C., Conjugate gradient algorithm for efficient training of arti-
ficial neural networks, IEE Proc. -G, 1992, 139: 301-310.

[12] Chen D. S. & Jain R. C., A robust back propagation learning algorithm for
function approximation, IEEE Trans. on Neural Networks, 1996, 7(2): 467—
479.

[13] Chen S. H., Operations of fuzzy numbers with step form membership function
using function principle, Information Sciences, 1998, 108: 149-155.

[14] Chen T. P., Approximation problem in system identification by neural net-
work, Science in China, Series A(in Chinese), 1994, 37(4): 414-422.



Chapter IV Regular Fuzzy Neural Networks 195

[15]

[16]

[17]
(18]
(19]
[20]
[21]

(22]

23]
24]

[25]

[26]

[29]

Chen T. P., Chen H. & Liu R. W., Approximation capability in C(R") by
multilayer feedforward networks and related problems, IEEE Trans. on Neural
Networks, 1995, 6(1): 25-30.

Chen T. P. & Liang Y., Neural networks calculate output capability of dynam-
ical systems defined on whole space, Science in China, Series E(in Chinese),
1998,28 (4): 338-349.

Chung F. -L. & Lee T., Fuzzy competitive learning, Neural Networks, 1994,
7(3): 539-552.

Dai Y., Han J. & Liu G., et al, Convergence properties of nonlinear conjugate
gradient algorithms, SIAM J. on Optimization, 1999, 10: 345-358.

Diamond P. & Kloeden P., Characterization of compact subsets of fuzzy sets,
Fuzzy Sets and Systems, 1989, 29: 341-348.

Diamond P. & Kloeden P., Metric Spaces of Fuzzy Sets, Singapore: World
Scientific Publishing, 1994.

Dunyak J. & Wunsch D., A training technique for fuzzy number neural net-
works, Proc. IEEE Internat. Conf. on Neural Network, 1997: 533-536.
Dunyak J. & Wunsch D., Training fuzzy number neural networks with alpha-
cut refinements, Proc. IEEFE Internat. Conf. on Systems, Man, Cybernet.,
1997: 189-194.

Dunyak J. & Wunsch D., Fuzzy number neural networks, Fuzzy Sets and Sys-
tems, 1999, 108(1): 49-58.

Feuring T., Learning in fuzzy neural networks, Proc. IEEE Internat. Conf.
on Neural Networks, 1996: 1061-1066.

Feuring T., Buckley J. J. & Hayashi Y., Fuzzy neural nets can solve the over-
fitting problem, in Proc. of Internat. Joint Conf. on Neural Networks, 1999,
4: 4197-4201.

Feuring T., Buckley J. J. & Hayashi Y., A gradient descent learning algorithm
for fuzzy neural networks, in Proc. of IEEE Internat. Conf. on Fuzzy Systems,
1998, 2: 1136-1141.

Feuring T. & Lippe W. M., The fuzzy neural network approximation lemma,
Fuzzy Sets and Systems, 1999, 102(2): 227-237.

Feuring T. & Lippe W. M., A goodness-function for trained fuzzy neural net-
works, Proc. IEEE Internat. Conf. on Neural Networks, 1995: 2264-2269.
Feuring T. & Lippe W. M., Error prediction for neural networks by fuzzifica-
tion, Internat. J. Intelligence Systems, 1998, 13(3): 495-502.

Feuring T. & Lippe W. M., Output estimation of fuzzy neural networks, in
Proc. of 4th Internat. Conf. on Soft Computing, 1996, 1: 626—629.

Goldberg D. E., Genetic algorithms in search, optimization, and machine
learning, Addison-Wesley, Reading, MA, 1989.

Gupta M. M. & Rao D. H., On the principle of fuzzy neural networks, Fuzzy
Sets and Systems, 1994, 61: 1-18.

Haykin S., Neural Networks, A Comprehensive Foundation, New York: IEEE
Press, 1993.

Hayashi Y., Buckley J. J. & Czogala E., Fuzzy neural network with fuzzy
signals and weights, Internat. J. Intell. Systems, 1993, 8: 527-537.



196

[35]

[36]

(37]

[38]

[47]

(48]

[49]

[50]

Liu and Li Fuzzy Neural Network Theory and Application

Hayashi Y., Buckley J. J. & Czogala E., Direct fuzzification of neural network
fuzzified delta rule, in Proc. of 2nd Internat. Conf. on Fuzzy Logic and Neural
Networks, 1992, 1: 73-76.

Hayashi Y., Buckley J. J. & Czogala E., Fuzzy neural network with fuzzy
signals and weights, in Proc. of Internat. Joint Conf. on Neural Networks,
1992, 2: 696-701.

Ishibuchi H., Fujioka R. & Tanaka H., Neural networks that learn from fuzzy
if-then rules, IEEE Trans. on Fuzzy Systems, 1993, 1: 85-97.

Ishibuchi H., Kwon K. & Tanaka H. A., Learning algorithm of fuzzy neural
networks with triangular fuzzy weights, Fuzzy sets and Systems, 1995, T1:
277-293.

Ishibuchi H., Kwon K. & Tanaka H. A., Learning of fuzzy neural networks
from fuzzy inputs and fuzzy targets, in Proc. of 5th IFSA World Congress,
1993, 1: 147-150.

Ishibuchi H., Morioka K. & Turksen I. B., Learning by fuzzified neural net-
works, Internat. J. Approz.Reasoning, 1995, 13(4): 327-358.

Ishibuchi H. & Nii M., Numerical analysis of the learning of fuzzified neural
networks from fuzzy if-then rules, Fuzzy Sets and Systems, 2001, 120: 281—
307.

Ishibuchi H. & Nii M., Fuzzy regression using asymmetric fuzzy coefficients
and fuzzified neural networks, Fuzzy Sets and Systems, 2001, 119: 273-290.
Ishibuchi H. & Nii M., Fuzzification of input vectors for improving the gener-
alization capability of neural networks, in Proc. of IEEE Internat. Conf. on
Fuzzy Systems, 1998, 3: 373-379.

Ishibuchi H., Nii M. & Oh C. -H., Approximate realization of fuzzy mapping
by regression models,neural networks and rule-based systems, Proc. IEEE
Internat. Conf. on Fuzzy Systems, 1999, 2: 939-944.

Ishibuchi H., Nii M. & Tanaka K., Subdivision methods for decreasing ex-
cess fuzziness of fuzzy arithmetic in fuzzified neural networks, in Proc. of
NAFIPS’99, 1999, 1: 448-452.

Jang J. S. R., Sun C. T. & Mizutani E. Neuro-fuzzy and soft computing —
a computational approach to learning and machine intelligence, Englewood
Cliffs, NJ: Prentice-Hall, 1997.

Jiang Chuanhai, Approximation problems of neural networks, Ann. of Math.,
Series A,(in Chinese) 1998, 17(3): 295-300.

Krishnamraju P. V., Buckley J. J. & Reilly K. D., et al, Genetic learning algo-
rithms for fuzzy neural nets, Proc. IEEFE Internat. Conf. on Fuzzy Systems,
1994, 3: 1969-1974.

Lee K. -M., Kwak D. -H. & Wang H. -L., Tuning of fuzzy models by fuzzy
neural networks, Fuzzy Sets and Systems, 1995, 76: 47—61.

Liu Puyin, Feedforward fuzzy neural networks can be the universal approxi-
mators for fuzzy valued functions, Proc. 7th European Congress on Intelligent
Techniques and Soft Computing, Aachen, Germany, Sep. 13-16, 1999.

Liu Puyin, Universal approximations of continuous fuzzy valued functions
by multi-layer regular fuzzy neural networks, Fuzzy Sets and Systems, 2001,
119(2): 313-320.



Chapter IV Regular Fuzzy Neural Networks 197

[52]

(53]

[63]

(64]
[65]

[66]

Liu Puyin, Analysis of approximation of continuous fuzzy function by multi-

variate fuzzy polynomial, Fuzzy Sets and Systems, 2002, 127(3): 299-313.

Liu Puyin, On the approximation realization of fuzzy closure mapping by

multilayer regular fuzzy neural network, Multiple Valued Logic, 2000, 5: 463-

480.

Liu Puyin, Fuzzy valued Markov processes and their properties, Fuzzy Sets

and Systems, 1997, 91: 87-96.

Liu Puyin, Analyses of regular fuzzy neural networks for approximation capa-

bility, Fuzzy Sets and Systems, 2000, 114(3): 329-338.

Liu Puyin, Fuzzy valued functions approximated arbitrarily close by a class of

regular fuzzy neural networks, J. Fuzzy Mathematics, 1999, T(4): 826-837.

Liu Puyin, Approximation analyses for fuzzy valued functions in L;(u) by

regular fuzzy neural networks, J. Electron. Sci., 2000, 17(2): 132-138.

Liu Puyin, Approximation capabilities of multilayer feedforward regular fuzzy

neural network, Applied Math.,A Journal of Chinese University, 2001, 16(1):

23-35.

Liu Puyin, Regular fuzzy neural network as universal approximator of fuzzy

valued function, Control and Decision{in Chinese), 2003, 18(1): 8-13.

Liu Puyin & Li Hongxing, Efficient learning algorithms for three-layer feedfor-

ward regular fuzzy neural networks, IEEE Trans. on Neural Networks., 2004,

15(2).

Liu Puyin & Li Hongxing, Approximation analysis for feedforward regular

fuzzy neural networks with two hidden layers, Fuzzy Sets and Systems., 2004

(in Press).

Liu Puyin & Wang Hao, Research on approximation capability of regular fuzzy

neural network to continuous fuzzy function, Science in China, Series E, 1999,

41(2): 143-151.

Liu Puyin & Wang Huaxing, Universal approximation of regular fuzzy net-

works to a class of continuous fuzzy valued functions, Acta Flectron. Sinica,

1997, 25(11): 48-52.

Liu Puyin & Wu Mengda, Fuzzy theory and applications, Changsha: Press of

National University if Defence Tech., 1998.

Liu Puyin & Zhang Hanjiang, Research on fuzzy neural network theory—a

survey, Fuzzy Systems and Math., 1998, 10(1): 77-87.

Liu Puyin & Zhang Weiming, Mathematical problems in research on reliability

of communication networks, J. China Institute of Comm.(in Chinese), 2000,
1 (10): 50-57.

Luo F. -L. & Unbehauen R., Applied Neural Networks for Signal Processing,

Cambridge, New York, Melbourne: Cambridge University Press, 1998.

Manijezzo V., Genetic evolution of the topology and weight distribution of

neural networks, IEEE Trans. on Neural Networks, 1994, 5: 39-53.

Mendel K. & Liang Q., Type-2 fuzzy logic systems, IEEE Trans. on Fuzzy

Systems, 1999 7(6): 788-800.

Mitchell M., An Introduction to Genetic Algorithms, MassachusettseLondon:

The MIT Press, 1996.



198

[71]

[83]

(84]

Liu and Li Fuzzy Neural Network Theory and Application

Miyazaki A., Kwan K. & Ishibuchi H., et al., Fuzzy regression analysis by
fuzzy neural networks and its application, IEEE Trans. on Fuzzy Systems,
1994, 2:

Narendra K. S. & Parthasarathy K., Identification and control of dynamical
systems using neural networks, IFEE Trans. on Neural Networks, 1990, 1:
4-27.

Nguyen H. T., A note on the extension principle for fuzzy sets, J. Math. Anal.
Appl., 1978, 64: 369-380.

Pal S. K. & Mitra S., Multilayer perceptron, fuzzy sets, and classification,
IEEE Trans. on Neural Networks, 1992, 3(3): 683-697.

Park S. & Han T., lterative inversion of fuzzified neural networks, IEEE Trans.
on Fuzzy Systems, 2000, 8(3): 268-280.

Parlos A. G., Fernandez B. & Atiya A. F., et al, An accelerated learning algo-
rithm for multilayer perceptron networks, IEEE Trans. on Neural Networks,
1994, 5: 493-497.

Powell M. J. D., Some convergence properties of the conjugate gradient
method, Math. Prog., 1976, 11(1): 42-49.

Rudolph G., Convergence analysis of canonical genetic algorithms, [EEE
Trans.on Neural Networks, 1994, 5: 96-101.

Scarselli F. & Tosi A. C., Universal approximation using feedforward neural
networks: a survey of some existing methods,and some new results, Neural
Networks, 1998, 11(1): 15-37.

Yuan Y. X., Numerical method for nonlinear programming, Shanghai: Press
of Shanghai Sci. & Tech., 1993.

Zhang X. H. Tan S. H. & Huang C. C., et al, An efficient computational
algorithm for min-max operations, Fuzzy Sets and Systems, 1999, 104: 297-
304.

Zhang X. H., Huang C. C. & Tan S. H., et al, The min-max function differenti-
ation and training of fuzzy neural networks, IEEE Trans. on Neural Networks,
1996, 7: 1139-1150.

Zadeh L. A. & Yager R. R., Fuzzy sets, neural networks and soft computing,
New York: Van Nostrand Reinhold, 1994.

A special issue on fuzzy arithmetic, Fuzzy Sets and Systems, 1997, 91(3).



CHAPTER V
Polygonal Fuzzy Neural Networks

Using the results obtained in Chapter IV, we enunciate that, to ensure the
regular FNN’s to constitute universal approximators to the continuous fuzzy
function class Cg, each fuzzy function in Crp must be a closure fuzzy mapping
besides being monotone and increasing. However, in practice it is difficult
to discriminate a given fuzzy function whether is a closure fuzzy mapping,
which results in much inconvenience, undoubtedly for application of FNN’s.
To overcome the drawback this chapter will introduce a novel FNN—polygonal
FNN, whose topological architecture inherits from one of a regular FNN, and
internal operations are based on a family of simplified extension principle [31,
37, 38].

As a generalization of triangular or trapezoidal fuzzy numbers, the polygo-
nal fuzzy numbers presented in this chapter can approximate a class of bounded
fuzzy numbers, with arbitrary degree of accuracy. So compared with regular
FNN’s, polygonal FNN’s have the following advantages: First, the I/0 rela-
tionship structures are more succinct, and hence it is easier to analysis the basic
properties related, such as approximation capability, learning algorithm and so
on; Second, more strong approximation capability can be ensured, for polygonal
FNN’s can be universal approximators to monotone increasing and continuous
fuzzy functions, and thus wider application area for polygonal FNN’s can also
be guaranteed; Finally, we can express the I/O relationship of a polygonal FNN
as the combination of 1/O relationships correspending to some crisp neural net-
works.

To realize above objectives let us now show some uniformity results about
universal approximation related to crisp feedforward neural networks. Then
we focus on the topics related to polygonal FNN’s, including system structure
analysis, representation of 1/0 relationships, and universal approximation and
so on. By designing a fast convergent learning algorithm and illustrating some
simulation examples, it is demonstrated that polygonal FNN’s are easy to train
and apply.

§5.1 Uniformity analysis of feedforward networks

As a topic closely related to approximation of neural networks, the unifor-
mity analysis for system universal approximation has recently attracted much
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attention [8, 27, 50, 51, 54]. The uniformity of universal approximation of
neural networks means that for a given accuracy € > 0, the neural networks
can provide with a uniform representations under the sense ‘~.’, to a fam-
ily of continuous functions. That is, if o is a transfer function, I c R? is
a compact set, for each compact family V' C C(I), of continuous functions,
there is ¢ € N, so that Vf € V, there exist ¢1(f),...,¢,(f) € R, satisfying

f(x) - i ok(f) - Ni*(x)|< € (x € I), where N;*(-) is a function deter-
k=1

mined by a m layer feedforward neural network, which is only dependent of V,
and independent of each function f in V. For example, if m = 3, there exist
peEN v €R, 0; e R,and u(j) e R (k=1,..,q; 5 = 1,...,p), being only
dependent of V, so that

ke LYS €V, [£(x) =D ou(f) - D] vnio((u(h), x)+65)|< e,
k=1 j=1

where, ¢x(-) (k =1, ...,q) is a continuous functional. In [9, 27], the systematic
achievements related to universal approximation of neural networks with the
integral norm LP(I) are presented. We can utilize these results to deal with
uniformity analysis for universal approximation, consequently to study the ap-
proximation capability of neural networks within a general framework. Thus,
we may make an essential exposition to neural system approximation, which is
of very significance in theory, as the approximate representations of nonlinear
operators by neural networks [8, 27], and application as system identification
[9, 52], system modelling [52], signal processing and so on. This section will
mainly aims at the following important problems:

(i) Whether can we choose the family {¢x(-)|k = 1,...,q} of continuous
functionals, so that {¢1(f), ..., §4(f)} or at least a part of this set is independent
of f, and ¢ (f) can be calculated with a unifying computation framework?

(ii) Besides continuity of the functionals, whether are some prescribed con-
ditions for ¢x(f), such as ¢r(f) being increasing with respect to f, i.e. f <
g, = &(f) < grg), be ensured?

In this section we take the four layer, i.e. m = 3 and three layer, i.e. m = 2,
feedforward neural networks, respectively, as our research objects to deal with
above problems, systematically. For given compact set I C R%, define the
maximum norm | - |l¢(ry as follows: || fllcy = V1{|f(X)|}

x€

5.1.1 Universal approximation of four-layer network

At first let us aim at the uniformity analysis for universal approximation
of four layer neural networks. To this end we introduce a novel function —
uniform Tauber-Wiener function.

Definition 5.1 Let 0 : R — R be a transfer function, we call o a uniform
Tauber-Wiener function, if for each compact set V C C(I), Ve > 0, there are
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p,g€Nand vy, 9; €R, u(j) eRY¥(k=1,..,q; j=1,...,p), so that Vf € V,
it follows that there exist q real numbers, ¢1(f), ..., 94(f) satisfying

[£@) = Y ) - S vno((u(y), x)+6;)|< e (x € .
k=1 j=1

If feCW), é§>0,by U(f, §) we denote a —neighborhood of f in C(I),
that is
U(f,0)={geC|lg - fllow <8}

In the following we develop a constructive proof to establish sufficient conditions
for connection weights of a four layer feedforward neural networks, so that the
given approximating accuracy is ensured. Moreover, a learning algorithm easy
to operate is designed to realize the according approximating procedure. To
this end, we firstly establish an approximate expression for f = 1 by a three
n
layer neural network as, > ¢; - o{uz + 6;) (x € R).
i=1
Theorem 5.1 Let the transfer function o be a generalized sigmoidal func-
tion, t.e. Iirf o(z) =1, lim o(z) = 0. Moreover, o is bounded. For arbi-
T—+00 r——00
trary e > 0, and M > 1, n € N, the following conditions hold:
(i) Vo > M, |o(z) — 1< e/3, Vo < ~M, |o(z)|<e/3;
(i) If the constant K satisfying: Vo € R, |o(z)|< K, we have, (2K+1)/n <
g/3.
Then there exist 8 > 0, and A1, ..., A\n € R, so that

Vz € R, EZ(J(ﬂI%—)\i)—i—a(—ﬂx—)\i))—1\< € (5.1)

=1

Proof. Partition the interval [—M, M] into n equal parts: —M = z¢ <
T < <ZTp_1 <Zp=M,and z;, = —M+(2Mi)/n for i = 0,1, ...,n. Choose
B > 0, satisfying: 3/n > 1. Let t; = (x; + z,-1)/2 (i = 1, ...,n}, and set

n

Ve € R, 5(z) = = 3 [0(B(e — o)) +o (Bl — t))].

=1

Let us show Vz € R, [S(z)—1| <e.Infact,ifx < —M, Vi=1,...,n, |z —t;] >
|to — t1| = M/n, we have, B(x — t;) < BM/n < —M, and —B(z — t;) > M.
By assumption (i) we imply, |o(—8(z — t;))—1|< £/3, |o(B(z — ti))|< /3.
Therefore

n

5@ -1l = |2 S~ 1) ~1)+o(Alz - 1)]|

=1

o

n

% i[lf’( Blz—1t:))—1|+| o(B(z—t:))| ] < % Z(§+§)< .

= =1

IA
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With the same reason, Vo > M, |S(z) — 1| <e. Xz € [-M, M], let k €
{1,...,n}, = € [zk-1, z]. For i € {0,1,....,k — 1}, it follows that = —¢; >
Tr—1 —ti > (CL’Z —xi—l)/2 = M/’Il So ,B(a; —ti) Z ﬁM/n > M, —ﬂ(.'lI —ti) <
—M. Similarly, for i € {k+1,...,n}, £ —t; < —M/n. Hence B(z — t;) <
—M, —B(z — t;) > M. By conditions (i) (ii) we obtain

S(a) -1/ = |

3!*—‘

3 [o(=Bla — t) =1+ o(8(z ~ )]

3|'—‘

< 3 £ llo(Ble — )10 (-Bla - ) | +2 [o(~(o — t0)) |+

Ho(Be - )]s 3 [lo(8e )| Ho (-8l —t))-1]]

) i=kt1
1kzl e e, 1 2 g ¢ 2K+1 ¢ ¢
<= (2 +2)+= — 4= St ti=e
2 DGt B Gyt <gtgtg=e
(5.2)

In summary, Vz € R, [S(z) — 1| < €. By letting \;, = —0¢t; (1 = 1,...,n), we
imply the theorem. O

Let us now proceed to study the approximation capability of a four layer
feedforward neural network by using the Bernstein polynomial as a bridge. Also
some order conditions for connection weights are established. Give m € N, and
a multivariate function f : [0,1]% — R. The multivariate Bernstein B, (:)
defined in (4.37) is firstly utilized to show the following lemma.

Lemma 5.1 Let V C C([0,1]%) be a compact set, and arbitrarily give e > 0.
Then there is n € N, so that Vm € N : m > n, if partition [0, 1] into m equal
parts: 0 < 1/m < --- < (m —1)/m < 1, for arbitrary f € V, we have

Vx = (z1,...,zq) € [0,1]%, ‘f(x) - Z f(%, s Z;"l)Km;ilmid(x)‘< €.

91,..0,2¢g=0

Proof. Since V' C C([0,1]%) is a compact set, there exist v € N, and
v

fi,, fy € V,so that V C |J U(fj, 6/3), moreover, fi,..., fy are uniformly
i=1

continuous on [0, 1]%. So there is § > 0, satisfying: Vx! = (z1,...,z}), x2
1

(z2,..,2%) € [0,1]¢, |z} —2?| < 6 (i = 1,...d),= |f;(x!) — f;(x?)]
e/4 (j = 1,...,7). Moreover, there is M > 0, so that Vj € {1,...,7}, Vx €
[0,1)¢, |f;(x)] < M. Give m € N: 1/m < 4. Partition [0, 1] into m parts:
0<1/m<--- < (m—1)/m < 1. Then for each j = 1,...,y and Viy,...,iq €
{1, ...,m}, we have

Al

1
VXE[ZI ,Z—l}x
m ' m

x [id"l, -’7%] \fj(x)—fj(%,...,i—d)|< % (5.3)

m m


file:///x/-xl/

Chapter V. Polygonal Fuzzy Neural Networks 203

By (4.38) (4.40) and (5.3), V§ = 1,...,7, Vx = (1,...,za) € [0, 1]%, we can
show the following facts:

50— 5 G ) K 1)
‘Ll, ,'Ld =0 m
_| & _p(f e o
B z'l,..%:d:o(f(x) fi (m’ o m)>Km;“"“(x)]
11 iq
< 5 Kot eoia G| £ (s 2 ) =500 +
i1yt x— (2 ..., 2)||<é
i id
+ Z Km;il,--~,id(x)|fj (Ev SEd) E) —fj(x)‘ (5.4)
i1yiaillx— (5., )] >6
£ X — i—l, ceey id
i15eiallx— (2 ..., )| >8
& 2M d m m ; s . \2
= 4 + m242 ' k‘:‘l (ig::o (Zk)a:;ck(l - xk)m lk (mxk B Zk) )
< € 2Md m_ € n Md
— 4 m282 4 4 2mé?’

Choose n € N: n > max(1/6, (6Md)/(6%)). Thus, Vm > n, (Md)/(2mé?) <
£/12. Therefore

m J . e
56— D HE e D) K] < 5.
21,-.0,0q=0

For arbitrary f € V, let jo € {1,...,q}, such that f € U(f;,, ¢/3). So Vx €
0, 114, |£() = f,(®)| < £/3. By (5.2) (5.3) and (5.4), ¥ = (21, ...,74) €
[0,1]¢, it follows that

769 = 5 P ) i )|

1.1, ,’Ld =0
id
<1569 = LG+ 100 = 35 i s S Kot i ()|
i1,.-,84=0 m
(L
+m§J%%wm)%wwﬁmwM”
<£+E+§——s
3 3 3

Thus the lemma is proved. [J

Let I C R® be a compact set, we call the functional ¢ : C(I) — R to be
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order—preserved (also see [30, 33]), if

Vi, g€ C), f<g= ¢(f) < ¢(9),
where f < g means that Vx € I, f(x) < g(x).

Theorem 5.2 Let o be a Tauber-Wiener function. Then o is a uniform
Tauber- Wiener function, that is, for arbitrary compact set V.C C([0,1]¢), and
Ve >0, there are p, g € N, u(j) € RY, vy, 0, e R(k=1,...,q¢; 5 =1,...,p),
and continuous functionals ¢1,...,¢64 : C([0,1]9) — R, such that for each
f €V, we have, || f — Hylc(po,1)¢) < €, where

Hy(x) = 3 () (D v ((uld), x)+05) ).
k=1 i=1

Moreover, all functionals related are order—preserved, i.e. Vf,g € V, f >
g, = o(f) 2 dn(g) (k=1,...,9).

Proof. Since V C C(]0,1]%) is a compact set, for arbitrary € > 0, by Lemma
5.1, there is m € N, so that Vx = (21, ...,z4) € [0, 1]4, if let

m . .

2 7

Bm(f7x) = E f(alw'wEd)Km;il,...,id(xly"'7xd)7 (55)
21y.e0ytg=0

we can obtain the following facts:

Vx € [0, 114, Vf €V, |Bu(f;x) — F(x)|< % (5.6)

It is no harm to assume M SV {|f(é1/m, ...,iq/m)|}> 0. For arbitrary
i15eerig=0
i1y --rtd € {0,1,...,m}, Kpmuy.i,(%) is a multi-variate polynomial defined on
[0,1]%, so it is continuous on [0, 1]¢. By the assumption, o is a Tauber-Wiener
function, there are q(i1,...,3q) € N, and w;(i1,...,34) € R%, 0;(i1,...,34) €
R, v;(i1,...,3q) € R (3 = 1,...,q(41, ...,44)), so that Vx = (z1,...,2q4) € [0,1],
we have | Ky, i, (X) — Niyoiy (%)]< €/(3M (m + 1)%), where

q(i1,008a)

Nipig®) = D vildn, s ia)o ((Wslin, s ia), X)+0i(i1, ..., 14)).

=1
Therefore using (5.5), we can show

Butrix)— 5 (2 )N )

$1,.0,0a=0 TV m

m 11 14
S Z ‘f<g7"'aE)l"Km;iL..id(xl?'"axd) Nzlzd(x)’ (57)

i1,000rig=0
m €

£
< X Moo Ty

1,00 8g=0
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Let ¢i1,-~~’id :

C([0,1]%) — R, so that for each f € C([0,1]%), ¢, . ., (f) =
fin/m, ..., ig/m) (i1, ....,ig = 0,1, ...,m). Obviously ¢;, .., is a order-preserved
and continuous functional. The index set {(i1,...,%4)|%1,
re-arrayed with the following order:

...,id = 0,1,...,m} is
{(0,...,0),...,(0,...,m), (1,0, ...,0), ..., (1,0, ...,0,m), ...,
(m, ...,m,0), ..., (m,....,m)}.

m
Denote ¢ = (m+1)¢, and p £

S qlin, . iq). 5 € {1, ..ph ke {1,...,q},
i1s0rig=0
define
(v(0,...,0), 1<37<4(0,..,0), k« (0,..,0),
) -7 i1 tg1  ig—l y y . 71 1q "y .
V{81, e td)y Do oo 20 g, i) <5< D000 qldh, e il),
#=0 i, =0i/~0 i =0 i,=0
Vjg = k< (i1,...,%d),
’ m m~—1 . . ) m .
’Uj(m, 7m)7 Z Z q(zla "'7,Ld) S ] S Z q(7’17 )Zd)v
i1,00,8d—1=024=0

11,00-,0g=0
ke (m,..

where k «» (i1, ..., i4) means the ordinal number of (i1,
re-array procedure. Using the sets

(5.8)
.., 1q) being k after the

{ui(i17 ,/Ld)|Z = 17 "'7q(i17 ""id)}v {ei(ilv 77/d)l1' = 17 "'?q(ilv '7id)}7

Similarly with (5.8) we can define the vector family {u(j){j = 1,...,p} C R?

and the real number family {6;|j = 1,...,p} C R. Furthermore, we can prove
that, {¢i1,...,z’d,i1a ...,id = 0, 1, veny m} = {¢klk = 1, ...,q}, and

m q(i1,e--,ta)
Z ¢i1,-~~,’id(f) : )

‘ ‘ ; vi(il,...,id)a(<ui(z’1,...,z’d),x>+9¢(i1,...,z'd))
q p A

= kZil ou(f) - '21 viro ((u(f), x)+6;)= Hy(x).
= =

Thus, using (5.6) (5.7) Vx € [0, 1]¢, we can obtain

€ 2

3~ 3%
That is, || f — Hyllc(o,1y¢) < 26/3 < . Moreover, ¢, ..., ¢4 are order-preserved
and continuous functionals, which proves the theorem. O

160 = Hy ()| < 1£() = B f53)| + | B (f5%) = By (x)] < 5 +

Let V C C(R?) be a given compact set. For each compact set I C R%, we
restrict each function in V to define on I, then V' C C(I) is a compact set.
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Similarly, when substituting I for [0, 1], we can obtain the conclusion similar
with Theorem 5.2. In the following, we utilize an example to demonstrate the
realization procedure of Theorem 5.2, and develop a learning algorithm for the
functional ¢x(k = 1,...,q), connection weights v;x, 8; € R, and weight vector
u(j) € RL

Example 5.1 Let d =1, I = [0, 1], and o be bounded and increasing,

lim o(z) = 1, lim o(z) = 0. Then ¢ is Tauber-Wiener function [31].
r—+00 T——00

Choose V = {sin(z/n)+(n — 1)/n|n € N}U{1} C C([0,1]). And let g (z) =
sin(z/n)+(n — 1)/n (z € [0,1]), then we can show

(i) gn(z) < gny1(z) (z € [0, 1]); (ii) gn converges uniformly to 1 (n — +o0).

It is easy to show that V is a compact set. Give arbitrarily € > 0. Considering

Vn €N, |gn(z1) — gn(z2)| = 'sm% —sin == ‘< ‘ 2\ (x1,22 € [0,1]).

we choose m = Int(3/e)+1, and partition [0, 1] into m equal parts: 0 < 1/m <
- < (m —1)/m < 1. Define one-dimensional Bernstein polynomial as follows:

1= EuE) (et S B 09

Choose M > 0, so that |o(t) — 1] <e/3 (t > M), |o(t)| <&/3 (t < —M). And
let 8> 0: 8/(2m) > M. By Theorem 5.1 and Proposition 4.2, it follows that
if letting

Nuto) = 55 [F O (s () Ko (17)) o (02 = 7))+

£ R ofe- )

(5.10)
mik () — Nk(')l|0([o < £/3. By Theorem 5.2, we define the fol-
lowing single input four layer feedforward neural network:

H, () :éog”(%) [i _wL(O)U(_g(x_ 2j — 1)>

=1 m 2m
# 35 (Ot (Ko ()=t (P2)) o (0= 250) )
Then, Hgn — Hgn”C([O,l])< e (n € N). By above discussion we obtain t}feafloll?

lowing learning algorithm for connection weights:
Step 1. Using (5.7) we choose m € N, and define M > 0: |o(t) — 1| <
e/3(t>M), lot)] <e/3 (t < —-M);
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Step 2. Define the functionals ¢o, @1, ..., om : ¢x(g) = g(k/m) (g € V);
Step 8. By (5.10) define vjg, u(j) = u; € R, 6; (k = 0,1,...,m; j =
1,...,2m) :

K...x(0 ] | ’
sk (0) +Km?k(i>‘Km;k(J ), j=1,..,m,
Vjk = K m 0 m m
i )’ j=m+1,..,2m;
m
BRi-1) .
_ B, j=1,..m, g — T om j=1,...,m,
Tl Bi=maAl e m B2(j—m)-1) j=m+l,..,2m
5 , yeenr 210

Let us now Illustrate the realization procedure of uniform approximation of
four layer feedforward neural network within the following general framework.

Algorithm 5.1 Realizing algorithm for uniform approximation of neural
network. Let compact set V < C([0, 1]¢). Then

Step 1. By the given accuracy € > 0, we get m € N, and d— dimensional
Bernstein polynomial By, (-);

Step 2. With the accuracy /3 construct the three layer feedforward neural
network N;, _,, corresponding to the approximating polynomial K., i, (-),
and get the weights v;(i1,...,14), 0;(i1,...,iq) € R, and u;(i1, ..., i4) € RY;

Step 3. Define the functional ¢;, . i, (f) = f(ir/m,....,ia/m) (f € V),
and by (5.8) calculate the connection weights: vk, 0; € R, u(j) € R? (k =
17 "‘7q; .7 = ]" "'7p);

Step 4. Output the four layer feedforward neural network requested.

5.1.2 Uniformity analysis of three layer neural network

Let us proceed to study the uniformity of universal approximation for the
three layer feedforward neural network, i.e. m = 2 in N*(-). To this end, we
focus on one-dimensional case, i.e. d = 1. Define a compact subset of C(R;.),
which is called quasi-difference order-preserved set [40].

Definition 5.2 A function set C,-(R:} C C(Ry) is called quasi-difference
order-preserved set, if the following conditions hold:
(i) Cor(Ry) is a compact set, moreover, the limit liril f(z) exists for each

f € COT(R+)7 )
(ii) For arbitrary A > 0, there are mg € N, and 41, ..., ¥m, € [0, 4], so that

Za = {yeo Althere are f, g € Cor(Ry), f £ 0, f4) = 00)} (51

= {yl7"'7ymo};
(iil) Va1, ag € [0, A] : a1 < ag, [a1, a2] NV {y1, s Ymg } = 0, then
Vfa g S Cor(R+)a f S 9, — f(a2) - f(al) S g(GZ) _g(al)-
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To deal with uniform approximation of three-layer neural networks, we at
first show the following conclusion.

Lemma 5.2 Let Co C C(Ry) be a compact set, moreover ¥V f € Cqy, the
limit liI}_l f(z) exists. Then for arbitrary € > 0, there are A > 0, and 6§ > 0,
T—-1+00

so that

VZ']_, T2 2 A, Vf € COv |f($1) - f(1'2)|< g,
vxl) T2 € [07 A]7 \V/f S COa |ZE1 —12| < 57 — |f(m1) - f(x2)|< €.

Proof. By assumption we have, Cy C C(Ry) is a compact set. Then there
are ¢ € N, and {f1,...., f3} C Co, such that Vf € Co, there is ¢; € {1,...,q},
satisfying ||f~fq1 ||C(R+)< €/4. Moreover, V¢’ € {1, ..., ¢}, the limit zll)riloo for ()
exists. Then there is A > 0, so that Vz,, 22 > A, V¢’ € {1,...,¢}, we have,
lfq: (1) — fy (x2)|< g/4. Arbitrarily given f € Cp, there is g € {1,...,q}, such
that ||f_f‘10“C(R+)< e/4, = Vr € Ry, ‘f(x)~fq0(:v)|< e/4.SoVxy, za > A,
it follows that

|f(z1) = fl@2)|< | F(@1) = fao ()| F| Fao (@1) — fao (m2)|F#| fgo (z2) — Flz2)|< &

Considering that fi, ..., f are uniformly continuous on [0, A], with the similar
reason we can show that there is 6 > 0, Vz1, z2 € [0, 4], |11 — 22| < §, =
V f €Co, |f(z1) — f(#2)|< €. The lemma is proved. O

Write g = 0. Choose m € N. For A > 0, we partition [0, A] into m identical
length sub-intervals: 0 < A/m < --- < (m —1)A/m < A. And let zx; = kA/m
for k =1,...,m. Denote ty = (zx + zx-1)/2. If f € C(Ry), let

Sp(x) = £0) + Y _(flmk) — Fl@e-1))o(B(x — tx)) (z € Ry), (5.13)

k=1

where 3 is a constant. We shall give the uniform representation of a quasi-
difference order-preserved set by three-layer feedforward neural networks.

Theorem 5.3 Let 0 : R — [0,1] be a generalized Sigmoidal function,
that is, o(x) — 1 when x — +oo, and o(x) — 0 when z — —oo. Also let
a(0) > 0, and Cor(Ry) € C(Ry) is a quasi-difference order-preserved set.
Then for arbitrary € > 0, there are p € N, and order-preserved functional ¢; :
Cor(Ry) — Ry, BER,, 6; € R (j =1,...,p), s0 that for each f € Cor(Ry),

if let Fy(z) = fl 65(F) - o(Bz - ;) (x € Ry), we have, ||f ~ Fy ||, < .
pE

Proof. Given arbitrarily ¢ > 0. By assumption, Cor(Ry) C C(R4) is a
quasi-difference order-preserved set. Lemma 5.2 and Definition 5.2 imply that
there are A > 0, mg € N, y1,...,¥m, € [0, 4], and m € N, so that A/m <
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max{ Yk, — Yo | |Yky 7 Ykas k1, k2 = 1,...,mo }, moreover

Vor, @2 > A, VF € Cor(Ry), | f(21) — flaa)|< Z,

Partition the interval [0, A] into m identical length sub-intervals: 0 < A/m <

- < Alm —1)/m < A, and let z, = kA/m (k = 0,1,...,m), moreover let
ty = (xk + zk-1)/2 (k = 1,...,m). Then by definition of m, A in (5.12), it
follows that Vk € {1,...,m}, at most there is one z € [;vk_l, :L‘k], such that
x € X 4. define set K as follows:

K={ke{1,..,m} [zh_1, zx] }NT4 # 0, = Card(K) < mo.

By assumption, lil_’I‘rl o(z) =1, lim o(x) = 0. Choose § > 0, so that
T—T00 T—r—

x> f, = lo(x)-1 < 1/m, z < -8, = |o(z)| < 1/m. Moreover,
B/(2m) > 1. Arbitrarily given f € Cor(R+), defining S¢(z) as (5.13) we shall
prove

Vo € Ry, | f(z) — Sy(z)|< % (5.15)

In fact, Vx € Ry, if z > A, it follows that Yk € {1,...m}, B(z — tx) >
BA/(2m) > A,=> |o(B(x — tx))—1|< 1/m. By (5.14) we obtain

F@) - FD)< 2, [F(A)=8;@)|< 3|7 @)= flar-) o (Be—t)-1)< 3,
k=1

Therefore, |f(z) — S¢(z)|< /2, that is, (5.15) holds; If z € [0, 4], let ko €
{1,....m}, z € [zRy—1, Tk, |- Write

ko—1

h(z) = f(0) + (f(@ko) — fl@rg—1)) o (Bla = tho))+ Y, (flr) — flax—1))-

k=1

If k < ko, then B(z —tx) > BA/(2m); If k > kg, then B(z — t) < —BA/(2m).
Thus

F@) =@ < 5 17— Flann) o (B - ) -1)
+hgﬂu@m—f@moHde—m»| (5.16)
ko—1 5 m e €
S kgl m + k=k20+1 m < Z
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Moreover, it is easy to prove h{z) = f(@ro—1)+(f (ko) —f (ro—1)) o (B(z—1tk,))-
So by (5.14) (5.16) it follows that

|f(z) = $4(2)|< |£(2) = h(z)|+|h(z) ~ S¢(2)]
13 £ g

e €
[£@) — f@ra )|+ Fha) = Forg)|o (8@ — i) +5 < S+ 5+ 5=,
Also (5.15) holds. In summary (5.15) holds. For f € C,.(R4), define the
function Fy(-) as follows:

Vo€ Ry, Fy(@) = fO)+ 3 (flan) — flan-1)o (B — 1)),

ke{l,...m}I\K

For k£ € {1,...,m} \ K, define functional ¢;, : C..(Ry) — Ry, satisfying
Ok (f) = fzr)—f(xp—1), and let ux = 3,0, = —Fti. Re-arrange the order of set
{1,....,m}\ K as {2,...,p} (p € N), and define ¢1(f) = f(0)/o(0), u1 =6, =0.
Then

Vf € Cor(Ry), Fy(z) = Z ¢;(f)o (usz + 65)).

By condition (iii) of Definition 5.2 and the definition of set K we may easily

prove that ¢1,...,¢p : Cor(Ry) — Ry are order-preserved functionals. By

6.14),[8/(2) = Fy @) % | Flox) ~ f(on-2) o (Bla—ti)) | < mo-e/ (4mo) =
€

¢/4 for each x € R,. Thus, if f € Co-(R,), by (5.15) we can conclude for
z € Ry that

|#(2) = Fy@)|< | £(@) = S5 @)|+]S (@) - Fy(@)|< 7+ % = <.

Thus, || f - Ff||O(R+)S £/2 < e. The theorem is proved. OJ

Let us now develop a learning algorithm by an example to realize the ap-
proximation shown by Theorem 5.4. A concrete constructing procedure of a
three-layer feedforward neural network is also presented.

Example 5.2 Let the function fx(z) = k/((k+1) (l—l-exp(—m))) for k € N.
Then {fx} € C(R4). Further it is easy to prove that {fx} is a quasi-difference
order-preserved set, here for arbitrary A > 0, we may choose X4 = §. Give
arbitrarily € > 0.

Step 1. Let A = max(1, 1+1In(4/)). Choose m € N: A/m < /4. Then

€
> —
Vi > A Yk N, | fu(z) - k+1‘<exp 7)< %,
A €
Y1, 22 € [0, 4], |1 — 22| < - 1fk(x1 fk(ac2)l< Xy — 2] < =

4
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Step 2. Choose t; = (2j — 1)A/2m, and let 3> 0: |o(z) — 1|< 1/m (z >
B), Ia(m)]< 1/m (z < —B), B/(2m) > 1. Denote

m+1

Fr ()= ¢;(fr) - o(Bz +96;)).

Jj=1

Then F(-) is the three-layer feedforward neural network that satisfies the given
conditions, where ¢1(fx) = fx(0)/0(0), 61 =0, ¢;(f) = fr(zj—1) — fr(zj-2),
0; = —Btj_1 (j = 2,...,m + 1). Easily it follows that ¢; : {fx} — R, is an
order-preserved functional.

In above discussion, we establish a family of continuous functions, each of
which can be approximated by three-layer feedforward neural networks with
identical base function, to arbitrary degree of accuracy. The conclusion gener-
alizes the approximation results related feedforward neural networks [8, 9, 27].
Moreover, it can be applied to construct some fuzzy neural networks, which
can provide the approximations with arbitrary accuracy to a class of fuzzy
functions. That is our research subject in §5.4.

§5.2 Symmetric polygonal fuzzy number

The research on fuzzy numbers has received considerable attention, and
many theoretical achievements related have emerged (see [6, 10-12, 18, 29, 43,
45, 62] etc). Fuzzy numbers have found useful in many research fields, such as
fuzzy control [2, 3, 26], fuzzy neural networks [13, 14, 19-22, 34-36, 48], fuzzy
reliability [4], fuzzy system analysis [45], signal process [5], expert system [1, 7,
17], regression analysis [16, 23—-25, 56-58], programming problem [49, 59] and
SO on.

Recent years, many scholars take general fuzzy numbers as basic tools to
deal with their respective problems with vagueness and uncertainty. For in-
stance, Chen et al [5] use generic LR fuzzy numbers to develop a noise filter
based on a family of fuzzy inference rules, and corresponding capability for
noise removal is improved, significantly. And Kuo et al [28] present a primitive
LR fuzzy cell structure for hardware realization of fuzzy computations. In [6]
Chen employs some step form fuzzy numbers to simplify the fuzzy arithmetic
operations, such as addition, multiplication, subtraction and division and so on.
However, we still encounter many drawbacks when the LR or step form fuzzy
numbers are applied in real, such as: When representing LR fuzzy numbers
through a few of adjustable parameters, we can not control the approximating
accuracy, efficiently. It is not convenient to take LR fuzzy numbers as fuzzy
weights of fuzzy neural networks; Although a step form fuzzy number can be
determined, uniquely by a few of parameters, its form is too complicated for cal-
culating fuzzy relational structures to be very useful for solving real problems.
Also it is difficult to develop some learning algorithms for fuzzy neural networks
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with step form fuzzy number weights. Furthermore, these fuzzy numbers are
not closed under the fuzzy arithmetic operations based on Zadeh’s extension
principle [15], [47].

Therefore it is urgent that the following problems are studied and solved.
First, the fuzzy arithmetic based on Zadeh’s principle should appropriately be
modified, so that the common fuzzy numbers are closed under some non-linear
operations, for example multiplication and division. Second, whether can the
triangular and trapezoidal fuzzy numbers be generalized as general ones, so that
the novel fuzzy numbers have simple forms and can represent a large of class
of fuzzy sets, approximately. Third, The new fuzzy number space possesses
similar properties with ones of triangular or trapezoidal fuzzy number space.
Finally, a few of adjustable parameters can determine such a fuzzy number, so
we can use them to deal with some complicated fuzzy computations. In the
section our aim is to introduce polygonal fuzzy numbers and polygonal line
operators and to present the systematic studies to above problems.

As in §4.2, we deal with our questions in the fuzzy number space Fp.(R).
Let A€ Foo(R), and denote Ao= [a}, a2], Ker(4) = [e}, e2]. Then A() is
strictly increasing and right continuous on [a}, €}); and strictly decreasing and
left continuous on (€3, ad]; on [e}, €3] we have A(z) = 1.

5.2.1 Symmetric polygonal fuzzy number space

As the generalizations of triangular and trapezoidal fuzzy numbers, we de-
fine n-symmetric polygonal fuzzy numbers for n € N in the section. They are
similar with triangular and trapezoidal fuzzy numbers in their structures and
basic properties (also see [32, 37, 38]).

ﬂ ______________
n 1 1
: ,
b Y A A A
- 1 1 1 I
Vo b
2l b LoD
n d I T h
! 1 1 1 1
i DA S P S b -
nl L Lo z
1,1 1 2 2 2
Gy a7 an an ai  ap

Figure 5.1 The symmetric polygonal fuzzy number :1

). oy Gy G2
a2_,,..,a2 € R: a} <--- < al <a? < -+ < ad, so that the following
conditions hold: N

(i) Supp(4) = [ag, af], Ker(4) = [ay, aZ];
(ii) Let k € {1,...,n}. Thenal_, < al = A(a;_;) = (k—1)/n, Ala}—0) =
k/n, and a2 < a?_,,=>A(a2_,) = (k—1)/n, A(a2+0) = k/n;

(iii) Vk € {1, ...,n}, ;1() is linear on [a}_;, a}] and [a2, a?_,], respectively.

Definition 5.3 Let Ac Foe(R). If there exist n € N, and a}, a},...,al, a2
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Here A(al — 0) is the left limit tE»I& /Nl(a,lc —t), and Zl(a% + 0) is the right

limit lim Z(ai + t). A is called a n—symmetric polygonal fuzzy number,
and we deno’ce Aby A= ([ak, a2]; a},...,ak 1, a%_4,...,a3). The collection of
all n—symmetric polygonal fuzzy numbers is denoted by F§7(R).
In particular, let n = 1, then an 1—symmetric polygonal fuzzy number is
triangular or trapezoidal. If A= ([al, i] ad,yal_q,a2_4,...,a%) € FE(R),

then we have, Ker(Z) = [al, 2], Supp( A) [ad, a2}, and

a%)ga%S""SNanganSan—lgn'Sa’& (517)
Vi=0,1,...,n, Aijn= [ail, af].
Moreover
0 SZ(al g;l(al <. <A(al_ <;1(a}L =1,
) <A(al) (a}1) <A(a}) -

0<A(a?) <A@3) < -~ <A(a2_;) <A(a2) = 1.

The fuzzy numbers defined here are simpler and more applicable than ones
with step forms in [6]. By F{?(R4) we denote the collection of all nonnegative

fuzzy numbers in F{? (R ) that is, V Ac in(Ry), it follows Yz < 0, Z(x) =
Theorem 5.4 Let A, Be in(R). Moreover let

A= ([a}, 62); ab, ....ab_y, a2y, ...,03),
= ([bg, b3]; 86, s bp, by, B).-
Then the following conclusions hold:
() D(A, B) = V {dn([a}, a2l, Bh B])}
(i) ACB<= Vi€ {0,1,..,n}, b} <al <a?< b2,
Proof. (i) Give arbitrarily « € [0, 1]. Let A= [al, a?], Ba= [b1 b2),

(a2 (87
[(: — 1)/n, i/n] for some i € {1,...,n}. Let us now prove, |al — bL| < |a1 -
b}| V lal_; — b}_,| in the following cases, respectively.
Lal_;<al, bl_;<b}; Ilal =al, b}, <b}
NL af ;<a}, b}_,=0b; IV.al =a}, bl ;=bl.

It is no harm to assume (i — 1)/n < a < i/n. Using Definition 5.3, we get
in case I that, A( 1) :A(af_l) =(—-1)/n; A(a -0) A(a +0) =i/n,
moreover, the followmg facts hold:

{ al, =al ; + (na— (i~1)(al —a}_,),

bl = bl + (e — (i = 1))} —b},). (519)
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Therefore, it follows that

lag —bal = I(na—(i—1))(a} —b}) + (i — na)(aj_, — bj_,)]

< o= BV laly — Byl (520
Easily we can show, (5.19) holds in case II, and so we also get (5.20). Similarly
we can prove (5.20) in case III. And in case IV, al, — bl = 0 = |a} - b}| =
|a}_; —b}_,|, which also ensures (5.20) to hold. In summary, we have |al, —b}| <
lal — b}| V |a}_; — b}_;|. With the same reason, we can show, |a2 — b2| <
laZ — b2 V |a2_; — b2_,|. Consequently

{dH([a,a]

z 1—dH([CL

N

B, 1)) < max{ Ky, K2),

_aia)s (bl 80]), Ki=du((al, a?], [bl 82)).
So D(;L g) = {dH(;laa Ea )}: \7 {dH(;ii/n> gi/n )}, which implies
0<a<1 i=0

(i) by (5.17).
(i) ACB= Vi € {0,1,...,n}, A;/nCBi/n- So Vi € {0,1,..,n}, [a, a?] C
[b}, b2], ie. bl <a} <a?<b?. Conversely, Va € [0,1] : a € [(z — 1)/n z/n

2 ? k3

Using (5.19) we obtain, [al,, a2] C [b}, b2] holds, that is, AaCBa - So ACB .
O

By the definition of Z¢*(R) and (5.19) we can get the following conclusion.

Remark 5.1 Let Ac FE(R). Define the interval valued function Iy :
It(a) =Aq (a € [0, 1]). Then I is uniformly continuous on [0, 1], that is, Ve >
0, there is § > 0, so that You, as € [0,1], a1 —ag| < § => dH(;lal, Aq,) <E.

In fact, for each A= ([ al, a ]; ad, . ak_q, a2, ...,a3) € FE(R), it is

no harm to assume that a} < al, a2 < a2. For arbitrary ¢ > 0, choose

§ = min{1/(2n), ¢/(2na} — 2na(1)), e/(2nad — 2na2)}> 0. Yoy, az € [0,1] :
|y —g| < 8. Thereis i € {1,...,n—1}, so that a1, a € [(i —1)/n, (i+1)/n].
By (5.19) it follows that

[aél —al. |=(a} —ai_y)- [na1 — nag|< n(al — a}) - ’al - a2|§ g
Similarly, |a2, —a2,|< /2. So di(Aay, Aay) = lah, —al,| Va2, —d2,| <e.
Theorem 5.5 For a given n € N, (FE(R), D) is a completely separable
metric space.
Proof. 1t is trivial that (F{?(R), D) is metric space. At first we prove the
completeness of the space. Let {Z[k] |k € N} € FE2(R) be a basic sequence,

that is, Ve > 0, there is K € N, so that Yk, by > K, D(A[k:], Alks])<
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e/2, where Ak = ([ah(k), a2(K)]; ab(k), ..,ab_,(k), a2_y (k), .., a3(K)). By
Theorem 5.4, for k1, ks > K, 1 =0,1,...,n, it follows that

du (Jai (K1), ai(k1)], laf(k2), af(ks)])<

So Vi € {0,1,...,n}, we get

l\Dlm

o} (k1) — a} (k)] < 5, |a2(ky) - a2(ka)|< .

()

Therefore for each ¢ = 0,1, . n both {al(k)|k € N}, {a?(k)lk € N} C R are

basic sequences. There are a}, a? € R,sothat lim al(k) =al, lim a?(k) =
k—-+oo k—+o0

a?. Moreover, Yk € N, al_,(k) < al(k) < a?(k) < a? (k) = a}_; <a} <

(2

a? < a? ;. Let A= ([al, a2]; a},...,al_;, a%_,,...,a2). Then Ac F{*(R). So,

(2

thereis m € N: Vk > m, Vi € {0,1,...,n}, we have

o} (k) — ab|< £, la2(k) — a?| <

5 = du(lai(k), ai(k)], [}, af])<

7

N ™

By Theorem 5.4, when k& > m, we have
Alk), A) \/{dH aZ(k)), [al, a?))}<e,

that is, klir+n Z[k] =A . Thus, (F{r(R), D) is complete.
Next let us prove the separability. Define the set C as follows:

C:{L: ([l7117 l721]7 l(llv"'vl%—lv ln 17 7l(2)) € OQ(R”

B, 4,..,1%, 12, ..,12 are rational numbers}.

Obviously, C C FE*(R) is a countable set. And given arbitrarily A€ o (R),
let A= ([al, a2]; a},...,al_1, a% 15 a2). Ye > 0, choose rational numbers
1§, 1L, li,...,l%, satisfying [§ < -+ < l1 <2< li 1 <o <% and Vi €
{0,1,..,n}, k=1,2, |aF —1¥| < e. Let L= ({1}, 12); 13,...,11 4, 12_,,..,13). B
Theorem 5.4, L& Fi(R), and dg ([a}, a2], [}, 12])= |a} — I} V |a2 — 2] < e.
Then

n

(A L \/{dH [af, a?), I}, )} <,

1=0

that is, C is dense in FE*(R). So FE?(R) is separable. Hence (FE*(R), D) is a
completely separable metric space. [J

Theorem 5.6 Suppose U C Fp.(R). Then the following conclusions hold:
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(z) U is bounded if and only if there is a compact set U C R, so that

VXEU Supp( )y U;
(i) U C FE(R) is a compact set if and only if U is bounded and closed.

Proof. (i) Suppose that U C Fo.(R) is bounded. And choosing Ac U , we
imply, there is a M > 0, such that V Xe U, D(;l, )N() < M. Assume that
Supp(A) (a3, aO] and set U = [a} — M, a2 + M], then U C R is a compact
set. Moreover, V¥ X € U, if let Supp(X ) [x3, 2], We have D(A X) <M, ie.
du([ad, ad), [x§, &)= |a§ —2}|V|ad—23] < M.So aj—M < a} < 2% < a}+M.
Thus Supp(X) C [ad — M, a2 + M] = U.

Conversely, it is no harm to assume U = [-M, M] C R is a symmetrically
bounded and closed interval, so that V X¢ U, Supp(N) C [-M, M]. Give
A€ U. ThenV X€ U, if let Aa= [al, 2], Xo= [zL, 2] for each a € [0, 1], w
have Ag, XaC [-M, M]. So

di(Aas Xo) = lag — 2] V [ — 22| < (lag| + |za)) V (3] + |22]) < 2M.

Therefore, D(;l, )}) =V {dH(:la, )N(a)} < 2M for each X€ U, that is, U
a€l0,1]
is bounded.

(ii) Assume that U C F§7(R) is bounded and closed. It suffices to prove U
is sequentially compact. Let {A[k] |k € N} C U, and write

Alk] = ([a}z(k)v a%(k)]v atl](k)’ "'7a111—1(k)7 a’i—l(k)? ’a(z)(k)) (k= 1727&")' )

5.21
By (i), there is a compact set U C R, such that {aj(k)lk € N} C U (i =
0,1,...,m; 7 = 1,2). So there is convergent subsequence of {a(k)|k € N} for
each ¢ = 0,1,...,n; j = 1, 2. By the method of choosing subsequences it is no
harm to assume khl}} a] (k) = al. Using (5.21) we obtain a}_; < a} < a? <

. ~A .
ai_; fori=1,..,n. So A= ([a}, a2]; @}, ...,an_1, G55, ...,a3) € FE*(R). Since

U is closed, A€ U. Thus U is sequentially compact.
The necessity is obvious.

By Theorem 5.6 (F{%(R), D) is a locally compact space. Thus, by Theorem
5.5 and Theorem 5.6 the properties of symmetric polygonal fuzzy numbers are
also similar with ones of triangular or trapezoidal fuzzy numbers. And the
conclusions in [55] are generalized to general cases.

Theorem 5.7 Let U C FEH(R) be bounded and closed. Then {Za \ A€ Uy
s equicontinuous with respect to a, that is, Ve > 0, there is 6 > 0, so that

Yaq, ag € [0,1], and for each Ac U, lag — ag| < §,== dH(Aal, Aa2) < €.
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Proof. For any € > 0, by V. /3(N) FEr(R) we denote €/3—neighborhood
of given A By Theorem 5.6, U is compact, consequently by the fact that

UAeu Vs/g(A) O U we show that there are m € N and A1, AmE U, so that
m

U Vs/g(Az-) D U. By Remark 5.1, there is § > 0, such that Vi € {1,...,m},
=1

and VYai, az € [0,1], |og — az| < 6, = dH((:li)al, (Zi)a2)< /3. Therefore,
VA€ U, let ig € {1,...,m}, A€ V,3(Ai,). Thus

?

dH (2017 Zaz ) < dH(Za17 (Zio)a1)+dH(( )a
+dH ((Z’io)az) Aaz )< % +

io)a )

oy

(4
+ - =

€
3

Wl m

So {Za | A€ U} is equicontinuous with respect to «. O

5.2.2 Polygonal line operator
Let us discuss now the approximation capability of F{7(R) to fuzzy num-
bers in Fy.(R). Choose Ac Foc(R), and n € N. Partition [0, 1] into n equal
parts: 0 < 1/n < --- < (n—1)/n < 1. Let Al/n [al, a?] for i € {0,1,...,n}.
Link the points (af, ;1( 0), - (ar, Z(a}l)), (a2, /Nl(a%)), ooy (@2, :{(a%)), by
line successively. And a polygonal line denoted by t;ln (-) is established. Obvi-
ously, fuzzy number tf;l € Fir(R). t;l is called n—symmetric polygonal fuzzy
number with respect to A The membership curve of such a n— polygonal
fuzzy number is shown in Flgure 5.2. We can show, Ker( A) Ker(tA ) =
[al, a2], Supp(A4) = Supp(tA ) = [a}, ad]. Moreover
{a0§a1§ <a1<a <an1§--~_<_a%;

(5.22)

3

0 a} al - al  a2---

Figure 5.2 Illustration of polygonal fuzzy operator
Let n € N, define the operator Z, : Fo.(R) — FE*(R) as follows:

V A€ Foo(R), Zyn(A) =tA,
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Z,(+) is called a n—polygonal line operator.

Theorem 5.8 Let A, BE Foo(R), and n € N. Write
Zn(4) = (lo}, 02); a},.,ab_y, a2y, .. a3),

Zn(B) = (1bh, B35 B, bhoys B ).
Then the following conclusions hold:
(i) Zn(A) C Zo(B) <= Vi € {0,1,..,n}, la}, a?] C b}, b2);
(i) ACB if and only if Vn €N, Z, (A) C Zn ( )
(#ii) If m € N, then D(Z, (A), L, (B)) < D(A B) Moreover, we have,
lim D(A, Zm(4)) =0.

Proof. (1) Since Zn(Z), Zn( é) € FEr(R), (i) is directly obtained by Theo-
rem 5.4. - . N N

(ii) Let ACB . Then Vo € [0, 1], AaCBq - Ifi=0,1,..,n, Aj/nCBi/n, i.€.
[a}, a?] C [b}, b2]. (i) implies Z,(A) C Zn(B).

Conversely, for each 8 € [0, 1], let
4p=a'(8), a*(B)], Bo=[b'(8), B*(A)].
If ;1¢§, there is & € [0, 1] : AaZBa . Then by Aq= [a} (), a?(a)], Ba=
[b!(a), b?*()], we have, either a'(a) < b'(a) or b*(a) < a?(). It is no harm to

assume a'(a) < b'(a), and there are zg, yo € R : « ::1(:1:0) =B(yo). Then

is a cluster point of the ranges of A(-), B(-), respectively. And a!(-), b'(-) are
increasing and right continuous. Hence there are m € N, and j € {1,...,m},
such that o € [(j — 1)/m, j/m], furthermore, a!(j/m)< b'(j/m). Thus,

Zm, (;1) o Zm(ﬁ), which contradicts the assumptions. So ACB .
(iii) By Theorem 5.4, it follows that

DZn(A), Zn(B) = N {dnEyjm Bim))

a€[0,1]
Since A€ Foe(R), and let Ao= ¢, d], Ker(;l) = [a, b], we can easily show,
;1() is strictly increasing on [c, a], and strictly decreasing on [b, d]. For each

€ [0, 1], let Aa= [a'(a), a®(e)], and Z(A)a = [al(a), a2(a)]. There is
N € N, so that Vn > N, there exists [, e N: a € [(ln —1)/n, ln/n] Thus, by
the facts that

Alt—1y/n= Zn(A) 0 -1)/n SAaD AL, = Zn(A, jns
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and Zn(A)1,/n C Zn(A)a C Zn(A) 1 —1)/n, We can get

dH(:ia, Zn(Z)a)
dit (Ao Ao )4t (At s Zu( At jn) 4 (Zo(A)rajns Zn(A)e)
~ (s Do) i (2o Bty 2o )
< dir(Aary/ms Ajn )+dn A1)/ Atan )
= 2-du(Aijmy Ata-1)/n )-
(5.23)

Since I, /n — a, (I,—1)/n — o whenn — +o0, and I, /n—(l,—1)/n = 1/n,
using Theorem 5.7 we can show, Ve > 0, there is a ng € N, so that for each
n > no, du(Ai,/n, A@.—1)/n )< €/2. By (5.23), du(Aa;, Zn(A)a)< €. Hence
when n > ng it follows that

D(A, Zn(A))< sup {dir(Aas Za(A)a)}< e
a€l0,1]

Thus, lim D(A, Zn(A))= 0, which implies (iii). O
n—-1+o0

Next we illustrate the approximation of FE*(R) with arbitrary degree of

accuracy to each element in Fy.(R) by two concrete fuzzy numbers Z, B defined
respectively as follows:

T—2.2

~ exp{-— }, 0<zr <4,
() = (=)

0 otherwise;

1-(1-2)?%, 0<z<]1,

1, 1<x<2,
B(z) = 2

e —a 2 <z <4,

4
0, otherwise.

Then for n € N, and give the error bound € > 0, by (5.23) we can show
D(4, Za(4))< 2 V {dir(Aifns Ai—ym )}

§4-( \T} {\/lnn In(s —1) - \/1nn—1ni}),

i=Int(ne—1)

D(B, Z»(B))< 2- V{dH Bijny Ba-1y/m)

B (= &

(5.24)
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where Int(ne~!) means the integer part of ne™!. In (5.24) we can imply the
following inequality:

{\/lnn—ln(z—l) lnn—lni}

= Int(ne"1
B n { Ini—In(i—1) }< 1 1
i=tnt(ne-1) L /Inn —In(i — 1) + v/Inn —Ins) ~ ne~! -1 oln-r

(5.25)
Since when n > 2, 2(n — 1)In(1+ 1/(n — 1))> 1, using (5.25) we can show

\/ \/ \/; ne— —1 "_1<3n(—7:‘;2'

i=Int(ne—

Soif n > 154/e2 > 3, we have 3/(n — 1)/(n — 3) < &/4,= D(A, Z,(A))<e.
As for ﬁ, we can imply the following facts:
~ ~ 2 ~ ~ 2
D(B, Zn(B))< e, <= n> ot D(B, Zu(B))<e,<=n> =

Therefore, with dlfferent error bounds €’s, we can get the corresponding n’s for

Zn(;l) approximating A and Z,(B ) approximating B, respectively, as shown
in following Table 5.1

Table 5.1 Values of n’s corresponding to different error bounds ¢’s

0.1 0.08 0.05 0.04 0.01
A 154x10* 232x10* 6.16 x 10*  9.63 x 10*  1.54 x 10°
B 200 313 800 1250 20000

5.2.3 Extension operations based on polygonal fuzzy numbers

Let us now present some novel extension operations in F§7(R), they are

» L_ 7

fugzy arithmetic ‘+’, ‘—’, ‘X’ and ‘+’, which are somewhat different from ones
based on Zadeh’s extension principle [157 47, 62]. Let A, Be F{*(R) :

A= (lak, a2]; 0}, ah_y, a2_y, ..., a8), B= ([0}, B2]; B oo iy, B2, s B).
Define the extension operations ‘+’, ‘—’, ‘x’ as follows, respectively:
A+DB= ([al+bL, a2+b2); ah+b, .., al_y+bL_y, a2 +b2_,, .. a3 +b3),
A- J§=([a —82, a —bl] a4 =08, -, @y —bi 1, af — by, 0 BE),
AxB= ([ch, €25 by Chiyy G2ty ),

(5.26)
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where ¢}, ¢Z (i =0, 1,...,n) are determined by the interval multiplication [6, 18]:
[C%’ C2] [al a; ] [bl 62] IfB ([ ns n] bO"' bn 1 bn 1> ?b(QJ) € Og(R)a

assume that either Supp(B) (0, +o0) or Supp(B ) C {—o0, 0), define l/B
and A + B respectively as follows:
1 171 1 1 1 ~ ~~ ]
=l = ;- o T + B=A x—. .27
(l:b%, b;],b%’ 7b2 ? b,,ll_]_’ ’bgj)7 A B AX§ (5 )

n—1

1
B
If o : R — R is a monotone function, o is extended as follows, o : F¢*(R) —

O?(R)7 VA: ([a"}u a')zv,]v a%)?"ﬂa"}l.—l? a?z,—lv"'va'g)a let

U(;l)z { ([a(an), o(a?)]; o(ag), ..., o(a

_1), 0(a2_,),...,0(a?)), o increasing;
i

1 1
0 n
(lo(a2),o(al)]; o(ad),...,o(a2_y), o(al_y),...,0(a})), o decreasing.

(5.28)
Suppose that a € R, a- A or A -a are the scalar product of A4 by a:
1 (laal, aall; aal,...;aal_,, ad’_1,...;aad), a>0; (5.20)
a- .
([aa2, aal); aa?,...,ad®_,, aal_,,...,aad), a<O.

Obviously, if Z, Be in(R), a € R, then A+ B A - B A x B a - AE
in(R). Further, if Supp( B) C (0 +oo) or Supp(B) (—00, 0), A + Be

ir(R). By (5.26)—(5.29), A+ B A — B are identical with ones based Zadeh’s
extension principle in [18], and F§7(R) is closed under non-linear operations
‘x’, ‘+’ and o(+), etc. These facts make it possible in FE(R) to realize some
nonlinear fuzzy operations, fast and accurately. Take ‘X’ as an example: let

A= ([0,1];~1,-0.5,1.5,2), B= ([~0.5,0.5); -2, —1,1,2).

Y ~
al A
n 3
\ A
.
H
'
.
'
) SRRV (N VNI AU PRI
3 .
H
'
.
1 1.1 2.2 23l p1 pl 52 32 32 .1 1 1 2 2 2
0 @10z azay apby by by by by b o ¢ G ¢ &G o

Figure 5.3 The multiplication A x B of ;1 and B

Then C 2 A x B= ([~0.5, 0.5]; —4, —1.5, 1.5, 4), which is shown in Figure

5.3.
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~ o~ A ~ A~ A~

If Z, B Foc(R), by A+B aZ B AXB, A+ B, we denote the extended

addition, substraction, multiplication and division between A7 B based on
Zadeh’s principle [18], respectively. By (5.26)—(5.29), we have

~

|2

Bt

o2

AY B=A+ B,
for each A BE 6n(RR). Let us show now the respective relations between +
and +, — and —, x and X through the operator Z,(-).

Theorem 5.9 Let A7 Be Foc(R), n € N. Then we have

(i) Zu(4) = Zn(B) <= ¥i € {0,1,,n}, Aipn=Bijnt= Zu(A)ijn =
Zn(g’)i/n for each i € {0,1,...,n}.

(i) Zn(A T B) = Zu(A) + Zn(B); Za(A = B) = Zu(A) — Za(B); And
Zn(;1 X E) = Zn(:l) X Zn(é)

Proof. By (5.17) and Theorem 5.4, if 5’ De in(R), then we have,
C=D<= Vi€ {0,1,...,n}, Ci/n= Dz/n, by which (i) follows directly.

(i) At first easily we can show, AT B A= E A X BE Foc(R). By (5.24)
and (5.26)—(5.29), Vi € {0, 1,. ,n} using the conclusions in [18], we have

Zn(A ‘T— B)i/n = (A ‘T‘ B)'L/n —Az/n + Bz/n (A)z/n + Z (B)z/n' (5'30)

Therefore Zn(;l ¥ é)l/n = (Zn (A) + Zn (B))I/n which 1mphes Zn, (A ¥ B)

Zn(;l) +2Z, (B) y (i). Similarly, Z, (A B) Zn, (A) — Zn(B ) According to
(5.25), we can prove the following equality:

(Zn(A) X Zn(B)), )= Zn(Aifn X Zn(Bifn-

Hence similarly with (5.30), we have, Zn(A4 X B) = Zn(A) X Zn(B). O

Obviously, if ;1, Be Foc(R) and either Supp(g) C (0, +o0) or Supp(g) -
(—00, 0), then we have for each n € N :

Za(A S B) = Zu(A) = Zu(B).

The symmetric polygonal fuzzy numbers introduced in this section are gen-
eral cases of triangular and trapezoidal fuzzy numbers. Moreover, their struc-
tures and representing forms are simple, and can provide with the approxi-
mations to a class of bounded fuzzy numbers, with any accuracy. Also we
construct a novel fuzzy arithmetic that is convenient to realize. If we derive
fuzzy neurons and fuzzy neural networks based on such a fuzzy arithmetic,
the corresponding systems will possess strong learning capability. And fuzzy
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information processing can be realized, adaptively. The future research topics
related include constructing a novel class of fuzzy neurons and fuzzy neural net-
work based on symmetric polygonal fuzzy numbers. That will be an attractive
field related to fuzzy neural networks and their applications.

§5.3 Polygonal FNN and learning algorithm

We call such a network system to be a polygonal FNN, that its connection
weights and thresholds belong to FE*(R), its internal operations are based on
(5.26)—(5.29). A polygonal fuzzy number is determined by finite points with
some order relations. So the objective to study the learning algorithms related
to such FNN’s is to seek finite real numbers with the given order relations. Sim-
ilarly with Chapter IV, we in the section employ the gradient descend method
to develop another fuzzy BP algorithm for the polygonal FNN’s. Since the in-
ternal operations in a polygonal FNN are defined by (5.26)—(5.29), the interval
arithmetic [62] can be utilized to analyze the I/O relationships of the FNN’s.
By Algorithm 4.1 in §4.2, the first step to this end is to define a suitable error
function E(-) and to develop some computation methods of partial derivatives
of E with respect to the adjustable parameters. The basic tools to do this are
the V — A function and Theorems 4.3-4.5 and Corollary 4.3. At first let us
analyze the I/0 relationships of polygonal FNN’s and their expression forms,
thoroughly.

5.3.1 Three layer feedforward polygonal FNN
In the subsection we focus on the single input and single output (SISO)
polygonal FNN’s with one hidden layer, whose structure is as follows: the

output neuron is linear, the output fuzzy set is g, and all hidden neurons
have the transfer function ¢ : R — R. Figure 5.4 illustrates the topological

architecture of such a FNN, whose input signal X is a polygonal fuzzy number

or belongs to Fy.(R). When Xe Foc(R), the input neuron has the polygonal
operator Z,(-).

<2

X

input layer hidden layer output layer

Figure 5.4 SISO three layer feedforward polygonal FNN

The fuzzy connection weights (7 s 17]- and fuzzy threshold 63' in Figure 5.4
all belong to F{7(R). In the following of the section we assume o to be contin-
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uous sigmoidal function, and to be differentiable on R. The I/O relationship of
the FNN in Figure 5.4 can be expressed as

£ Fan(X ZVJ i X +6;), (5.31)

where the extension operations related are defined by (5.26)—(5.29). So the
output fuzzy set Ye FE(R). For j =1, ..., p, set

X= ([z2, 2] 28y ooy Th_ 1, 215 T3),

GJ: ([ n(])’ n(])] ( )7"‘1ui—l(j)’u%~l(j)a"'7u%(j))7

N ‘ (5.32)
Vi= (lva()sva (D] 6 (5), s v 1( ), vp—1(5), - 5 (7))

6= (183(1): B2 85(7), - 31 (1), 63 1.), - 03().

For simplicity, we assume the input )?' of the polygonal FNN to belong to
G (R4) or Foc(Ry). Denote

Plo] ={ Fun : Fip(Rs) — Fi2(R)

pEN, VJ’ U]’@J € e (R)}5

N2

[U] :{Tnn : -FOC(R-F)_’]:E?(R) Tn ( ) (Nj Zn()})_}_(:)j)’

;
n,p €N, VJ7U]’@J € F5r(R )}

Obviously, given F,,, €P|o], then F,,,, corresponds to a SISO three layer feedfor-
ward polygonal FNN, whose transfer function in the hidden layer is o, and the
neurons in input and output layers are linear, input signal belongs to F{7(R4),
and output signal belongs to F{7(R), internal operations are defined by (5.26)—

(2.29). If T,,,, € % [o], also T,y corresponds to a SISO three layer polygonal
FNN, with the input including in Fo.(R+), output in F52(R), and the input
neuron having the polygonal line operator Z,(-).

Theorem 5.10 Letp €N, and U], VJ, @]e inR) (j=1,...,p). Then
for each Xe F&(R) : X= ([&l, 22); @b, ...,xl_y, a%_y,...,23), the following
facts hold:

~ b ~ ~ ~

Fan(X) = 3 V- o(05 - X +85) = (bi(ah,a), 2aGeh 22)];
J:
W (08,38 s Vha (1582 1), Vo (@h, TR ), 2B (08, 0) ),
(5.33)
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where vF(z}, 22) (k= 1,251

=0,1
et ), 23t ad]= [ 35 (1@ () M) (26D,
2 (#0000 (0))]

,--sM) can be expressed as

And st(5), s2(j) are defined as follows:

)
{ s1(7) = min{wj ()=}, wi ()=}, wi(F)zt, ui(5)= 1+ ()
2(4) = max{ul ()=}, ui ()2, u2(j)zi, u(G)x? }+62(j5)

Proof. For j=1,..,p, let T';(X ) VJ U(UJ X+ éj) If we denote

1 T

Ui~ X + 6,2 (5500, 2] 58(3)s-wer 5h1(5)y 82_1(5), s 52(5)),

and [c}(4), 2(j)]= [ui(5), u?(j)] x [z}, #2], then using the interval multipli-
cation and (5.26) (5.32) we have

Cl

(j) = min{u} (j)=}, ul(]) o}, ui (j)z}, ui(i)at},

(7) = max{ui (§)z}, ui(§)aF, wi(j)ei, uf(f)af}.

By (5.26), s (Z) = ci(j)+61(5) (z =0,1,...,n; ¢ =1,2). So using (5.27) we can
calculate T';(X) as

Vi ([o(s2(9)), o(s20))]s 0(55(0))s -0 (sh_1 (), 0(52_1(5)); - 0 (3(5))).
where o(s](j)) > 0(¢ =1,2). Thus for i = 0,1, ...,n, (5.26) (5.27) (5.32) imply

)
b o), sthad]= 3 ([0) unqd#mxﬁﬁum)
= S {0 O (o, (DO (oD

2

Therefore we can calculate the closed interval [v}(z},z?), v2(x},22)] as

[’Yz(xzv 1,) 71( Ly z] [Z{’U }/\{U U(S }’

g
2
G

REOLCIONREOLEON|
j=
which implies the following equality holds by (5.34):

Fun(X) = ([ (2, 22), va(ey 2)]'

’70(:1"071"0)""7’}%—1( 111 1, ) ’Yn 1( 117, 171"%—1)»"-,73(1"(1)737(2)))'
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The theorem is proved. (J

5.3.2 Learning algorithm

Next let us develop a fuzzy BP algorithm for the fuzzy weights and thresh-
olds of the polygonal FNN’s. Similarly with Algorithm 4.1 (see also [39]) we
at first define a suitable error function E, then calculate the partial derivatives
of E with respect to all adjustable parameters. And finally establish some
iteration schemes of the parameters.

Given the fuzzy pattern pairs (N xX(1), 01 D), . ( X(L), 5(L)) for training
the FNN. That is, when the input of the polygonal FNN is X (l), the desired
output is O( ), while Y(l) is the real output. Thus, Y(l) = (X(l)) where
I = 1,..., L. In the following the fuzzy weights VJ, U ; and fuzzy threshold
éj are adjusted, rationally, so that for each | = 1,..., L, we have, Y(l) can
approximate 5(l) To this end, for I =1, ..., L, let

)’Z(l) = ([I,}L(l), .I,‘i(l)] ; :B(l)(l), ey x}z—l(l)v x?x—l(l)7 Tt x%(l)),
Y() = (@2 OL 5O, -1 (0,921 (1), - B3 0),
5(l) = ([O’}L(l)? Oi(l)]’otl)(w’ ey O}L——l(l)’ O?l—].(l)? teny O%(l))

For convenience of computing the partlal derlvatlves related to the error func-

tion, we define a metric Dg between X and Y
1
(z{dE ah ), [ ?))})

where fuzzy sets X, Y€ Fi*(R), they are

~

= ([zL, #2); ac(l),...,xl z2_ 4, .., 13),
Y= (5 V2l ¥y ¥Umo1s Y21, U3)-

By the equivalence between dgg and dg, and Theorem 5.4, we can get, the
metrics Dg and D are equivalent. Define the error function E as follows:

L n
ZDE 0.F0)= 3 (S tas(t 0.0 b)),
(5.35)

Obviously E = 0 if and only if for each | = 1, ..., L, we have, 5([) =}7(l). Since a
symmetric polygonal fuzzy number can be determined by finite real parameters,
we can develop some iteration schemes to update these parameters to get a new
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polygonal fuzzy number. Thus, an iteration learning algorithm for the fuzzy
weights and thresholds can be established.

We write all adjustable parameters u] (5), v (j), 07(4) (¢ =0,1,...,n; j =
1,...,p; ¢ =1,2) as a vector w, consequently the error function FE in (5.35) can
be expressed as E(w), where

wo= (ug(1),..ud(1), .., us(p), ..., ud (D), vg(1), ..., v§ (1), ...,
v§(p), .- v (p), 05(1), ..., 63(p))

A
= (w1, wn).

Theorem 5.11 Let E be an error function defined by (5.35). Then E =
E(w) is differentiable almost everywhere (a.e.) in RN with respect to Lebesgue
measure. Moreover, forl=1,....L; i=0,1,...,n; 5 =1,...,p, if let
(1) = o; (1) — % (1),
t2(1) = of (1) — 4 (1);

L35, 1) = o’ (st (4, )i (§lor(vi (7)), T7(3, 1) = o' (53 (4, 1))vi (§)lor(—v; (5)),
T35, 1) = o'(s; (3, )i ()lor(—vi (4)), T1(j, 1) = o'(s3(4, )v -(J’)lol‘(vi2 j

A, (37 = ({u; (Nt O} AMui )z (1) — ({ud ()22 (D} A {uZ (G
A {ui (DN2zi O} v {uf ()2 (0}) —({w D2F O} v {uf (G

lor((—1)*A;(5, D)lor (=17 af (1) (1);

8

\_/\_/

8
SN
— o~

i
Mm

Se(i,4,0)

o
il
o

=13 FA (G, D)lor ((=1)2zF (D) 2F (1)

Il
]

&

]
—~
~~

52(4,4,0)

E
1
-

\
(5.36)

We have the following partial derivative formula for each i = 0,1,...,n; j =
1,..,p;,g=1,2:

) o055 = 25 810 (lor( =4 (D)1~ 1) +or w2 (o511 )
() 577 = 25 (S46.4.0 - (ROTIG.D + #OTHGD)

+82(i,5,0) - (HOT2G, 1) + EOTHGD) )
() gy = 3o (2 H@Ior((-1)7 70t () (1)) o (513 )

Proof. Similarly with Theorem 4.6 E = E(w) is differentiable a.e. in RV
with respect to Lebesgue measure. To show (i)-(iii), since the proofs for (i)
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and (iii) are similar with one of (ii), it suffices to prove (ii). For{ = 1,...,L; i =
0,1,...,n, we have

{d([ob@), O], W 52 0])} = (0} (1) =y 0)*+(o2() — w7 (),
By (5.35) the definition of E, it follows for ¢ = 1,2 that
oF 1L 0 n 2 2
5T~ 3 5wt (0 —uh @) (R0 -3 )}
1L 8 112 2
= 32 gy (LOHD — s )+ (620 12 0)°}

H S {h ) - )+ 0 -3 1)*}})

i i
L 00k, 962
= L0 050G

2 2

(2.37)
Theorem 5.10 implies the following equalities:

oj () = fﬂ:l(”il(j/)g(szl(j'a D) Avi(i)e(s2(5',1))),
) = 3 (Fo(s0 D)V R (D).
where s1(5',1), s2(5/,1) can be expressed as

s34, 1) = u (i) zp (1) vV ul (3123 (1) v uf (5 (O Vv ud (522 (1) + 67 (5');
(5.38)
So considering Corollary 4.3 and the fact s} (4,1) < s3(j,1), we can show

{ s, 1) = wi (32} (1) A (3123 () A (5)ai (D) Aud (523 (1) + 6 (57

dol(l) _ af( 5 (V1) (616, 0) Al G)o (s 1)

g (5)
o(sl(f
= lor(—v; (5))v} (J)ao(;(u (() ) +lor(v; (7 ))v}(])?%?)m

= 015)(lor(—2 1) (670, ) D +1ox1 ) (1) G ).
' " (5.39)
Similarly it follows that
8o(l) .. Ny AL . 9s3(j, 1)
ur(y) = V) lor(—0F()o(51G, ) Gy 02 D) (26 ) gty |

(5.40)
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For ¢ = 1,2, by (5.39) (5.40) we get
8ot (1) 8o (1)

Ou (g ) u! ()
=0/(1(5,1) (1 )w} (Nor (v} (7)) + WA (lox (=2 () ) 3

+0/(52,0) (100 Gor(—41 ) + R DIORF () g
ds1(1) ds3(1)
oul(j) oul(j)’
(5.41)

Since s}(4,1) = {u} ()=} (D) }A{uf ()2} O FA{ul ()27 () }A{uf ()27 (1)}, by
Corollary 4.3 it follows that

guﬁ?) = Tor(A, (5, )lor((—1)%a? (1) (ud (j) — u2(7)))=3(1)

Hor(—A,(j, )lor((—=1) 2z (1) (u; (7) — v () (1)-

tW3 +t(03

=(HOTI6,D +2OT336,1) + (HOTE6,D + O D)

(5.42)
Since u}(j) < u2(j), we can write (5.42) as
DD = > tor((-ra D) lor(-1P ek )k ). (5.43)
¢ k=1

With the same reason we have

0s20) _ E ;
Bu;(j) = lor((—1)*7*A;(5,1))lor((—1)2zF (1))zF (1). (5.44)
? k=1

We replace 0s;(1)/0uf(j), 0s3(l)/0ui(j) in (5.43) (5.44) into (5.40), and re-
place the result into (5.37), (ii) is ensured. OJ

To develop the learning algorithm for the polygonal FNN in (5.31), the first
step is to define iteration schemes for parameter vector w, i.e. the iteration
laws of ul(7), v](j) and 67(j). Based on Algorithm 4.3, the learning rate 7
and momentum constant a are improved, so that they are the functions of the
iteration step t. Let

— nlt] = po - p(Ew]t :M—(w_[tl)ﬁ; a:atzl_AE@)'_7 5.45
n=nlt] = po - p(Ewl[t]) (VB [1] tf]AE(w[k]) (5.45)
k=1

where AE(wlt])= E(wlt])~E(w[t — 1]) (t = 1,2,...), and E(w[0]) is a larger
real number, for example, E(w[0])= 200; wlt] is parameter vector at iteration
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step ¢; and po is a small constant, such as pg = 0.01; VE(w[t]) is gradient

vector of E at step t, i.e. VE(wlt])= (0E(w)/0w, ...,8E(w)/8w;v))w:w[t].

Fori=0,1,...,n; j=1,...,p; ¢ = 1,2, we denote

po - E(wi(t]) OF |AE(wlt])| A
t—1 i ’

IVE(wi)|? G > 5wk

al(7) = w/(J)[t] -

. , o - E(w[t]) OE |AE(wlt))] ‘
b1(5) = 02 (j)[t] — > g I
IVE(wl) | 0w G S| AB(wlk])|
_ , o - E(wlt]) OF IAE [t .
(j) = 071 — - ; NG,
PR T IvEm ) P T ‘AE(W N
(5.46)

where ¢ = 1,2, Au{(j)t] = w/()[t] — ()t ~ 1), Avi(H)] = v} -
vI()[t — 1], and AGI(H)[t] = 01(5)[¢ ] ~ 02(j)[t — 1]. For each j = 1,...,p, re-
array {ag(j), . an(9), a%(5), - a§(i)}, {86(), -, 0L (), B2 (), -, B3 (4)} and
{cd()s st (), (), - B (4) } respectively, w1th the increasing order as the
sets {a1(7), a2(j), .. a2nr2(5) }, {b1(4), b2(4), -, bans2(4)} and {e1(4), e2(5),

...,62n+2(j)}, that is

a1(j) < a2(j) £ -+ < ana(¥) < -+ < aanr2(),
bi(j) €b2(f) <+ < bpr(d) £+ < bany2(d), (5.47)
a(f) Leld) < S enr1(F) £ -0 < canvr2(d)-

Define 17]~ [t +1], U 5[t + 1], (:j [t + 1] € FE(R) respectively as follows:

Ut + 1] = ([uh ()t + 1], w2 (5[t + 1]];
wd ()t + 1), s ul o Gt + 1w (Dt + 1, s ud (7)1 + 1),
Vil + 1] = ([oh ()l + 1), w2 G) It +1]];
v ()t + 1], . ,vnﬁl(J)[HlL w2 1D+ 1], w5 () + 1)),
1) = ([0n()]t + 1), B2t +1];
O (Nt + 1], O (DIt + 1], 02 (D]t + 1], .., 65 (D[t + 1])

where u?(7), v1(5), 82(7) at the step t+1 are determined as follows, respectively:
wi (Dt + 1] = a1 (g), v}t +1] = aznt2-4(7),

Vi=0,1,...,n, Uil(j)[t"f' ] - bH—l( )’ z(])[t+l} _b2n+2~z(.7) (5'48)
0: ()t + 1] = cir1(), GGt + 1] = cony2-i()-
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Thus, we can get the fuzzy weights [7]- t+1], ﬁj t+1] € Fir(R), and fuzzy
threshold éj [t+1] € F*(R) ( =1, ...,p) at the iteration step ¢ + 1. Now we
utilize (5.46)—(5.48) to develop a fuzzy BP algorithm.

Algorithm 5.2 Fuzzy BP algorithm with variable learning rate and mo-
mentum constant. N o

Step 1. Randomly choose initial fuzzy weights and threshold: U [0], V;[0],
©,[0] (j =1,...,p), and put t = 0.

Step 2. For j =1, ...,p, let

U;1t] = ([uh I, w2 G E]]s e (I, s by (D)IE] 62y ()14 -y W () IED)
V51t = ([ G, w2 v G s v (I, w21 (DI, - w3 G)IED),

~

0; [t = ([0 (DI, 02 (NIE)]: 05 (D[E]; -, 07y (DIE], 671 (A)IE), -, B3 (1) 1ED).

Step 8. For j=1,....,p; 1 =0,1,...,n; ¢ = 1,2, complete the following value
assignment:

v ()E] — v1(5), vt — wi(5), 66 — 6()-

Step 4. For 1l =1,...,L; j=1,...,p; i =0,...,n and ¢ = 1,2, using (5.36)
we calculate the following values:

i) (¢=1,2), T{(5,1) (g =1,...4), Si(i,5,1) (¢ =1,2), £;(,1), Ai(35,1).
Step 5. By Theorem 5.11 calculate dE /0ul(j), 0F/0vi(j), OE067(j). so
by (5.44)—(5.46) compute u}(5)[t + 1], v{(7)[t + 1] and 67(5)[t + 1].
Step 6. Discriminate t > M7 or for [ = 1,..., L, discriminate D{Y7, 5;) < e?
If yes go to Step 7; otherwise let ¢t = ¢ + 1, go to Step 2.

Step 7. Output ﬁj[t], éj[t], ﬁj[t] (4=1,..,p), and O (l=1,..L).
In Step 6, M is a prescribed upper bound of iteration steps, € is error bound.

5.3.3 A simulation

In the subsection we illustrate an approximate realization of SISO fuzzy
inference model by the polygonal FNN’s, which can be applied, efficiently in
many real applications, such as the control for water level of a container [43],
the control for the temperature of a smelting furnace [26] and so on. The
inference rule base {R;)l = 1,...,L} consist in L fuzzy inference rules, which
can expressed as ‘IF ... THEN ...’

R;: TF tis X(I), THEN s is O(1),

where [ =1,...,L, and let L =5 in the followmg X (1) is the antecedent fuzzy
set, O(1) is the consequent fuzzy set, and X (1), O(l) € F{M(R), where n = 2.
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The membership curves of X (1) and (N)(l) for I = 1,...,5 are shown in Figures
5.5 and 5.6, respectively.

t1] ta ts ta ts

Figure 5.5 The antecedent fuzzy set of fuzzy inference rule

Ly

1 1 1
1 1 1
1 1 1
) 1 1
¢ 1 1
] Ll 1
| ) 1
S5I 84 83 82 81

Figure 5.6 The consequent fuzzy set of fuzzy inference rule

Next we express the above antecedent and consequent pairs as input output
pairs of a polygonal FNN, correspondingly. Thus, we can obtain the set of fuzzy

patterns for training the FNN, that is M = {()}(1), 5(1)), . ()}(5), 5(5))}
Let t1 = 81 = 0, and ti+1 —t; = 06, 85 — Si4+1 = 0.4 (Z = ]., ,4) in Figures
5.5 and 5.6, respectively. )N((l) and O(l) (I = 1,...,5) are defined, respectively
in Table 5.2.

Table 5.2 Training fuzzy patterns

X(0) o)

X(1) = ([0,0.1];0,0,0.2,0.5) o(1)=([0005 0,0,0.2,0.35)

X(2) = ([0.5,0.7];0.1,0.4,0.8,1.1) 0(2) = ([0.35,0.45];0.05,0.2,0.6,0.75)
X(3) = ({1.1,1.3);0.7,1.0,1.4,1.7) O(3) = ([0.75,0.85};0.45,0.6,1.0,1.15)
X(4) = ([1.7,1.9];1.3,1.6,2.0,2.3) O(4) = ([1.15,1.25];0.85,1.0, 1.4, 1.55)
X(5) = ([2.3,2.4];1.9,2.2,2.4,2.4) O(5) = ([1.55,1.6];1.25,1.4,1.6,1.6)

From Table 5.2, n = 2. We choose the transfer function o : R — R as the
following function, from which it follows that ¢ is continuously increasing and
differentiable on [0, +00), and is identical to zero on (—oo,0] :

1132
T .20 xZO,
VeeR, olz)=4¢ 1+

0, z < 0.
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Figure 5.7 The error curve with changing learning rate and momentum constant

Choose p = 30, that is, there exist 30 neurons in the hidden layer of the
polygonal FNN. The FNN is employed to realize above SISO fuzzy relationship,
approximately. Using Algorithm 5.1, we can get the real output of the FNN

corresponding to X () I=1,...,5), after learning of 400 iteration steps:

0.0103,0.1305]; 0.0061, 0.0076, 0.176, 0.486),

0.3181,0.4603]; 0.0631, 0.232,0.535, 0.9238),

(I

([

([0.7019,0.865];0.3633, 0.5954, 0.9465, 1.3336),
([1.1146,1.2672};0.7726,1.0106, 1.3413, 1.6780),
([

Y(1) =
Y(2)
Y (3)
Y(4)
Y(5) = ([1.4936,1.5646]; 1.204, 1.4086, 1.5698, 1.7053).

By the comparison between ?(l) and 5(1), we obtain, the polygonal FNN can
realize the given fuzzy inference rules with high degree of accuracy. Figure 5.7
illustrates the relation curve of F with respect to the iteration step t¢.
Similarly with Algorithm 4.3, we may show the convergence of Algorithm
5.2, whose convergent speed is as quick as ones of Algorithms 4.1, 4.3, as the
simulation results showing. Also we can utilize GA to design some learning
algorithms for the polygonal FNN’s as in Algorithm 4.2 (see also [39, 60, 61]).

85.4 Universal approximation of polygonal FNN

We may know from the simulation example of preceding section that a
polygonal FNN can provide approximate realization of a family of fuzzy infer-
ence rules with given accuracy. Whether can the polygonal FNN’s approximate
any continuous fuzzy function defined on any compact set? That is, can the
polygonal FNN’s be universal approximators? In the section we focus on this
problem, and study the approximating capability of the FNN’s, thoroughly.

By Foc(R4+) we denote the collection of all non—negatlve fuzzy numbers in

Foc(R). That is, Y A€ Foc(Ry), we have Vz < 0, A( y=0.
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5.4.1 I/0 relationship analysis of polygonal FNN

Let F: Fi*(Ry) — FE(R) be a fuzzy function. Plo] is called to be uni-
versal approximator of F, if Ve > 0, and for arbitrary compact set U C FE2(Ry),

there is Fyy, € Plo], so that ¥ X€ U, D(Fan(X), F(X))< &. Similarly, we call
Z’[o] is universal approximator of F: Fo.(R}) — FE*(R).

Using Theorem 5.4 and Theorem 5.8 we can get, if F' € 73[0] (or F e Es’[a]),
the fuzzy function F is continuous on FE*(R4) ( or Fo.(R4)).

Theorem 5.12 Let F : F(Ry) — F2(R) be a fuzzy function. Then
there exist [}, 17, 6¢ on(R), so that F()}) =V - 0(5‘ X+ (:)) if and only
if the following conditions hold: ¥ X= ([z, 22]; 2}, ..,aL 4, 22_4,...,22) €
FE&(Ry), F ()’Z' ) € FL(R) has the following representation:

F(X) = ([fMah,22), f2(z}, 22)];

fo(%’%) 7fn 1( -1 T 'n. 1) fn 1(.’1) -1 n— )77f02(x(1)ax%))’
(5.49)

where f(z},32) = a(i,q)o (b1 (i, @)z} + b%(i,9)z? + (i, q)) (i =0,1,...,n;q =
1,2), and a(i,q), b*(,q), b*(i,q) and v(i,q) satisfying the following conditions:
Vi € {0,1,...,n — 1}, it follows that
(0'(i,9)b%(i,9) = 0 (¢ = 1, 2);
a(i,1) <a(i+1,1) <a(i+1,2) < als,2);
0<b(i,1) <b(i+1,1), b2(3,1) < V?(i+1,1) <0,
Wi+ 1,2) <b(5,2) <0, 0 < b5 +1,2) < b%(4,2),
v(1,1) (i +1,1) < (i +1,2) <7(4,2),
b'(i,1) < b2(4,2), b*(i,1) < b'(4,2);

0>b(i,1) > b3+ 1,1), b2(3,1) > b?(i +1,1) > 0,

1) <0 0>b'(4,2) > b (i +1,2), b%(4,2) > ¥%(i +1,2) > 0,

a(i,2) > 0, (0,1) 2 (@ +1,1), 7(5,2) = 9(i +1,2),

v(6,1) =7(4,2), b9(2,1) = b9(4,2) (¢ = 1,2);
bl(i+1,1) < b (3,1) <0, 0 < b2(i+1,1) < b%(3,1) <0,
0<b'(4,2) <b(i+1,2), b2(3,2) < ¥?*(1+1,2) <0,
bl(i,2) < b?(3,1), b%(i,2) < bl(4,1),
¥(4,2) <y(i+1,2) <(i+1,1) <7(i,1).

a(i, 1) > 0,=

a(i,2) < 0,=

(5.50)
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Proof. Necessity: Let F()N() =V . U(QN’ S X 4 (:)) ()NCG o (R4)), Using
(5.26)-(5.29) we have, (5.49) holds for F(X). Let
V= (03 020, - Vit 31, 08, O= (03, 621308, - 031,02 s, .., 63),
U= ([ul, u2); udy ey ub 1, uZ g, ., ud),
Then we have, U - X + ©— ([et, €2l cby el 4, 2y, .. c3), where [01 02] =

([uf, uZ] x [z}, z3])+[6}, 62]. By the interval operation laws [31, 62], c}, ¢? can
be expressed as

1_ 1,2 2.1

! = min{u}z}, uiz?, ulz}, ulat 21461,

2 1,2 2.1 2
¢ = max{ulz}, ujz?, ulz}, uls?}+62.

: 1,2
Since z;, &}

2 .
07, i.e.

1

> 0, we have, ¢} = min{u}z}, ulz2}+60}, ? = max{u?z}, u?2?}+

1 _
=

ujz} +6f, uj >0, ) ulz? + 62, u?>0;
c; = (5.51)

K]
22+ 6!, wl <o 2zi + 0%, uZ <.
Therefore, F()?) =V ([sn, s2); sd, - ,5,11 1, S%_4, ..., 8%), where s! = o(c]) >
0 (¢ = 1,2). Thus, [f}(zf, =), f2(xi,z}]= [v}, v}] x [s], s3], i.e. for i =
0,1,...,n, we get

[visi, visf], v =0,

[fi(zi,27), filaisal)l = q Wish oisi], vl <0<}, (5.52)
[vi f, vZsl], v2<0.
By the definition of fI(z} 1,2 5 49) and (5.52), it follows for
Y y &
1=0,1,...,n, if letting a(z, =} ( 2) =v? and
6! a(i,1) >0, 6?  a(i,2) >0,
Y@ =9 5 Y@2) =<4 (5.53)
0z, a(i,1) < 0; _ 6, a(i,2) <0.
((u, a(i,1) 20,4} >0, ui; a(i,1) 2 0, u; <0,
bl,1) =< ¥?, a(i,1) <0,u? <0, b%(i,1) =< u?, a(5,1) <0, u?>0,
0 otherwise; [ 0 otherwise.
(5.54)
u?, a(i,2) >0, u? <0, (w2, a(i,2) >0, u? >0,
b1(i,2) = wul, a(3,2) <0,ul >0, b¥(i,2)=1¢ ul, a(i,2) <0, ! <0,
{ otherwise; 0 otherwise.

(5.55)
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we can obtain (5.50) by (5.53)— (5 55).
Sufficiency: By (5.50) for F(X ) it follows that

17,1
f (CC,L,?E,L) <f1+1( 'L+17I12+1) szz-l-l( 1+1’ z+1) <f2( 17 ?)

For i = 0 1,...,n, define v}, v¥; ui, uf; 6, 67 as follows, respectively: v} =
a(i, 1), v2 —a(z 2); and

¥(i,1), a(,1) >0, ¥(:,2), a(i, 1) >0,
0} =<1 v(1,2), a(i,2)<0, 62=1¢ ~(,1), a(i,2) <0,
0, otherwise; 0, otherwise;
b*(i,1), a(i,1) >0, b1(i,1)
b2(i,1), a(i,1) >0, b%(i,1) <0
uj = ¢ b(4,2), a(3,2) <0, b(i,2) >0
b2(4,2), a(i,2) <0, b2(4,2)
L O otherwise;
( bl(3,1), a(i,1) <0, b(i,1)
b%(i,1), a(i,1) <0, b%(3,1)
u? = ¢ b(i,2), a(i,2)>0,b(,2) <0
v%(i,2), a(i,2) > 0, b%(4,2)
\ 0 otherwise.

Using (5.50) we can show, ¥i = 0,1,...,n — 1, it follows that

v < Uz‘1+1 < Uz‘2+1 < 'Uz' u < U"L+1 < U’H—l < u 9 < ‘9z+1 = 91+1 <6
(5.56)
It suffices to show, ul < u? (i =0,1,...,n) in (5.56) because the other inequal-
ities can be proved, similarly. If a(¢,1) > 0, then a(,2) > 0. By (5.50), it
follows that b*(i,1) > 0, b%(4,1) < 0.
Case I, b'(i,1) = 0 : b%(5,1) = 0 = u? is either b%(4,2) or 0, for if
u? = b'(i,2) < 0, by (5.46) we have, bl(i 2)b?(4,2) = 0, implying b2(i,2) = 0.
Then by fi(z},z?) < f(zl,2?) (xl, z? € Ry) we can get contradiction. So
ul < u2 If b%(3,1) < 0, then u? is elther b%(i,2) or bl(i,2), which can imply,
1 < u2, since by (5.50), b2(4,2) > 0 and b*(3, 1) < b'(3,2).
case II, b'(4,1) > 0 : Using (5.50), we have b%(i,1) = 0. Similarly with case
I, u?= b2(i, 2). Also by (5.50) it follows that, b (i, 1) < b%(4,2), so u} < u2.
As for the cases of a(,2) < 0 or, a(i,1) < 0 < a(4,2), similarly we can
show, u} < u?.
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Define respectively \7, [7', ec M(R) as follows:

. 1 2 2
n ; ’UO, 3 Up—1s Un—15--V3)>

<
i

)
"u}z—lv U‘727,—17 “'7“’%)7

§)—‘

2
i

(fon
([u
(01 62]; 08,051, 02 1, ..., 02).

2

~ o~

By above discussions we can show, F( X )= V- o(U - X + ©). The theorem is
proved. O

Corollary 5.1 Let Fp, : FEH(R:) — FEH(R) be a fuzzy function. Then
the following propositions hold:

(1) If Fpp € Plo], then ¥V A, BE F{2(R4), ACB,= Fpn(A) C Foun(B);

(”) Fﬂn € P[U] =V X= ([‘T}w x%];:ué, """E}LV17 "E?z—lv ,I%) € Og(R-F)’
we have

= ([sn(zn,2%), st (zp, 20));
1
Lo,

%)( xO) * # l(x%—lax%—l)7 3721—1(:13}L~171‘721—1)7 "'7Sg(x(l)7xg))7
(5.57)
P

Jj=1
0,1, ,n) satisfying, Vi = 1,...,p, if let

a(i,q) = v;(i,q), b*(4,9) = uj(i,q), b*(i,q) = w3 (i, q), (i, q) = 6;(i,q),

(5.50) of Theorem 5.12 holds. So if hi(j)(z},z3) 2 v;(i,q) - o(ub(i, )t +
u? (i, q)a? + 0; (i,q)), it follows that

h%(])( 1) < hz—l—l( ')(xz1+1,$?+1) < hz—i—l( )( Lit1 z+1) < h2( )(x},xf)

Proof. (i) For X= ([z2, 2]; @§, .. 2l _q, 224, .., 2d) € FE(R,), let

14
Fun(X)=)Y_V;-o(U; - X + 6;). (5.58)
j=1

Since AC B using the extensmn crlterla (5 26)—(5.29) and the interval arith-
metic, we get, Vj =1,...,p, UJ A - U] B Therefore

(r}j'Z-i-g)jCﬁj'§+éj),=>0(ﬁj';1+(5j)C U(ﬁj'é‘*’@j)-

<z
E
bdz
_.l._
D

P~ ~ o~ e P
With the same reason, Y, V; -o(U; - A+6; ) C Y
=1 =1

that is, F,m(Z) C an(E’)
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(ii) Necessity: Let F,, € ’]3[0], so that Fy,( X ) can be expressed as (5.58).
For j €{1,...,p}, denote H;(X) =V, -o(U; - X + ©; ). By Theorem 5.12, if
let X ([ zl, 22); g, ..., xk 1, le,...,x%)e FEr(R), then

n

Hy(X) = ([hl('xxl 22), h2<'><x1 22)); () (zh,73), -
1(])(xn 1T n 1) h2 (‘)(x'll‘o—laxzy—l)v ,h%(])(ﬂ?é,I(Q)))
Moreover, hi(j)(z},z7) = v;(i,q) - o(uj(i, )z} + u}(i,q)x? + 6;(i,9)) (¢ =
1,2;¢=0,1, ..., ) Thus, by Theorem 5.12, if let
a(i,q) = v;(i,9), b'(i,9) = v;(i,q), b*(4,q) = u}(4,q),7(5, q) = 0;(4,q),

P
we can imply (5.50). Denote si(z},2?) = Z )=z}, 22). By (5.26)—(5.29) it
follows that (5.57) holds, i.e.

Frn(X) = ([sh(a},22), $2(a, 22)]; sz}, 23), ...,

1 1 2

Sp—1(Th_1, T _1), 3721—1(5‘7711—17 15721—1)1 ey s%(acé, wg)),

Sufficiency: Using the assumption and Theorem 5.12, we get, V4 = 1,...,p; ¢ =
0,1,...,nif let

hiG)(@is27) = v ) - 0 (w56 Q)i + w50 )37 +0;(,0)) (4= 1,2),
there are ‘73‘, (}j and (:)je FEr(R), so that provided

Hy(X) = (L () (e, a2), R2(G)(ak, a2)); ha(G)(wh, 23), .

h711 1(3')(37711»1’35721—1)7 hi—l(j)(x'}z—17‘r721~1)a ey h%(j)(mé,x%)),

it follows that Hj()N() 2‘7]‘ . 0’((7]' X+ éj ). Therefore

P P
=2 Hi(X)=3 Vi o(U;- X +6;).
j=1

=1
Hence F,,, € 5[0]. the theorem is proved. O

Theorem 5.13 Let F : Fo.(Ry) — Foo(R) be a fuzzy function, and
[0 ] be the universal approzimator of F. Then F is increasing, that is, if
A, BE Foc(Ry) : ACB, we have F(A) C F(B).

Proof. By reduction to absurdity to show the conclusion If the theorem
does not, hold, then there exist ;1, Be Foc(Ry): ACB but F(A ) ¢ F(B )

Zmz
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Theorem 5.8, there is n € N, so that Z, (F(A ))¢ Zn(F(B )) For X¢€ Foc(Ry),
we write

Za(F(X))= ([f2(X), LX) F3(X)y s FEr(X)s F2_1(X), ooy FR(X)),

there is i € {0,1,...,n}, satisfying f1(A4) < f1(B) or, f2(4) > f2(B). It is no
harm to assume fil(:l) < fYB). Let U = {;1, B}, e= (le(ﬁ) - fil(:l))/& By
the assumption we have, there is T,,,, € Z’[cr], so that D(F()}), Tnn()N())< €
for )N( ::1, or )} =B . Theorem 5.8 implying

~ ~ ~

D(Zn(F(X)), Zn(Tun(X)))< D(F(X), Tan(X))< € (X€ {4, B}).

For )N( € Foc(Ry), letting

~

Za(Ton(X)) = (L2 (X, 2(X)]; 88(X), cors th1 (X), 21 (X), oy 22(X)),

we show by Theorem 5.8 that |f11()rz’) - t}()})[\/|ff()}) - tf(}?)k e for X=A
or, )N( =]§ . Therefore

—9% < t{(B) ~ t1(A) + fL(A) — f1(B) < 2e = t}(B) > t}(4).  (5.59)

Using Corollary 5.1 and Theorem 5.4 we get, Tnn(;l) C Ton( 5), which contra-
dict (5.59). Hence the proof is completed. O

As a consequence of Theorem 5.8 and Theorem 5.13, it follows that

Corollary 5.2 Let F: F{(Ry) — FE(R) be a fuzzy function, and 7;[0]
is untversal approximator of F. Then F' is increasing.

Pmof If the conclusion does not hold, we have, :1, Be Ry ) ZCE,
but F( )¢ F(B ) For xe F{*(R4)), if let

F(X) = ([f20, 2] J(X), s FE1 (XD, F21(X), oo F2(X)),

there is ¢ € {0,1, ...,n}, so that either FHA) < FH(B) or, £2(4) > fQ(N) it is
no harm to assume f}(4) < f}(B ) Choose the compact set U = { A B} €=
(f}(B)— 4 )) /3. By the assumptlon it follows that there is F,,,, € P[ ], s

K3

that D(F(X), Fn (X))<€1fX A or, X=P . Thus, provided F,,(X )can be
expressed as
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we have by Theorem 5.8, |f1-1(:1) - 311(:1)|< g, ]f}(g) — s%(§)|< ¢. Therefore

~

—25<si1(B)—s( )+f1( A)— fH(B )<25 =>s(B)>s}(A).

However, an(Z) C an(]NB), which is a contradiction! So the proof completed.
O

Let us now study the approximation capability of a class of polygonal
FNN’s. That is done through the finite real values with given order relations,
which correspond to the polygonal fuzzy numbers.

5.4.2 Approximation of polygonal FNN

In the following we focus on some subsets of ’5[0] or %[a], where o(z) =
1/(14+ e *). Define

o= {F: FR®) — FRO[F®) = 3 Vo X +0)
pEN, V€ FI'(R,), 0; € R, u; € R+};]
Zolol = {F: Foe(®) — FR@O[F(R) = 3 T oy 2u(K) +0),
n,p €N, ﬁje f(Ry), 0, €R, u; € R+}.

As a direct result of Corollary 5.1 and Theorem 5.12 we can show
Corollary 5.3 Let F: F{?(Ry) — FE*(Ry) be a fuzzy function. Then
F € pylo] if and only if ¥V X= ([z}, 22); 23, ....,xh_q, 22_1, ..., 23) € FEP(Ry),
it follows that
F(X) = ([falan), fa@2)]s fo(@)s o faca(@noa), faoi(@ha), - f(22)),

where fl(z}), f2(z2) (i = 0,1,...,n) satisfying: there are p € N, V€ Fir(Ry)
for each j € {1,...,p}:

Vi= ([vE()s V25 v (5)y s v _1(5)s V21 (5), - 0B (5)) € FER(RY),
P
and u; € Ry, 8; € R, so that fll(mll) = E%U}(j)a(uja:} + Hj), ff(x%) =
J:
P
> v2(f)o (uz? + ;).
j=1

Lemma 5.3 Let F : F(Ry) — Fr(Ry) be a fuzzy function, and
F € Polo), satisfying ¥ X€ Fir(R),

F(X) = ([fiah), F2@2)]5 £3(20), o fama @)y Froa(@hy), s S5 (3))-
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Then Vi € {0,1,...,n}, both f1(-) and f2(:) are non-decreasing, moreover for
arbitrary ay, az € Ry : ay < as, and for each i € {1,...,n}, we have

fil(a2) - fil(a’l) < il-i-l(a2) - fi1+1(al)
< fi2+1(a‘2> - fi2+1(a'1) < fiQ(az) - fiz(al)'

Proof. Using Corollary 5.3 we get, f}(-), f7(-) are non-decreasing. More-
over, considering o(-) is an increasing function we obtain

(5.60)

fHaz) — fHa1) = Ji:l v}(§){o(ujae +0;)—a(ujar +6;) }

IN

3 vl {o (ugea +05) -0 (e +05)}

H—l(a’?) il—i—l(a’l)'
Similarly the other inequalities in (5.60) hold. O

Let us now study the approximation capability of Po [o] and Zo [o] to the
continuous fuzzy functions To this end, we define the operators ‘max’ and

‘min’ in FEP(R). ForA Be tM(R) -

A:([a"}u ai]; aéa“-aa}z—lv ai—l?"wag)? B:([biw b%] bO" 7b7]:b 1 bn la"'tb(23)7

we define maX(Z, f;), min(:l, ]§) € FE(R) respectively as follows:
max(A, B)=([aL VL, a2Vb2]; ad Vb, .. al Vbl 1, a2 VB2 ... alVvbd);

min(z7 g)z([a;/\b}l, aZABZ); af ABY, ... al _(AbL_q, a2 _ABZ_i, ... alABY).
For fuzzy functions F, G : FE(R) — FE(R), define max(F, G), min(F, G) :
oo (R) — FER(R) respectively as follows: V X € FE?(R),

~

max(F, G)(X) = max(F(X), G(X)), min(¥, G)(X) = min(F(X), G(ic)).)
5.61

Theorem 5.14 Suppose F, G € 50[0] be fuzzy functions. Then Ve > 0,
there is Fpn € Polo], so that V X€ FE(R4), D(Fpn(X), max(F, G)(}?’))< €.

Therefore, Po [o] is universal approzimator of max(F,G). Similarly, 50 [o] is
also universal approzimator of min(F, G).

Proof. Givee > 0. For X= ([z}, 22]; z},...,z%_,, 22_,, .y 23) € FE(RY),
since F, G € ’50[0], by Lemma 5.3 we may assume
F(X) = ([f'rlt(x;% frzz(x?z)]a f(]l(xtl))>’ f111—1($31—1)7 fg—l(x%—1)7vfg(x(2)))’
G(X) = ([ga(zn), ga(@2)]; 93(28)s s n—1(@n_1)s g2 (@h 1), -, 93 ().



242 Liu and Li Fuzzy Neural Networks and Application

Furthermore, there is p € N, so that for ¢ =1,2; i = 0,1, ..., n, it follows that

W (£,9) - o (u;(Fz + 0;(F)),

M's

filz) =

1

J

vi(9,5) - o (u;(9)z + 8;(9))-

'M“

9i(x) =
1

j
By (5.61), Y X€ F{M(R.), max(F, G)(X) can be represented as
([7‘711( n) Ta( n)] 70(5)s ++os Tr—1(Tn1)s Tae 1 (Ta_1), ---’Tg(z3))»
where for ¢ =1,2; ¢ =0,1,...,n, r{(z]) = f{(z]) vV g} (z}). Let
Co= {0, T1, Ty Tos T3y s T2}

Easily by Corollary 5.3 it follows that for ¢ € {1,2}, i € {0,1, ...,n}, the limit
lim r¥(z) exists. Moreover, Vz € Ry, ri(z) < r1+1( z) < 7'z+1( z) < r2(z).

T-—-t00
For each a1, az € Ry 1 a1 < ag, and i € {0,1,...,n — 1}, next we shall show

Tz'l(a2)“7"i1(al) < 7"1'1+1(a2)—7'i1+1(‘11) < 7'224—1(‘12)_7'1'24—1(‘11) < riz(a2)_fi2(a1)'

(5.62)
At first by Lemma 5.3 we obtain
fil(aZ) - fil(al) < i1+1(a2) - fi1+1(‘11)
< fAalag) = fAa(ar) < fa2) — fi(ar), (5.63)

gi(a2) —gi(a1) < gii(az) —giyi(ar)
< gii(a2) — 971 (a1) < g2(ag) — f2(a1)-

Choose Cor = {fIVgilg =1,2; i = 0,1,..,n}. We can show that Cop is a
quasi-difference order- preserved set. In fact since o(z) = 1/(1 4+ e *), and

F,Ge 730[0], it follows by (5.60) that VA > 0, there is mp € N, so that
Vi € {0,1,...,n}, g € {1,2}, f§ # g7, Card({z € [0, A]|fi(z) = g](x)})< mo.

Thereism; € N, Ym € N: m > my, if partition the interval [0, A] into m equal
length parts: 0 < A/m < --- < A(m —1)/m < A, then Vi € {0,1,...,n}, Vg €
{1,2}, Vk € {1, ..., m}, at most there isone z € [(k-—l)A/m, k‘A/m] , satisfying
fi(z) = g}(z). Define the collection O of sub-intervals as follows:

o={a= [% %“-] |3g€ (L2} ic {1, on) z € A, F1(@) = 8(0) |

Then Card(©Q) < mg. For arbitrary a1, az € Ry @ |a1 — ag| < A/m, if a1, ag €
[(k —1)A/m, kA/m], and [(k —1)A/m, kA/m]|¢ O, then either fi(a1) >
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gi(a1), fllaz) > gi(az) or, fi(a1) < gf(a1), fi(a2) < g{(az). By (5.63), it
can imply (5.62) holds at this two cases. Thus, C,, is a quasi-difference order-
preserved set. By Theorem 5.3, Ve > 0, there are p € N, u; € Ry, 0; € R,
and order-preserved functional ¢; : Cor — Ry (j = 1,...,q), such that Vi =
0,1,...,n; g = 1,2, the following inequality holds: Vz € R,

() V gi(z) — Z¢J o(ujz +0;)|<

(5.64)
For j € {1,...,p}, define V€ Fiz(R), ©;€ F5r(R) as follows, respectively:
éj: 9]', and

Vi= ([$5(rL), $52)]; &5(rd),eens B5(rh_1), G5(r2_1), s 65(r2)).

~

~ N P ~ o~
Easily by Corollary 5.3 we have, if let Fyp, (X Z co(u; X + 65 )

ri(@) =Y ¢ (rf)o(uz +0;)|=
7j=1

for X€ tn(R4), then Frn€ Po [o]. Using Theorem 5.4 and (5.64) we can
conclude that V X= ([z, 22]; z3,..,zL_,, z2_,,...,z2) € FEM(R,), it follows
that D(max(F, G)( X ), E,m( X )) < e. Consequently, 730[0] is universal approx-
imator of max(F, G). Similarly 7;0[0] is universal approximator of min(F, G).
O

Assume that all the fuzzy functions Fi,..., F,, belong to 730 [6]. And we
write F = max(Fy, ..., Frn), G = min(Fy, ..., Fy,). By Theorem 5.14 and the

induction method it follows that 730[0] is universal approximator respectively to
F, G. Theorem 5.14 plays a key role in the following research on approximating
capability of polygonal FNN’s. The proof of the following lemma is identical
to one in [14, 31].

Lemma54 LetZ Be or(Ry), 5’ De iRy ), and ACB=>CCD
BCA:>DCC Then there is an GPo[a] satzsfymg an(A) C Fon(B )
D .

i

~ P~ ~ ~
Proof. Let Fun(X) = 3 V- o(uj- X +6;) (X€ FE(R,)). And denote
j=1
A= ([al, ] s @b 1, a2 4, ... ad),
-§: ([bl b2] ’bn 17 n 1> b(2))7
5: ([ Cn]; cO’ Cl—l? c?z—lv"’cg)a
D= (|, d2]; d3,...,d% ,, d2_ 1o d3),

V= ([0h (), v2()); W3(5)s s 0h 1 (5), 02a (5), s B ().
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where j = 1,...,p. If X= ([xk, z2]; =}, ...zt _1, 22_4, ..., 23) € FE(Ry), then
we employ Corollary 5.3 to suppose

an(X) = ([Srlz(mi)) si(zi)] ; Sé(l’é), Ty 5711—1('7"711—1)’ Si—l(x%—l)’ tey 5%(“‘%))7

P

where sl(z]) = Y vl(j) - o(ujzl +6;) (¢ = 1,2;¢ = 0,1,...,n). And Vi =
j=1

0,1,...,n, by assumption there are infinite solutions of the following system of

equations with respect to v7(j) (¢ = 1,2), and u;, 6, :

[ si(a}) = ilvsm o(ugal +0;) =
J:
3a?) = 3 v20) - ol +6;) = &
sHO) = il v} (j) - o (ubt + 0;) = d
J:
S2(62) = .flvfm o (u;b? + ;) = 2,
]:

Using Corollary 5.3 we choose an arbitrary solution , from which u;, ﬁj, ;
can be determined. So the lemma holds. [

Theorem 5.15 Suppose F : FEH(R,) — FE(Ry) is a continuous fuzzy
function. Then ’50 [o] is the universal approzimator of F if and only if F is
increasing.

Proof. Corollary 5.2 can ensure the necessity, So it suffices to prove the
sufﬁciency For arbitrary g > 0, and compact set U C ( ) Y A€ Uu,v Be
U, let C= F(A), D= F(B) By the assumption for A B C D the conditions
of Lemma 5.4 hold, so there is fuzzy functlon H [A B] cp [], so that the
equahtles, [A B]( A) F( A) [A B]( B)=F(B ) hold. By the continuity
of H[A B] and F, there is 6 > 0, satisfying D(F( ), H[A, B]( ))< /4 for
each X€ Vs(B ) N U, where V(B ) is a d—neighborhood of B in the metric
space (F} (]R+) D). Since U is a compact set, there are Bi, ..., Bm€ Fir(Ry),

so that U Vg(BJ) S U. Tt is no harm to assume B;=B . Choose R[Z] =

~

]:
max(H [Z gl],...,H[A7 Em]) By Theorem 5.14, there is T[;l] € P|o], such
that

~ o~

Vv Xeu, D(R[A)(X), TIAI(X))< (5.65)

L)
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For X€ Fi"(R,), put
[ F(X) = ([f(X), FAX)]; Ro(X),-
RIAI(X) = ([rL(A)(X), r2(A)(X)];

rd(A)(X), o iy (A (X, 7211 (A)(X), o TR (AN(X)):
TIANX) = ([£2(A)(X), £2(A)X)];

\ té(M) S (A)(X), 2y (A)(X), - BB(A) (X))

DL () F2o1 (X)), e FR(X));

Using (5.65) and Theorem 5.4, we can show, V Xe U,vi = 0,1,...,n,q €
{12}, FD(X) > f2(X) ~ e/4. Since H[A, B;)(A) = F(A) (G = 1,..,m), we
get, R[A](A) = F(A). With the same reason, there is 7 > 0, so that

~

Y X€ Vy(4) nU, D(F(X), RIAI(X)) <

| ™

~ ~ q ~ ~
We obtain Ap,..., Ag€ U : U Vy(4;) DU. Let G = min(R[A1], ..., R[A4]). By
j=1

~

Theorem 5.14, there is T}, € ’I;[a], satisfying V )N(E U, D(G()N(), Tm(X))<
g/4. Set

G(X) = ([2(X), G2(X)]; gA(X)s s Gh_1(X)s G2_1(X), s G3(X)),
Ton(X) = ([tL(X), 2(X)]; t5(X),s - th_1(X), £2_1(X), - £3(X)).

So by the definition for G and (5.66) we get, Vg € {1,2},i=0,1,...,n, ¥ Xe
U, g1 (X) < f(X) +e/4. Thus, Vg € {1,2}, it follows that

FUX) -

W m
N ™

< A {rHA)X)}= gf(X) < #(X) + 5 < F(X) +
j=1

Hence V X€ U, q € {1,2},i=0,1,..,m, |ff()N() - tg()?)|< /2. Theorem 5.8
can imply the inequality: D(F( X ), Tonf X ))< . That is, 5[0] is the universal
approximator of F. [J

Lemma 5.5 Let U C Fo.(R) be a compact set. Then Ve > 0, there is
n €N, so that V A€ U, D(:l Zn(A))< e

Proof. For arbltrary € > 0, since U C ~7:0c( ) is a compact set, there
exist m € N, and Bi, ..., Bim€ U, satisfying U Ve (BJ) D U. By Theorem 5.8,
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it ensures to exist n € N, such that Vj = 1,...,m, D(]§j, Zn(]~3j))< g/3.
Therefore, V A€ U, there is j € {1,...,m}, so that A€ Ve/g(éj). Considering
D(Zn(B;), Zn(A))< D(B;, 4), we get

D(4, Za(4)) < D(A, B; )+D(B;, Zn(B;))+D(2n(B;), Za(A))
_|_

So the lemma, is proved. [J

Theorem 5.16 Let F': Fo(Ry) — Foc(R4) be a continuous fuzzy func-
tion. Then Zg|o] is universal approzimator of F if and only if F is increasing.

Proof. Theorem 5.13 and Corollary 5.2 can ensure the necessity. it suffices
to prove the sufficiency. For arbitrary compact & C Fo.(R4) and € > 0, the

continuity of F implies, F'(U) 2 {F( X )| Xe U} C Foc(R) is a compact set.
Moreover, by Theorem 5.8 it follows that there is » € N, and § > 0, such that

Y XeUUF(U), D(Zn(X), X )< 8 ¥ XeU, D(F(X), F(Z.(X)))<
(5.67)

In FE*(R, ) there is a compact set.U,, satisfying Z, (U) 2 {Zn(X)] Xe ujc
U,,. Arbitrarily given Ye FEn(Ry), let G(?) = Zn (F(g)) Theorem 5.13 im-
plies that G is continuous; Theorem 5.15 ensures to exist F,,, € 5[0], satisfying

~

VY€ Un, D(GY), Fun(¥))<

R

Let Trn(X) = Fun(Zn(X)) (XE Foe(Ry)). Then D(G(Zn(X)), Tan(X))< £/4

for each )} € U, moreover, T' € %0[0]. Therefore, V Xeu , by Theorem 5.8 and
(5.67) it follows that

D(F(X), Tun(X))< D(F(X), Za(F(X)))+D(Za(F(X)), C(Za(X)))
Zn

+D(G(Zn(X)), Tan(X))< S+ 5+ 5 <

4 4 4

ie. %0[0’] is the universal approximator of F. [

In the section the polygonal fuzzy numbers are employed to define the
polygonal FNN’s, which possess the following advantages: (i) In contrast to
§4.5 and [41, 42|, the equivalent conditions for the fuzzy functions, under which
the polygonal FNN’s can be universal approximators are much simpler. So the
results are more applicable; (ii) As the FNN’s with triangular or trapezoidal
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fuzzy number weights and thresholds [14], it is easy for the polygonal FNN’s
to develop learning algorithms for fuzzy weights and thresholds; (iii) Since the
systems can directly process fuzzy information, they possess the stronger input
output capability than general fuzzy systems [46]; (iv) Compared with with the
regular FNN’s based on Zadeh’s extension principle, which are not universal
approximators to continuous and increasing fuzzy functions, the systems are
advantageous in approximation and learning capability.

Obviously the discussions are fit for the cases of negative fuzzy numbers and
multiple-input and single-output. Although in practice much fuzzy information
may be expressed as the positive or negative fuzzy numbers[14, 19-21], it is still
an important problem how to generalize such fuzzy numbers to general cases.
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CHAPTER VI
Approximation Analysis of Fuzzy Systems

Fuzzy system is an efficient model to simulate inference function of human
brain [4, 13, 16-18, 60]. One most important advantage of using fuzzy systems
is that linguistic fuzzy IF—THEN rules are naturally utilized in the systems.
Linguistic fuzzy IF—THEN rules can be developed by human experts who are
familiar with the process under consideration. As an important research topic
related to fuzzy systems, universal approximation has attracted much attention
in recent years (see {2, 21-23, 48, 52, 54, 55, 63, 72-79] etc). In most of fuzzy
system applications, the main objective is to design a fuzzy system to approx-
imate desired output, such as control output and ultimate decision and so on.
From a mathematical point of view, such an aim is to seek a mapping from
input space to output space to approximate a prescribed function with a given
accuracy. That is, given f € C(R?), for arbitrary € > 0, and for each compact
set U C RY, there is a fuzzy system as T': RY — R, so that Hf — THOO y<E.
The achievements related to universal approximation of fuzzy systemé have
been applied successfully in many areas, for example, telecommunication [11],
industry process control [18, 46, 58, 65], space techniques [18], system modeling
[4, 13, 44], and pattern recognition [22, 43] and so on.

Up to present the main achievements related to the subject concern mainly
about universal approximation to continuous function class. However, in ad-
dition to continuous systems, there exist many other types of real systems, for
instance, control processes of many nonlinear optimal control models [42] and
the impulse circuit, the systems related are non-continuous but integrable. Fur-
thermore, randomness is a common phenomenon in real systems, so it is also
an important problem how to deal with random systems. Thus, the systemati-
cal research for universal approximation of fuzzy systems in the noncontinuous
or random environments is of much significance both in theory and applica-
tion, which are the main research objectives in this chapter and the following
chapter.

With respect to fuzzy control and modeling the existing fuzzy systems can
be classified into two major types, namely Mamdani fuzzy systems and Takagi—
Sugeno (T-S) fuzzy systems. The primary difference between them lies in their
inference rule consequent. T-8 fuzzy systems use linear functions of input vari-
ables as the rule consequent [33, 46-47, 58, 68, 73-75], whereas Mamdani fuzzy
systems employ fuzzy sets as the consequent [31, 32, 38, 39, 77-79]. In this
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chapter we utilize a generalized defuzzification method to study this two types
of fuzzy systems within a general framework, that is, generalized Mamdani
fuzzy systems and generalized T-S fuzzy systems, which are called generalized
fuzzy systems. With integral norm we shall show that this two generalized
fuzzy systems can be universal approximators, respectively, that is, they can
approximate each p— integrable function with any degree of accuracy. More-
over, the realizing procedures of the approximations are also demonstrated.

A troublesome problem in fuzzy system application is ‘rule explosion’, which
means the size of fuzzy rule base increases exponentially when the number of
system input variables increases. An efficient method to deal with this prob-
lem is to introduce the hierarchical system configuration [49-51, 63, 64], i.e.
instead of applying a fuzzy system with higher-dimensional input, a number of
lower-dimensional fuzzy systems are linked in a hierarchical fashion. By such a
hierarchy, the number of the fuzzy rules will increase linearly with the number
of the input variables. This hierarchy is called hierarchical fuzzy system (HFS).
Naturally we may put forward an important problem, that is, how can repre-
sentation capability of HFS’s be analyzed? Kikuchi et al in [19] show that it is
impossible to give the precise expression of arbitrarily given continuous func-
tion by HFS’s. So we have to analyze the approximation capability of HFS’s,
i.e. whether are HFS’s universal approximators or not? If a function is con-
tinuously differentiable on the whole space, Wang in [63] shows an arbitrarily
close approximation of the function by HFS’s. He also in [64] gives sensitivity
properties of HFS’s and designs a suitable system structure. For each compact
set U and an arbitrarily continuous function f on U, how can we find a HFS to
approximate uniformly f with the arbitrary given error bound £? In order to
analyze these problems, we in the chapter also show that the 1/O relationship
of a HFS can be represented as one of a standard fuzzy system. Then univer-
sal approximations of HFS’s are systematically studied. Comparing with the
approximation methods suggested by Wang [63, 66], Buckley [2], Ying [72-76],
Zeng and Singh [77, 78], we may easily find that the methods in the chapter are
directly based on the I/O relationship information of the functions to be ap-
proximated, no intermediate step need, consequently they are more applicable
in practice.

§6.1 Piecewise linear function

As a basic tool to study universal approximation of fuzzy systems, a piece-
wise linear function which is called square piecewise linear function (SPLF)
is presented in this section. SPLF is a multivariate version of one-variate
piecewise linear function, and it plays a role of bridge in studying universal
approximation of fuzzy systems.

6.1.1 SPLF and its properties
Next let us show some useful properties of SPLF. For a given SPLF, the
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one-side partial derivatives exist and are bounded. Then we use SPLF’s to
build the approximate representations of continuous and integrable functions
under the sense of ‘.’ according to the maximum norm and integral norm,
respectively.

Definition 6.1 Let S : R — R. We call S to be a SPLF, if the following
conditions hold:

(i) S is a continuous function;

(ii) There is a > 0, so that S is identical zero outside the following cube

A={(z1,...,3q) € Rdl—a <zi<a,i=1,..d},

so S has a compact support;
(iii) There exist Ng € N, and d dimensional polyhedrons Aq, ..., Ang, so
that S is a linear function on each A;, moreover for j =1,..., Ng, we have

d
(xl,...,:cd) S Aj, — S(:Cl,...,:l}d) = E >\ij - X; +’Yj,

=1
AU UAng = A,
where, A;;, v; are constants. Below A, .., Ay, are called the polyhedrons
corresponding to S.

By D4 we denote the collection of all SPLF’s, and DY the set of all SPLF’s in
Dy, whose supports are included in [—1,1]%. For S € Dy, denote V(A;) as the
vertex set of A;, and V(S) the set of all vertices of Ay, ..., Ang, i.e. V(S) =

Ns
U V(A;). By Definition 6.1 easily we have, if S € Dy, then V(z1,...,x4) €
Jj=1

R?, Vi € {1, ...,d}, both left derivative 3S_(x1, ..., md)/axi and right derivative

9S4 (21, ..., z4) /Oz; exist. Moreover, Vx° = (29, ..., 29) € RY, it follows that

950
637,'

)v'as_(x())’g \/ {‘85’+(m1,...,xd).vlas_(xl,i...,xd),}‘

('hzi (21,0 32) EV(S) 8$1‘ ox

(6.1)
For arbitrary i € {1, ...,d}, write

a5, (zy, .., x 0S_(z1,...,x
R IR (e e U i |
(z1,..,za)EV(S) * B
Then Vh € R, i € {1,...,d}, it is easy to show
IS(.’El, ey Tim1, L + R Ty, ey g) — S(ml, ,Id)|§ lh| . Dz(S) (6.3)

Lemma 6.1 Suppose S: R? —s R is a SPLF, and hy, ...,hq € R be given
d constants. Then

d
V(.Tl, ...,Cltd) € Rd, |S(.’L’1 + hl, vy Tq + hd) — S(.’El, ,:Ed)|S ZDz(S) . |h1|
i=1
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Proof. At first it is easy to show the following inequalities:

lS(a:l + ha, ., g + ha) — S(z1, ...,xd)l
= |S(:L‘1 +hi, g+ ha) — S(zy, 22 + ha, ..., g + hg)
+S(x1,29 + hoy ooy g + ha) — S{x1, 22,23 + hg, ooy g + hg)
+--o+ 8(21, .., a1, Ta + ha) — S(z1, ..y 24)|
< lS(a:l + hi, e, g+ hg) = S(z1, 22+ ho, ..y xg + hd)|
+|S(x1,x2 +hoe,xa + ha) + S(21, T2, T3 + b3, .oy T + ha)l
+oo 4 [S(@e, ooy Bam1, Ta + ha) — S(z1, .0, T4))-

Using (6.3) we can get the following fact:

d
|S($1 + hi, ey Zg + hg) — S(z1, ,:L‘d)|§ ZDZ(S)

The lemma is proved. [J

6.1.2 Approximation of SPLF’s

Next let us present the approximation representations of functions in L, (1)
or C(U) by SPLF’s with arbitrary accuracy ¢ > 0, where U C R? is a compact
set.

Theorem 6.1 Let u be Lebesgue measure on RY. Then Dy is dense in L,(p)
with Ly(u)—norm, that is, for any € > 0, and f € L,(u), there is S € Dg, so
that || — S, < .

Proof. For simplicity we show the conclusion in the two dimensional space
R?, i.e. d = 2. For the cases of d > 2 or d = 1, the proofs are similar. Since
[ € Lp(p) we get, [po |f(x)|Pdp < +o00, that is

F )Py = / (©)Pdp < +oo.
/]1;2 | Z <[|x|]<m+1

Hence for £ > 0, there is mg € N, satisfying

+oo P o
Z /m [f(x)Pdp < 50T |f(x)[Pdp < 5

m=mg—1 " mE|xl}<m+1 llxl|=mo—1
Let a > 0, so that A 2 {x € R?|-a < 1, 22 < a}D {x € R¥| x| < mo}.

Therefore v
&
[iseorans [ jreordu<.
° lx]|>mo
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Since [, |f(x)[Pdp < 400, in ||-]|a,p~norm the function f can be approximated
by continuous functions on A to any degree of accuracy [53]. Hence we can
assume that f is Riemann integrable on A, and f(x) = 0 when x € 9A, the
boundary of A, i.e.

OA = {(z1,22) € Al |71] = a, |22] < a}U{(21,22) € A] |21] < @, 2| = a}.

Thus, there is m € N, if partition each side of A into 2m identical length parts,
and 4m? squares as Wi, ..., Wy,,,2 are obtained. Let

5=V {fr®} &= A\ {f®} G=1,..,4m?),

xEW; xeW;

am? _
Then Y [ |6; —8;Pdp < € /4. Moreover,
j=1 "

— P
>, @Evisren< g,

JEB(A)

where B(A) is the index set of 8m —4 next-door neighbor squares of the bound-
ary OA. Respectively linking a pair of oppose vertices of W; (j = 1, ...,4m?),
we obtain 8m? equicrural rectangular triangles A, ..., Agn2. For each j =
1,...,8m2, Using the function values of f at three vertices of W; we can es-
tablish a spatial triangle (if the corresponding three spatial points are collinear
a line segment is established). By these piecewise triangles we can define a

SPLF S, and obviously S € D,. Denote BS(A) £ {1,...,4m?} \ B(A). Consid-
ering the following facts:

vie B (), [ 116 - sefans [ 5~ au

vieBa), [ |seofans [ (5 M) an

and the inequality: (|a| + [b])"< 27 (|al? + [b|P), we can show
[1£69 - 560/
A
= = [ - Selnt $ 1760 - S6fan
JEB°(A) JW; jEB(A)
S /W.lgj —gfdu 2t 30 (18] v |;]) du

jeBe(A) jeB(A) Jw;

eP 1 E\P P
<= 2p+1--.(—)=_.
4+ 8 \2 2
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So we can conclude that the following equality holds:

17 =Sl = ([ 1760 = s00Pan+ [ 150pan)7< (5 +5) ==
O

Remark 6.1 In Theorem 6.1, since the SPLF S is identical to aero outside
a cube as A = {{(z1,..,24)| —a < z; < q,7 = 1,...,d}, by a suitable linear
transform we can change S into S; € DY, so that S is identical to zero outside
[—1,1]¢. Correspondingly f is changed into fi. If let A = [—1, 1]¢, then we
have, Ve > 0, there is S € Dy, ||f — S|lup < € < Ve > 0, there exists
S1 €DY, |fi = Sillap <e

If S is the SPLF obtained by the proof of Theorem 6.1, we can use f to
calculate the supremum D;(S) (i = 1,...,d) defined by (6.2), i.e.

Corollary 6.1 Let f : R? — R be a Riemann integrable function, and
S € Dy be a SPLF obtained in Theorem 6.1. Then there exist a > 0, and h > 0,
so that fori € {1,...,d}, if let x" = (z1, ..., 21, 2; + b, Tig1, ..., xq), and

Di(f) = \V (R (&)= f (@1, 2a)|} (6.4)

Z1,..,Td,Ti+hE[—a,a]

we have, Vi € {1,...,d}, D;(S) = D;(f).

Proof. Similarly with Theorem 6.1, it suffices to prove the conclusion when
d = 2. Let a be a positive number obtained in the proof of Theorem 6.1,
and h > 0 be the identical side length of the squares Wi, ..., Wy,,2. More-
over, let the three vertices of the rectangular triangle A; (j = 1,...,8m?) be
(z1,21), (22, 22), (23, 23), respectively. Then the corresponding function values
are as following: f(z1,z3}), f(23,22), f(z3,23). By three points on the surface
z = f(th?) as (%‘%, ‘T%’ f(x%,x%)), (I% x%’ f(x%,x%)), (x:f, mgv f(.’L‘?,.’E%)),
we obtain a spatial triangle whose algebraic equation z = S(z1, z2) is

ry T S(:L‘l, LL'Q)

(6.5)

— e = =
Il
el

On A; we can calculate the partial derivatives of S, 95 / dry, 0S / J15 respec-
tively as follows:

08 (w1,22) _ (a§—a23)f (a1, 23) + (@3 —a8)f(af, 23) + (2§ —23) f (a?, 25)
B (@3 — 23)af + (25 — 23)a} + (23 — 25)my ’
8S(z1,x2) _ (a}—a¥)f(a1, 23) + (2 —=1)f (2], 2]) + (21 —28)f(a?, 23)

z )
Omy (@3 — zh)al + (23 — 2)z] + (2F — 23)z]
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Since the three vertices of A; lie in horizontal line and vertical line, respectively,
and one is the crossover point of the horizontal and vertical lines, we can set

z1 = 2%, 2} = 23. Using the fact |23 — 23| = |z} — 23| = |25 — 23| = h, and
(6.6), we get
‘85(9917{52) l: lf(l“% + h,.’L’%) — f(m%,x%ﬂ
61‘1 h !
‘35(331,»’32) \: \f (1,23 + h) — f(@1,73)]
6:172 h '

So by (6.2) it follows that (6.4) holds, which proves the lemma. O

Corollary 6.2 Let pu be Lebesque measure on Ri, and g : Rﬁ_ — R
satisfy: [g» 19(t,$)|*du < 4+oco. Then for arbitrary e > 0, there exist a > 0, and
+ .

a SPLF S so that
Supp(S) C {(t,s) e RZ|0<¢, s < a}é [0, a]?.

Moreover, the following facts hold:
1
(3) {fpz |9(t,5) = S(t, 9)Pdu}* < e

(i) If let
T
Dsy(g) 2 {‘g(tl,m + h})l—g(tl,tz) ‘}

t1,t2,t2+h€e[0,a]

then for sufficiently small b > 0, it follows that D;(S) = D;(g) (i =1,2).

The proof of Corollary 6.2 is similar with ones of Theorem 6.1 and Corollary
6.1, for Corollary 6.2 is different from Theorem 6.1, or Corollary 6.1 only in
the domains, the former being Ra_ whereas the latter being R%. Corollary 6.2
will paly an important role in studying the approximating capability of fuzzy
systems in random environment in chapter VII.

Theorem 6.2 Let f: RY — R be a continuous function. Suppose U C
R? is an arbitrary compact set. Then there is a > 0, so that U C [—a, a]?,
moreover, for any € > 0, there exists S € Dy, satisfying

Supp(S) C [~a, a, |If = Slloov < e

Proof. As doing in Theorem 6.1, we complete the proof in R?. Since U ¢ R?
is a compact set, there is a > 0, satisfying U C [—a, a]?. For simplicity we
may let [—a, a]? = [—1, 1]2. The continuity of f implies that f is uniformly
continuous on [—1, 1]2. For arbitrary € > 0, there exists mo € N, such that
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for any m > my, if partition [—1, 1] into 2m subintervals with identical length,
[—1, (1—m)/m] s ens [0, 1/m] yeees [(m— 1)/m, 1] , then 4m? small squares D7s
defined as following are obtained, where i, j = —m + 1, - m +2,...,m — 1, m.

i—1 i j—1
SxS_,]—
m m m

m_ 1112 3
Dij—{(x,y)e[ 1,1] ‘ Syﬁm},

then V(z1,u1), (%2,y2) € DI, |f(x1,31) — f(z2,42)|< &/5. Therefore
N

555V {few) 852 N\ {Fenl= By —yl< S,

(z9)eDy; (z.y)eDy;

where i,j = —m+1, —m+2,...,m—1, m. Similarly with Theorem 6.1, through

the small square D]} (i,j = —m+ 1, —m+ 2,...,m — 1, m) we obtain 8m?

equicrural rectangular triangles Aj,..., Agnz2. For each k € {1,...,8m?}, by

the spatial points (zf,yf, f(2f,9F)), (25,95, f(25,95)), (25,95, f(25,0%))

we can determine a plane equation z = S(z,y) as (6.5). Let h be side length
ko ok

ks _ ; E .k ok -
of Df;, i.e. h = 1/m. It is no harm to assume yf = y3, =j = x5, x5 =

z¥ + h, y& = y¥ + h. Rewriting (6.5) we obtain

S(ay) = Flak,ub) + 1 (@ — o) (Flah,ub) — Fioh, o)

+(y — yb) (f(=h, u8) — f=hub))].

Given arbitrarily (z,y) € U, there is k € {1,...,8m?}, so that (z,y) € Ax. By
(6.7) easily we can show

|f(z,y) = S(z,y)|< | F(z,y) — Fk,v8) |+

_ gk gk
2281 k) — £ L ok o) — stk o)

(6.7)

+

Using the fact |z — z%¥|/h < 1, |y — yF|/h < 1, and (6.7) we get

£ g
4=,

f@y) — Syl s +2+7 =3

Thus, ||f — 8|, ;< 3e/4<e.O

Using Theorem 6.1 and Theorem 6.2 easily we can show the following con-
clusion.

Remark 6.2 For a given function f, we can obtain a SPLF S by parti-
tioning [—a, a] into 2m identical length parts, that is, partitioning the cube
D = [~a, a]? into (2m)¢ small cubes, moreover

a a a a
f(ﬂ, ey ﬁ): S(ﬂ, vey _pz) (p1y.sPa=—m,—m + 1,...m—1,m).
m m m m
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By Theorem 6.1 and Theorem 6.2, if f € L,(u), or U C R? is a compact
set, and g € C(U), then for arbitrary € >,0 there exist S;, So € Dy satisfying
respectively: Hf - .5'1“L (u)< g; Hg - SQHUM< e. By such a fact, universal
approximations of fuzzyp systems to continuous function class or, integrable
function class are also the approximating problems in Dy by fuzzy systems with
respective metric senses. From our discussions in the section, SPLF’s possess
many useful properties, such as they are zero outside a compact set of R%; Their
one-sided derivatives exist and are bounded; They are uniformly continuous on
R? and so on, which provide us with much convenience for studying universal
approximation of generalized fuzzy systems.

§6.2 Approximation of generalized fuzzy systems

with integral norm

By partitioning the input space of fuzzy systems we define the correspond-
ing SPLF S € Dy, and show that generalized fuzzy systems can be universal
approximators with L,(u)—norm. These constitute the main research topics
in the section. The proofs of the approximation theorems for generalized fuzzy
systems are constructive, and so the corresponding approximating procedure
can be convenient to realize.

Give an adjustable parameter a > 0. For m € N, partition [—a,a] into
my +mg parts: —a = -y < Gopyy1 < - < a1 <0< < -0 <
Umy—1 < Gm, = a. Then define the fuzzy set A;;€ F(R) (i = 1,....d; j =
—my1, —m1 +1,...,m2—1, ms). For convenience of application, in the following
we array A;; (1 =1,...,d; j = —mq, —my+1,...,ma—1, my) with certain order,
that is, this class of fuzzy sets can be defined as the following definition.

Definition 6.2 Give adjustable parameters a > 0, and m € N. The class
of fuzzy sets {4;; |i € {1,...,d}, j € {—m1, —m1+1,...,ma — 1, mo}} is called
to satisfy S—L condition, if the following facts hold:

(i) Ai;(-) is Riemann integrable on R;

(ii) Each A;; is a fuzzy number, and the kernel Ker(;lij) includes {a;},
the support Supp(A;;) C [—a, a], moreover for arbitrarily given k, ky, ks €
{—=m1, —m1 +1,...,ma — 1, my}, we have

ki<k< k2, Zikl(x) >0, Zikz(.’li) > 0, :Zik(x) > 0
(iii) There is a constant ¢y € N, independent of a, m so that Vo € [—a, al,
Vie{1,..,d},1 < Card({j| Ai;(z) > 0}) < co. (6.8)

In the following we denote the fuzzy set family with S—L condition of Defi-
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nition 6.2 by (5((1, my + my), ie.
0((1, my + mg) = {ZU 'Z € {]., ...,d}, ] (S {—ml, —-my + ]., ey — 1, mg}}

If my = mgy = m, then write 5(a, my +mg) 2 (ND(a, m). And let £(a, m) be the
maximal length of the partition intervals corresponding to @ (a, m), that is,

&a, m) = vV {|a¢+1 —a,-|}. If the fuzzy set family {:1” li=1,..,d; 5=
—m<i<m—1

—m, —m+1,...,m — 1, m} with S-L condition as obtained by dividing the

interval [—a, a], equally, ie. a; = aj/m (j = —m, —m + 1,...,m — 1, m),

then we denote the fuzzy set family by 50(a, m). Figure 6.1 demonstrates the
membership curves of fuzzy numbers in the fuzzy set family @q(a, m), by which

we know ¢g = 2. If ;1156 (7)0((1, m), for given i, we can describe A;; with some
natural language senses according to the value of j, such as ‘positive large’
‘positive small’ ‘negative small’ ‘negative large’, and so on. When designing

fuzzy inference rules, we take (NQO (a, m) as the antecedent fuzzy set family of
fuzzy rules.

0 a
Figure 6.1 Membership curves of Zij’s

Let T be a continuous t—norm, satisfying oy > 0, ag > 0,—= a1 Tas > 0.
We introduce the following notations:

arTag =T(a1, aa), onTazTas = (anTag)Tas, ..., (a1, az, asz € [0,1]).

For (p1,...,pd) € {-m, —m +1,...,m — 1, m}¢, and lel,...,dede 5(a, m),
let

le...pd (:I"17 ey xd) :A1p1 (Il) T A2p2(x2) T T T Adpd(xd)‘
By Definition 6.2 it follows that V(z1,...,z4) € [—a, a]?, there is (p1,...,pa) €
{-m, —m+1,..,m—1, m}¢ so that H, (21, ...,zq) > 0. Give (21, ...,24) €
[—a, a]¢, denote

1.--Pd

N(zy,...,xzq) = {(pl, wopd) €{—m, —-m+1,..,m—1, m}d|A1p1, vy Adpy €

O(a, m), Atp,(@1) T+ T Agp,(za) > 0}.
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Lemma 6.2 Let (z1,...,24) € R%. Then the following facts hold:
(i) If { Ai; iz =1,.,d5=-m, —-m+1,....m—1, m}:(N’)(a, m), we have

(P1y -y pa) € N(z1, .., 2a), => Vi € {1,..,d}, ap,—co £ Zi < Apiteo;

(i) If {As; |i = 1,ds j = —m, =m + 1,.com — 1, m}=0p (a,m), it
follows that

d}, a(pin; co) <z < a(ps +Co)_

\V(pl, ...,pd) S N(ml, ...,.’L‘d), Vi € {1, ey ™

Proof. Tt suffices to show (i), for the proof of (ii) is similar. For (p1,...,pg) €
N(zy,...,x4), We have, N(xl,.. zq) # 0, and (z1,...,24) € [—a, a]?. Consid-

ering Alp1 (x1) T---T Adpd (xd) > 0, we get, Vi = 1,...,d, Zipi (z;) > 0.
For each i € {1,...,d}, since Aipl. is a fuzzy number, and Zlipi (api): 1, we

can show, Aip, (ap,4c,) > Aip; (x;) > 0, moreover ay, 1+, € [—a, a] by the prop-
erties of fuzzy numbers [35] and the fact: z; > ap,4c,, => i > ap,. Since

Zi(?i+co)(api+60): 1 > 0, by the definition of Zij it follows that Vj : p; <j <
pi + <o, Zij (@pi+co)> 0. Therefore

Card({j|zij (aPi+co)> 0})2 co+1,

which contradicts (6.8) of Definition 6.2. Thus, z; < ap, 4, Similarly we can
show, ©; > ap,—co- S0 Ap,—cq < X < Gp,pep (4 =1, ..., d). The lemma is proved.
O
By Lemma 6.2, if agsume lirE £(a,m) = 0, then for any (1, ...,z4) € R?,
mM—-Trod
and V(p1,...pa) € N(z1, ..., Z4), it follows that liril ap, = (1 <i<d).
m—1T00

6.2.1 Generalized Mamdani fuzzy system

The fuzzy rule base of a Mamdanl fuzzy System consists of Mamdani type
fuzzy inference rules. For given Alpu " Adp W€ (90 (a, m), we can express the
corresponding Mamdani fuzzy rule as follows [32, 72, 76-78]:

Ry, .ps  IF ;1 is :hpl and -+ and x4 is de THEN u is (7T(p1,...,pd),
where z,...,z,4 are input variables, Zlm,...,zdp , are antecedent fuzzy sets,
and u is output variable whose range is the interval U = [-b, b] (b > 0),
and Up(p,,... p,) is consequent fuzzy set, r is an adjustable real function, and

rlZ: Z — Z. b is also an adjustable parameter.
Using above Mamdani inference rule R, . p,, we can define a fuzzy implica-

tion relation Rp,..p, a8

Rpy..pg=A1p, X -+ X Adp, Urps,....pa)s
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The implication relation is a fuzzy set on [—a, a]? x [~b, b], that is, }N{m,,.pde
F([~a, aJ® x [—b, b]). And its membership function is

Rpy.pa (1, -52d, w) =A1p,(21) T+ T Adpy(2a) T Ur(p,,...,pa) (1)

For any A€ F([—a, a]?), using the fuzzy relation Ry, ,, and the V — T com-

position ‘o’, we can establish a fuzzy set as :1 o }szl_”pd on [—b, b :

(A o Rpl..‘pd)(u) = ( \)/ : ]d{A(xll) vw:i) T Rmu-:od(m{l’ ’x:ivu)}
xh,...,.z)€[—a,a

~

= \/ {A(xllv"'vxfi)TAkm(m/l)T' "TAdpd(mfi)T U"'(pl,~~~,pd)(u)}'

(@), ah)E[a,al?

(6.9)
In (6.9) choose Aasa singleton fuzzification at (x1, ..., Zy), L.e.

~

AT, o zg) =1, A, .. ) =0 (=, - xy) # (T2, -0, 24)).

Then (6.9) can be expressed as
(A © Rp1--~Pd ) (U’) :A(l'l, ey xd) T Akiﬂl(zl) T---T Adpd(xd) T U’“(Pl,...,pd)(u)

= Hp,..p4 (-’171, -~-737d) T Ur(phmypd)(u)'
(6.10)
We assume that the rule base of a Mamdani fuzzy system is complete, that
is, the base includes all fuzzy rules corresponding to all possible combinations
of antecedent fuzzy sets Zlij’s (i =1,..,d; j = 0,£1,...,4+m). So there exist
(2m + 1)? fuzzy rules in the rule base, and the size of the fuzzy rule base is
(2m + 1)%. Let

m

Q)= \/  {lr(pr,- 02|}

P1,..,Pd=—1

Also let Upipy,...p0)€ F([—b, b)) : Ker(Uypy,..pa)) = {b-7(p1, .-, pa)/Qua(r)},
and T} (p1,....pa) D€ @ fuzzy number. Using the generalized centroid defuzzifica-
tion (see [18, 23, 31, 32, 43, 65, 66, 72, 77| etc), and (6.10) we can obtain a
crisp output [31, 32, 72]:
m
Z QdL(T) 'T(ply--wpd) 'le...pd(xla-"axd)a
My (..., zq) = 2P

, (6.11)

m

Z le...pd(xlr-vxd)a
P1;..,pd=—mM
where (1,...,24) € R? is system input, a : 0 < o < +oo is an adjustable
parameter, and let 0/0 = 0. The I/O relationship (6.11) is called a generalized
Mamdani fuzzy system.
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By [9], if @ = 400, (6.11) is a fuzzy system with the maximum mean
defuzzification [18, 65]; If @ = 1, (6.11) is a fuzzy system with the centroid
defuzzizer [26-29, 37, 38, 68, 76, 77); If & = 0, (6.11) is a weighted sum fuzzy
system [19, 21, 41]; If o = 1 — vy + v/d (v € [0,1]), (6.11) is a compensatory
neuro-fuzzy systems [79].

Theorem 6.3 Let p be Lebesque measure on R%. Then with Ly,(p)—norm
generalized Mamdani fuzzy systems can be universal approximators to SPLF’s,
that is, for any S € Dy, and Ve > 0, there is mg € N, so that Ym > myg, it
follows that

(/d Mo (21, ooy 2g) — S(21, ...,md)|pdu);< €,
R

ie. |My — S|y <e.
Proof. Let [—a, a]? be the support of S € Dy, and Ay, ..., Ay be polyhe-

Ng
drons corresponding to S, moreover |J A; = [—a, al®. Let g = 1, and denote

j=1

r d
Zsﬂ <X, (xl,...,xd) EAI,
t=0

S(.Z'l, "'axd) = d (612)

EsiNs * Ty, (zl,“ﬂxd) EANS’
1=0
0, otherwise.

it is no harm to assume s;; (1 = 0,1,...,d; j = 1,..., Ng) can be expressed
as a decimal number (otherwise s;; can be approximated by such a number).
Denote

so =min{s € N|10° - s;; € Z,i = 0,1,...,d; 5 = 1,..., Ns }.
Let m;; = 10% - s;5 (¢ = 0,1,...,d; j = 1,..., Ng). Then m;; € Z. Define the

function 7 : {—~m, —m +1,...,m — 1, m}? — Z as follows:

d ap; a a
e (L 2P
i=0 m

m m
T(p1y.Pa) =4q o (6.13)
d ap; api  apq
: S O = R A TEUN
m ig()mZNS m 3 ( m m ) Ngs

It is easy to versify the following fact:

m

Q= N (Fonnalli=me S )

Ply-Pd=—T j=1 =0
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Put b = 107% - Qq(r). For any (p1,...,pqa) € {—-m, —m +1,....,m — 1, m}?, if
(ap1/m, ...,apa/m)€ A;, easily we can show

S(apl apd) Zs” ——10 SO-ZmU = () 7(P1y - Pd)-

i=0
(6.14)
So b-r(p1, ..., pa)/Qa(r) = S(ap1/m, ...,aps/m). By Lemma 6.2, V(z1, ..., zq) €
RY, (p1,...,pa) € N(z1,...,zq), let ap;/m = x; + 0p, /m, where ]0pi]§ acy.
So by (6.11) (6.14) and Lemma 6.2 if let x = (x1,...,24) it follows that
Hy,  py(21,..2q) = Hp, _p,(x), N(x1, ..., zq) = N(x), S(z1, ..., 2q4) = S(x),

m

Z_ S(%’ st %)le-upd(x)a p
M - 87, = [ | s an
R E le ---Pd (x)a
P1y--;Pm=—mm
m P
(S 224500 Hyr (0]
:/ P1,--,Pd=—m dll
m p
el > Hpyopg(®)®
Plse.yPd=—mM
| (S(@it2s, . 2t 20) = S(x) ) Hy, ()2
:/ (P11-Pa) EN (%) q
el | T Huboef '
P1---Pd

(P15 Pa)EN(x)
0 0 P
> S(xl—i—%,...,xd—# :;f X)Ile pd(x)a}

/ (P1s---Pa)EN(x) dp
P
o | S Hpp 07

(pi,--Pa)EN(x)

4 \6,.1D:(S o\?
E % 'le--~Pd(x) )

> Hy,..pa (%)~
(P1+--pa)EN (%)

IA

Hy,...pa (X)a)p

acy & P ((ply-n,zg)GN(X)
= (W EDi(S)) ./[—a al? >

7 du
= Hp, ...py(x)*
(p1,--Pa)EN (%)
< (%2 5 D))" (00 = (%2 32 Di(8)" (20"

(6.15)
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d
Therefore, || My, — SH” < 94/ . gl+d/pey . 3 D;(8) /m. Thus
’ i=0

d/p,1+d/
m> 20 pcozD ), = | Mm =S|, <

The theorem is proved. O

Corollary 6.3 With L,(pu)—norm the generalized Mamdani fuzzy system
M,, can be universal approzimator, that is, if j1 is Lebesque measure on RY, then
for anye > 0 and f € L,(p), there is mg € N, so that Ym > my, HMm—f“”p<
E.

Proof. For £ > 0, By Theorem 6.1 and its proving procedure, there exist
a >0 and a SPLF S € Dy, such that

Supp(S) = {(ml, ey Tq) € Rd|—a <z <a,i=1, ...,d}, ”f - S“u,p< %

By Theorem 6.3, there is mg € N satisfying: Vm > mg, HS - Mm||#p< %
Therefore

(1M = £, 1Mo = 8], 416 = 8], < 5+ 5 =

Thus the conclusion is proved. O

For a given error bound € > 0, next let us estimate the size of the fuzzy
rule base of a fuzzy system.

Theorem 6.4 Suppose p is Lebesgue measure on R, and f : R — R
is Riemann integrable. Then for arbitrary € > 0, there are h > 0 and a > 0, if
foranyi=1,...d, let X" = (z1,...,2i_1, i + R, Tit1,...,zq) and

d

Du(f)=\/ V (R () = f (a1, o 2a) | }= \/{D(f

i=lzy,...,xq4,2,+h€E[—a,a]

(6.16)
we have, when m > (2a)'Y4P.d- Dy (f)-co/e, it follows that || Mo, _f||up< €

Proof. By the proof of Theorem 6.1, for ¢ > 0, there is a > 0. Parti-
tion [—a, a)¢ identically into sufficiently small cubes, and then divide these
small cubes into d dimensional polyhedrons Aq,...,Ay. Thus we can define
S € Dg, so that ||f — S ”u’p< /2. Suppose the side length of these cubes

is h > 0. By Corollary 6.2 easily we have, Dy (f) = \/ {D;(8)}. Therefore,
Vi =1,...d, D;(S) < Dy(f). Let m > (2a)'t4/? . 4. DH(f) co/e. So m >
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d
21+d/pgl+d/Pey 3 Dy(S)/e. By Theorem 6.3 it follows that || M, _S”u ,<€/2.
=1 ’

Hence

Ilf - MmHM)S If - Sllu,p+lls - Mm”u,p< % + % =¢

The theorem is therefore proved. OJ

In Theorem 6.4, if choose cp = 2, p = d = 1, and Supp(f) C [~1, 1]¢,
that is, @ = 1. Then the corresponding m satisfies: m > 8Dg(f)/e. In the
following we utilize a real example to demonstrate the realizing procedure of
the approximation obtained.

Example 6.1 Choose ¢g = 2, and p = d = 1, i.e. we illustrate our example
in one-dimensional space R. Give the error bound ¢ = 0.1. Define the function
f: R— R as follows:

" %c (Zx—;-l)ﬂ, —1<x§—l,
%(m+%)2, —% <z <0,
f(x):{ %xr", 0<m§%,
%sin(ﬂ'a:), % <z <1,
L 0, otherwise.

Easily we can show, if partition [—1, 1] identically into 20 parts, and then
obtain the SPLF S € D1, so that Supp(S) = [~1, 1], then ||f — SHM)< g/2.
The curves of the functions f and S are shown in Figure 6.2 and Fiéure 6.3,
respectively.

At first let & = 1. By Theorem 6.4, Dy (f) < 1, and if m > 4Dg(f)/0.1,
by (6.11) we can define the generalized Mamdani fuzzy system M, satisfying
” f- M’"”M,p< €. Choose m = 40, the size of fuzzy rule base corresponding to

M,, is (2m 4+ 1) = 81.
oq2f .
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Figure 6.2 The curve of f Figure 6.3 The curve of §
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Let ;hj (j = 0, £1,...,£40) be obtained by the translation of the fuzzy

number 2 defined as follows:

1 1
— <p<
40(40 JELEEE 40’
2 - 1
Alz) = 40(11(—) +z), —Zaga:<0,
0, otherwise;
39
- 40(x—59’3), ~<z<l,
A1(40)({L') = 40 40
0, otherwise;
9 39
N -40(x+3—), 1<r< -2,
A1(—a0)(z) = 40 40
0, otherwise.

And Ay,(x) =A(z — /40) (j = 0,41, ..., £39).

[RH 012
o1 0.1
Zo.08 o008

2E sE
g0 g oos

k] 3
> 0.04 =004
0.02 0.02

- —05 [ 05 1

-1 -0.5 0o 0.5 1
Value of x Value of x

Figure 6.4 1/0O of M,, when a =1 Figure 6.5 1/0 of M,, when o« =1/2

Since H;(z) =A1; (z), by (6.11) (6.15) and the fact f(j/40)= S(j/40) we
obtain the I/O relationship of the fuzzy system M,,(:) as follows:

I/O relationship curve of the corresponding generalized Mamdani fuzzy system
is shown in Figure 6.4.

Then choose a = 1/2, the corresponding generalized Mamdani fuzzy system
can expressed as

5 Gl £()

j=—40

Mm(x) = 0 -
> (Any(z))3

j=—40
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Figure 6.5 illustrates the I/O relationship curve.

From above example we can find that it is easy to realize the approximation
of the given function by a generalized Mamdani fuzzy system, moreover with
L,(p)—norm the high approximating accuracy can be ensured.

6.2.2 Generalized T-S fuzzy system

The consequent of a T-S type fuzzy inference is the function of input vari-
ables. If the rule base of a fuzzy system consists of T-S inference rules, the
fuzzy system is called a T-S fuzzy system. Given the antecedent fuzzy sets
Alpy, - Adp, € Oola, m), in the subsection the consequent function is chosen
to be a linear function of the input variables. T—S fuzzy inference rule can be
expressed as follows [33, 34, 73-75]:

TRy, . py: IF 1 is Ayp, and o2 is Agp, and ... and x4 is Agp,

THEN w 18 bo;p,..ps + b1;py..pa%1 + - + bajpy ..pa Td-

where bi.p, ., (K =0,1,...,d) is an adjustable real parameter. Similarly with
Mamdani fuzzy system, we assume the fuzzy rule base for a T-S fuzzy system
is complete, i.e. the base includes all fuzzy rules corresponding to all possible
combinations of lel, ...,dede 50(a, m) for p1,...,pg = —m, —m+1,...,m —
1, m). The size of the rule base is also (2m + 1)¢. Based on the generalized
centroid defuzzifier we can define a generalized T-S fuzzy system whose 1/0
relationship is [33, 62, 73, 75]

m d
> (prnm(mlv--wxd)a : (Z bk;p1.~pdmk))
Pl Pd=—MM k=0
Ton(Z1, .y 2q) = — , (6.17)
> Hy,  pa(T1,y.0,34)*

P1,..pd=—mM

where let 0/0 = 0, and « € [0, +oo] is an adjustable, o = 1. Similarly with
(6.11),if @ = 1, (6.17) is a TS system with centroid defuzzification; If & = +o0,
(6.17) is a T-S fuzzy system with maximum mean defuzzification; If o = 0,
(6.17) is also a weighted sum T-S system. In (6.17) if Vk € {1, ...,d}, br;p,..p, =
0, the system is call a simple generalized T-S fuzzy system.

Theorem 6.5 Suppose i is Lebesgue measure on R?. Then generalized T-
S fuzzy systems can be universal approzimators to SPLF’s with L,{p)—norm,
that is, for any S € Dy, and Ve > 0, there is m € N, so that

(/R (Lo (o1, ) — S(o1, ez Pdi) < &, e [T = S, <

H,p

Proof. If S € Dy, as in Theorem 6.3, let Supp(S) = [—a, a]?¢, and define S
as (6.12). Define the parameter by.p, . p.. (k=0,1,...,d; p1,...,pa = —m, —m+
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1,...,m — 1, m)} as follows:

4! Pa
bO;Pl..»Pd = S(E, saey E),

beipr..pg =0, k=1,...,d.

(6.18)

By lemma 6.2, ¥(p1,...,p4) € N(z1,...,2q), denote p;/m = z; + 6,,/m (i =
1,...,d), then |0,,| < acp. Using Lemma 6.1 we can show

d

(1, s pa) € N(@1, ..., xa), = ‘S(xl, ) — s(%, %) \g % 3 Di(S).
=1

(6.19)
So similarly with (6.15) and using (6.18) (6.19), we let x = (z1,...,z4) and
obtain

i Hp, ..pa (%) (Z bkipr...pa T )
7o~ 51E= | S )t
ke Z HPL--Pd(X)a

PiyesPm——Mm

(le-“pm (x)* - (kéobk;pl---pdxk - S(x))) .pdﬂ
™ \p

’Pd—‘m

- a]d Z HPl---Pd (x)a

P1y--,Pd=—Mm

Hyy p ()2 (S(2,., ) =500 [
T

/ (P1 ,pd)GN(x)
[

@ a]d HP1,--~,Pd (x)a

~(1)1,--»,1%1)61\7()()

Hyvn°[ (8 88) 500}

/ (Ply 7Pd)€N(x)
a,a]? l E H.

p1,--~,Pd(x)a
(P1,....,pa)EN(x)

(ﬁf Di(9)) w((-a,a)= (22 ZD(S))p(Za)d.

=1

d
Hence if choose m > ¢g - 29/P . gt +d/p > Di(S)/s, we have, ”Tm - SH“ 2 O
i=1 '

By above proof procedure the generalized T—S fuzzy systems using for ap-
proximating the given functions can be chosen as the simple generalized T-S
fuzzy systems. Similarly with Corollary 6.3 and Theorem 6.4, using Theorem
6.1 and Theorem 6.5 easily we can show
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Corollary 6.4 Let j1 be Lebesque measure on R, Give arbitrarily f €
Ly{p), and Ve > 0. For h > 0, a > 0, suppose Dy (f) is defined by (6.16).
Then the following facts hold:

(i) There is m € N, so that |[Tm — fllup < €, i.e. with L,(u)—norm
generalized TS fuzzy systems are universal approrimators;

(i) When h is sufficiently small, and m > (2a)'*%? . d . Dy (f) - co/e, we
have, HTm - f”#,p< €.

In Corollary 6.4, if choose ¢ = 2,d = 2,p = 1, a = 1, then the corre-
sponding m satisfies: m > 32Dy (f)/e; fd =1, ¢ = 2,p = 1,a = 1, then
m > 8Dg(f)/e.

Example 6.2 Let ¢g =2, p=1,a=1.InR, ie. d =1 we discuss our
example. Define f: R — R as follows:

1
—sin%(l—}-x), —1<z <0,

4

- 1
flz) = gcosga:, 0<z<1,
0, otherwise.

Choose error bound ¢ = 0.1. Easily we know, if partition [—1, 1] identically
into 2m (m > 10) parts, a SPLE S € DY is defined so that || f—5||,.,» < /2. The
curves of the functions f, S is shown in Figure 6.6 and Figure 6.7, respectively.

Obviously Dy (f) < n/8. By Corollary 6.4, m > 87/0.8 = 10-m, let m = 32.
The size of the fuzzy rule base is (2 x 32+ 1)! = 65. By Remark 6.2, f(j/32)=
S(j/32) (j = 0,1, ..., £32). Define A1; (j = 0,£1,..., £32) as the translation

~

of the following triangular fuzzy number A:

32( 42 ) 1 oa<o
YTy Ty =t
Az) = <l _ ) < l
32 3 z), O<ze< 39’
0 otherwise.
15 15
~ 32( ~ 22, Pcg<y,
Aiza)(z) = a: 32) 32 a:. -
0, otherwise;

15 15
~ —82(s+ o), -l<s<-o,
As(az)(z) = ("” T3 T=T3

0, otherwise.

A1(z) =A(z — j/32) (j = 0,%1, ..., +31). Since d = p = 1, Hyp, (z) =A1p, ().
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Thus, by (6.17) it follows that

Choose respectively o = 1, a = 1/3, the I/O relationship curves of the
corresponding generalized T—S fuzzy systems are illustrated in Figure 6.8 and
Figure 6.9, respectively, by which we can see by comparing that the general-
ized T-S fuzzy system approximation with L;(u)—norm also possesses high
accuracy at each point.

0.16 0.16

0.14 0.14

0.12 =012
E x

Z ot @9 o1
5 5

So0.08 $ 0.08
S s

> a.06 > 0.06

0.04 0.04

0.02 0.02

o o

-1 -0.5 0 0.5 1 -1 -0.5 i 05 1
Value of x Value of x
Figure 6.6 The curve of f Figure 6.7 The curve of SPLF S

016 0.16

0.14 0.14

= 0.12 = 0.12

=5 0.1 =504
) =

g 008 g008

So0s £ 0.06

0.04 0.04

0.02 0.02

[+] 1

1 Zos 0 05 1 = Z05 ) 0.5 1
Value of x Value of x

Figure 6.8 I/0O of T,, when av =1 Figure 6.9 I/O of T5, when a =1/4

Example 6.3 Consider two dimensional case, i.e. d=2,and f: R? — R
is defined as follows:

1
gety+1)?’ —1<z+y<o,
flz) = 1-(z+vy), 0<z+y <1,

0, otherwise.

For a given accuracy ¢ = 0.2, in order to compute the SPLF S, satisfying
If = Sll=1,1],p < €/2, we partition [—1,1]* identically into sufficiently small
squares. So by choosing h = 0.01, we can get, Dy (f) < 1. Thus, we may
choose n = (2 x 2 x 2 x 4 x 1}/0.2 = 160. The size of the fuzzy rule base is
(2% 16041)% = 103041. If let € = 0.1, by Corollary 6.4 it is necessary to choose
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n = 320, and in the fuzzy rule base there must be (2 x 320 + 1) = 6412 =
410881 fuzzy rules, which increases very quickly which n increases (i.e. ‘rule
explosion’). That will result in much inconvenience when fuzzy systems are
employed to deal with high dimensional I/O mappings. So it is of significance
in practice how to improve the structures of fuzzy systems to solve such a
problem, which is the research subject in §6.3.

In order to utilize the common advantages of generalized T-S fuzzy systems
and generalized Mamdani fuzzy systems, let us now synthesize such two systems
as one within a general framework, which is called generalized fuzzy system.
To this end we at first develop a type of fuzzy inference rules as follows:

Gpy..pg : IF 21 is A1p, and z5 is Aszp, and ... and x4 is Agp,

THEN v s A Vi(py..psizr,za) T(1 = A) Uripr,....pa)s
we let 0/0 =0, A € {0,1] is an adjustable parameter, and

d
t(p1..Pds T1,y.00Tq) = Z biipy..pa * Tis

=0
moreover, 171 is a singleton fuzzy set, that is, Gz is equivalent to the real
number z : V, (z) = 1,V, (2') = 0 (x # z’). Corresponding to above fuzzy
rules we define a generalized fuzzy system [31]

n

d
> Hyena(0? (L= g1, s pa) ¥ Y bipr )
P1,..,Pd=—1 =0
Fn(x)=

n *

> Hy, o (x)®

Pl yPd=—T1
(6.20)
where x = (21, ...,&4), A € [0,1], 0 < a < 400, g = 1. If A =1, then (6.20) is
a generalized T-S fuzzy system; If A = 0, (6.20) is a generalized Mamdani fuzzy
system. In practice (6.20) defines a general fuzzy system, and it concludes most
of fuzzy systems in application as its special cases [31].
Using Theorem 6.3, Theorem 6.4 and Theorem 6.5 we can show the following
conclusion.

Corollary 6.5 Suppose p is Lebesque measure on R%. For any f € Ly(w),
and Ve > 0, the following facts hold:

(i) VS € Dy, the generalized fuzzy system defined by (6.20) is universal
approzimator to S with L,(u)—norm;

(i) There is m € N, so that ||Fm - fH,u,p< g, that is, with Ly(p)—norm
generalized fuzzy systems can be universal approzrimators;

(iii) There is a sufficiently small h > 0, if Dy (f) is defined as (6.16), then

(2a)1+d/P-d-DH(f) .c
£

m > V= |[Fm - fHu’p< €.



Chapter VI Approximation Analysis of Fuzzy Systems 273

Proof. Let S be determined by (6.12), the d-variate function r be defined
by (6.13). Similarly with Theorem 6.3, we define Q(r) and b > 0. Using (6.18)
we determine the parameter b, p, (kK =0,1,...,d). Easily we can show

d
b A s
(1- )\)Qd—(r)r(pl’ . Pd) + /\gb@;pl,,,pdazl = S(m,..., o)
Also similarly with (6.15) (6.19), we can get
.od/p  41+d/p d d
0 2T S DUS), = | 5]],,< 0 3 Du(S)(20) <.
i= A

(i) is proved. (ii) and (iii) are direct results of Corollary 6.3 and Corollary 6.4.
a

By comparison between Corollary 6.5 and Corollary 6.4 we get, if the accu-
racy related is identical, the size of fuzzy rule base of generalized fuzzy system
(6.20) is same with ones of generalized TS fuzzy system and generalized Mam-
dani fuzzy system, independent of A.

Remark 6.3 If liril &(a, m) =0, and (NQ(a, m) constitute the antecedent

fuzzy set family, similarly we can show, both generalized Mamdani fuzzy sys-
tems and generalized T—S fuzzy systems can be universal approximators with
L,(p)—norm.

In the section we focus on Mamdani fuzzy systems and T—-S fuzzy systems
with a general framework. Taking SPLF’s as bridges we analyze universal
approximation of generalized fuzzy systems to p—integrable functions. Thus,
by [16, 78] this two generalized fuzzy systems can be universal approximators,
respectively with maximum norm and integral norm.

§6.3 Hierarchical system of generalized
T-S fuzzy system

In most rule based fuzzy systems, fuzzy rule base consisting of a number
of inference rules defined as ‘IF... THEN...” is a key part. The size of a com-
plete rule base increases exponentially when the system input variable number
increases, which is called ‘Rule explosion’. Such a phenomenon is in nature
the ‘curse of dimensionality’ which exists in many fields [10, 14]. That will not
only generate complicated system structures, but also cause long computational
time, even memory overload of the computer.

To make fuzzy systems usable in dealing with complex systems, we must
solve the ‘rule explosion’ problem [5-7, 40, 49-51]. In the research for fuzzy
systems or fuzzy controllers, two classes of such methods are significant. One
is based on the equivalence of ‘intersection rule configuration’ and ‘union rule
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configuration’ [5, 6, 40]. That is, if P and Q are two antecedents, and R is a
consequent, then

[((PAQ)= R] < [(P=> R)V(Q = R)].

Another one is to introduce a hierarchical system configuration [49-51], which
we shall focus on in the section and the next section. By this hierarchy we can
deal with effectively some large scale systems in application.

In order to analyze a HFS thoroughly, at first we show that the I/O re-
lationships of HFS’s may be represented as ones of standard fuzzy systems.
The further result is the equivalence between fuzzy system and its HFS. For
convenience to define a HFS we give a fuzzy set family as

{Zij |z =1,.,d;5=—m, -m+1,..m—1, m}cao(a, m),
where a > 0 is also a given real number.

6.3.1 Hierarchical fuzzy system

In the subsection we introduce a hierarchical structure to solve the ‘rule
explosion’ problem, as shown in Figure 6.10. In this hierarchy, the first level
fuzzy system gives an approximate output y{*, which is modified by the second
level fuzzy system as an input variable; the third level system will modify the
output y§* of the second level fuzzy system; ... and so on. This process is
repeated in succeeding subsystems of the hierarchy.

vr'
l L-th fuzzy system
xyln—l
m
Y2
| 2-nd fuzzy systeml
(i
| 1-st fuzzy system l
I Tdy Ldi+1 Ldy+da Ldy+-+dp-1+1 Zd

Figure 6.10 Hierarchical fuzzy system

In Figure 6.10 y1*, ..., y7*_, are also employed as the intermediate input vari-
ables of the corresponding subsystems. For each &k =1,..., L — 1, we introduce

fuzzy number ﬁkje F(R) (j = 0, £1, ..., +m) as the antecedent fuzzy set for
the input variable ", such that Vy € R, Vk € {1,..., L — 1}, it follows that

Card({j € {-m,—-m+1,...,m — 1,m}|Bi;(y) > 0})> 1. (6.21)
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In Figure 6.10, The first level and j—th (j = 2,..., L) level are T-S fuzzy
systems. There exist dy input variables 1, ..., 24, in the first level, and there
are d; input variables x4, ,11,...,Zd,_,+4; and a intermediate variable Yitq
that is the output of the (j — 1)—th level fuzzy system, in the j—th level.
The following fuzzy inference rules being used in the first and j—th level fuzzy
systems respectively, will be employed to define the I/O relationship of a HFS:

IF 2, is A1, and -+ and zq, is Ad,p,, THEN 7" is b, . + pzl by . pa, T
i=

IF z4,_,41 is Z(dj_ﬁ_l)pl and - -- and T4;_,4d; 18 Z(d,-_ﬁdj)pdj and y is éj.l

THEN y; is By, _p,, +Chyfe + é Blipr s, Tdyoa i

where 7 = 2, ..., L; i:l d;j =d; ¢, p1, p2,... € {—m, —-m+1,...,m—1, m}, and

b{;pl...p,w ¢} are adjujs;able parameters.

T ’

rq —— vy,

m
Yy —

m
Yo r—

Figure 6.11 Fuzzy system with intermediate input variables

Through the hierarchy as in Figure 6.10 the size of fuzzy rule base of a fuzzy
system can increase as the linear function of input variable number [63].

Proposition 6.1 Suppose there are L levels in a HFS, in which exist dy
input variables in the first level and exist d; + 1 input variables in which the
intermediate variable yi 1 is included, in the j — th level (j = 2,..,L). If
di = d; + 1 = c, then the size of the fuzzy rule base related to this HFS is
2m+1)¢(d—1)/(c—1).

Proof. Let s be the size of the rule base, i.e. the total number of fuzzy
rules related to the HFS as Figure 6.10. Obviously we have

L
s=(2m+1)" +)_(2m+ 1% = (2m+1)°+(L—1)(2m+1)° = L(2m+1)°.
3=2
L L
Sinced= )" dj=c+ > (¢c—1)=Lc—L+1, thus, L = (d—1)/(c—1). Hence
j=1 j=1

s=(d—1)(2m+1)¢/(c — 1). The proposition is therefore proved. [
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In Proposition 6.1, let ¢ = 2, then s = (d — 1){(2m + 1)2. We introduce
intermediate variables as y1*, ..., y7*_; in HFS shown in Figure 6.10, and obtain
a fuzzy system whose input variables are z1, ..., zq4; ¥7°, ..., y7* 1, as shown in
Figure 6.11.

Next let us prove the equivalence between the 1/0 relationship of the HFS
as Figure 6.10 and one of the fuzzy system as Figure 6.11. To this end we at
first analyze 1/O relationships of generalized hierarchical T-S fuzzy systems,
thoroughly.

6.3.2 Generalized hierarchical T-S fuzzy system

In the following we introduce the notation: xj = (Zx41,...,Tk4n) € R"
for k,n € N. For x = (x1,...,24) = x2 € R?, give the indices j and k € N,
satisfying 0 < j < j+k <d. If py,...,pr € {—m,—m+1,...,m — 1,m}, denote

le-npk (xj-i-l’ ---,$j+k) :A(j+1)P1(xj+1) X X A(j+k)17k(mj+k) (6'22)

If j =0, j+k = d, the relation structure as shown in Figure 6.10 is a T-S fuzzy
system, whose 1/0 relationship (z1, ..., zq) — Tim(21, ..., z4) is determined by
(6.17); If 5 > 0, j + k < d, then in the HFS shown in Figure 6.10, the I/O
relationships of the first level and j—th level fuzzy systems are also determined
by the generalized T-S fuzzy systems as following:

= d
Z Hm -Pdy (XOI) ((l)m Pd+z 7iP1---Pdy )

P1;.-,Pdy =—T
)= . -
Z Hm -Pdy (xol)

P1,.-sPd;=—Mm

d
vt =T, (Xo1

Y

m

> [Hpopg, (%07) By )] 20, v50)

(ydi .m @,P1ye Py ==
" T‘rjn(le ' yj_l): m diy ™ @ 3
> [le...pdj (xl;)Bq(me_l)]
) 5P15--5Pdy=—"

(6.23)
where we let 0/0=0; j=2,...,L, |; = E di. The I/O relationship (6.23) is
called a generalized hierarchical fuzzy sys’cem (generalized HFS), where

dj
Z(5,Y71) = Vopy..pa, T QY1+ > Oiips...pa; Tl (6.24)
i=1
In order to analyze the I/O relationship of the generalized HFS we firstly
present the following lemma.

Lemma 6.3 Suppose x = x3 = (z1,...,24) € R%, and 4, j, k1, ks € N
satisfy: 1 <i<j<itki+ks<d, i+ky =3 Then foranyoa: 0 <a < +oo,
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it follows that

(

m m
> Hp, . py, (xi‘cl) )( > Hgy, . .q, (xfz)a)
Pk~ vy kg =

D11

ki+k
= Z le-.-Pk1+k2 (xi1+ 2)0‘.
P1se-yPky+kg ="M

Proof. By (6.22), it follows that the following inequalities hold:

Hy, . p, (xfl)a:A(iH)m(l‘iH)a X X Ay )pey (Tiks )™

kay®_ " a A
Hy, . g, (X52) =AG+1)0 (@511)% X o X AGtho)ge, (Tihs )

Considering i + k1 = j, we get

i Hp, ..o, (xfl)a>< i Hq, ..qn, (x;?z)a)

PlyeeesPhy =—TN Q10 s Qg =—"

~

m ~
= ( > (A, (i)™ X X Afik)pe, (Z‘i+k1)a))'

P1,.. 5Py =—M

m ~ ~
( 2. AGr1)g (Tjp1)® X oo X A(j+k2)an, (xj+k2)a>

q15--39kg ="M

m

2 (A(i+1)p1(-’fi+1)a XX Ay iy (Tihn )X

Py sPhy sG1 501 Qg =—1M

Atk +Dqu (it +1)% X 0 X AGiky k) g, (Titbor iz )
2

m

— ~ o ~
- 2 (A(i+1)171(xi+1) X X A(i+k1+k2):0k1+k2 (xi+k1+k2)a)
PLse-sPhy+kog="MM

m

— . . @
- Z Hp1~--Pk1+k2 (.’L’,+1, ~-~71'z+k1+k2) .
P15 3Py kg=""T

Considering X ™% = (241, ..., Zitk, +k, ), We can prove the lemma. O

Theorem 6.6 Suppose yi",...,y7 are defined by (6.23). Then for any
7 =2,...,L, there exist ao(I?, P?), a;(I’, P7) fori=1,..,l; +dj, such that if
we denote

Ij = (’L.l,...,ijvl), Pj = (ph-'-aplj—{—dj)y

f o, m A i
J(I5 47 7"'7yj—1) =B, (y7") X -+ X Bz'j_1(y;n_1)7

di+l1; ) )
O(x§*)= 01,y m1,,,) = ao(IF, PI) + 3 ay(I7, Pi)z;,

=1
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we can conclude that
n d;+l ; I;
> [Hpy..payar, (X077 ) T4, sy )] "0 (x5
i1y —15P1se oDl hd; ==

y] = m . a ’
> [Hoy.pa 0, (67T 557 oy )]

U8 —15P1s Py 1, ==

(6.25)

Proof. We employ induction to show the conclusion. At first when L = 2,
we have, [f, = Iy = dy. By (6.23) it follows that

5 [Hpyp, (x2)° Bn(yn 122,97

Yy = il’pl""’pd"’fn_m . (6.26)
Z [le ‘Pdgy (xdl) Bl1(y1) ]

11,P15-+sPdg =—"0

Using (6.23) (6.26) we can conclude that

Z H‘I1---‘1d1 (xgl) (bé;m -ddq 11 + bOJ’l»--P@)

q1,ee,qdy =—M

Z2,yT) =
( 7y1) m d
> Hg,.. ql(xo)
qdq =

e e p— p
E_ th---lh (Xol)a
(6.27)
Substituting (6.27) for the corresponding term of (6.26) and using Lemma 6.3
we get

‘ ( pl'"'pdl+d2( d1+d2)Bz1(y1 ))QC(XgIerz) .
ym . 11,P1,--;Pdy+dp =—M
2= ™m ,
(le"'plerdz ( d1+d2)B11(y1 ))

11,P15--Pdy +dy =—M

where C’(xglerz): C(x1, -, Tdy+d,) 18 a linear of z1, ..., x4, 14, :

da
di+da . 2 )
C(XO ) Z Cn z P1---Pdy T; + 2:1 bi;pd1+1...pd1+d2 Ldy+i
i=

1 2 2
+b0§201-~~;0d1 ot bO;Pdl +1.Pdy+dg
If denote

2 p2y _ 2 .
aO(I , P ) - bo;m...pdl Gt bO;Pd1+1---pd1+d2’
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1 2 .
2 p2 bi;m...pdl Civr 1<i<d;,
aw,,(I ’P ): 2 '
bi;pd1+1...pdl+d2a di+1<i<dy+ds.

we can conclude that the following fact holds:

= a
. E _ (le"'pd2+12( d2+l2)‘](12’y )) O(Xé2+d2)
T — )
)Y (Hprprgra (56°72) T (125 41))

113P1,- 1 Pdglg =—MM

where O (x727%)= O(z1, ..., Tiz+4,) = ao(I?, Pz)—l— Z a;(I?, P*)z;. By (6.28)

we imply, when j = 2 (6.25) holds. Assume (6.25) holds when j = L — 1. Since
lp—1+dp—1 =1 it follows that

i . E [le -Piy, (X(Z)L)J(IL 173/1 y e .’y2n72)]0‘0(xéL)
o HetLo23p1,e P =M
Y1~ ™ P
> [Hm pig (Xo VI, ,y}f_z)}

U158 L—25P 150 s Plp, =M

(6.29)
dr—1+lL -1
also we denote E(x)= ao(IL~1, PL-1y + 3 (1'%, PE~ Yz, By
i=1
(6.23) we obtain

v, = 11 (X?LL ) y’f”_l)
H, xdr E?i - %z, yp
_ iLvle--,%iL:_ml: P1 de( lL) L\JL 1)] L 1) (6.30)

> [Hppopa, (@) Bin (v )]°

ELyPLyeesPdy, =—M
Similarly with (6.25) (6.26), substituting (6.29) for corresponding term in (6.30)
d
and letting O(x¢)= O(x) = ao(I%, P) + E a;(I*, PF)x;, where

G,Q(IL,PL) — ao(IL_l, PL—l) + bL

Osprp +1.- PLL+dL
a;(It=1, pL—=1) 'CZLL7 1<e <y,

ai(IL, PL) = { L

LPly41---Ply +dp?

Ip+1<i<ly+dp,

and considering Iy, + dr. = d, we can express the output y7* as follows:

m

> [Hpy..pu () T(TE5 97, 7)) " O )

m _ sl —15P1,e,Pa=—"N
YL = m

> [le...pd(X)J(IL;yTa--~ay2”_1)]a

11, L—15P1y. Pd=—"M
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Thus, when j = L (6.25) holds. By the induction principle the theorem is
proved. (3

As an inverse process of the proof of Theorem 6.6, the following conclusion
holds also.

Theorem 6.7 Suppose yi*,...,y7_; is intermediate input variables. The
I/0 relationship (21, ...,xa) — yJ* of the generalized T-S fuzzy system is given
as follows:

m

] ] Z [lempd(x)'](IL;y;na '-~ayﬁ1)]aa0(IL7 PL)
m Ly L-15P1,-- -, Pg=—T
Y = m a
) ] > [le---Pd(x) 'J(ILQyina---ny_l)]
215002 L—15P15-,Pd=—"TM
U L d L L
Z [le--~pd(x)J(I ;yin"'ﬂyl,—l ] (Z I P )
81,08 L—13P1,- -, Pg=—TT0 =1
— .
o
DY [Hps..pa () T(IE5 47, oy )]
1snny TL—1;P1ly s Pd=—MTM
Then there exist b{,pl py? ¢ and bfpl p G=1 . Lypr,,pj = —m, —m+

1,...,m—1, m), so that

( m

> Hp,..pa, (xo) (bo,m Pdy +Zb1,p1 Pdlxi)

P1,y..sPg=—M

yit="T (Xgl) -
Z Hp1~--Pd1 (‘Tla--',xdl)a
Dd,

> [Hpop, (57 By )] 20, y1)
m d; m 95P1 50 05Pd ;="M

it =T;() v) = - — -
> [Hpuope, (%07) Ba(g"0))]

P11y Pdy ="M

where Z(j, yj*,) is also defined as (6.24):

d;

Z(.]7 y_;n—l) = bg);pl...pdj + ctyzy;n—l + Ebg;pl...pdj Llj4is-
=1

In application we can simplify the HFS (6.23), and obtain a simple HFS,
ie. for j=2,..,L, let

bl =0@G=1,..,d); b

4iP1---Pdy ipL.pa;
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Then HFS (6.23) is a simple HF'S as

r m
2 Hy, . pa, (-TO ) bl,Pl--'Pdl

__ P1yesPdy =TT .
)= m ,

> Hp, .. .pa, (Xgl)

P1yeenyPdy =—MM0

Y =T (x(,y )

Y = T (x3"

m

di\ «@
Z [Hp1...1)dj (Xl]-J)B(j—l)ij—l(y?—l)] Q(y;n-l)
ij—1,sz+17~wpzj+dj:—m
- o di\ m a’
i Z [lej+1---Plj+dj (Xl;) B(j_l)ijfl(yjfl)]
. 3= 1sPlj 415Dl +dy ==

(6.31)
where I;, Q(yj”,) are determined as follows for j =2, ..., L:

E J j m
de; @ y] 1 bO;Plj+1---Plj+dj +Cl?j—1yj"1'

(6.31) is called a simple generalized hierarchical T-S fuzzy system. As a special
case of Theorem 6.6 and Theorem 6.7 we have

Corollary 6.6 Let yT*,...,y7" be the simple generalized hierarchical T-S
fuzzy system defined by (6.31). Then for anyj =2,..., L, and = (11, ey bi—1),
Pl = (pl,...7plj+dj) : ila-"7'ij—1;p17~--7plj+dj S { m, —m + 17 ey — 1, m},
there is a constant ag(I7, P7), so that

X [Hps..pa, 0, (X0’ 0TIy, )] “ao (17, P)
150005 —15P1y e Plitd; =— M
Y =—— e ey
Z [le...pdj+1( ’ )J<I]7y1 yoe ayj 1)}

U158 —15P1se s Pd 1, ==
(6.32)

(6.32) is a simple generalized T—S fuzzy system. By Corollary 6.6, the out-
put of a generalized hierarchical T-S fuzzy system defined as (6.31) can be
expressed as one of a simple generalized TS system. The adjustable param-
eters ag(I%, P?),...,a0(I¥, PL) can be determined by the following iteration
laws:

a0(12, P2) = bl

0;p1..-Pay Ch + bO:Pd1+1---Pd1+d2;

ag(l, P7) = ap(IP~, PI=1)c] | 4+ 1]

Oiprj41Pry+d;?

(6.33)

where j = 3, ..., L. On the other hand, by (6.33), if ao(I?, P2) ~ao(ITE, PE) are
known, then choose by . Pay? cfj oo B P4y (j = 2,...,L), so that (6.33)
holds, that is, a known simple generalized T-S fuzzy system can determine a
corresponding generalized hierarchical T-S fuzzy system.
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§6.4 Approximation of hierarchical T-S fuzzy system

By Corollary 6.6 a simple generalized T-S fuzzy system and its simple
hierarchical fuzzy system are equivalent, so it seems to be an obvious fact
that hierarchical T—S fuzzy systems can be universal approximators. However,
how can we construct such an approximating system? For a given accuracy
€ > 0, how is the corresponding approximating procedure realized? How can
we estimate the size of the fuzzy rule base of the T-S fuzzy system related? and
so on. These problems are of much significance in theory and application of
fuzzy systems. In the section we employ SPLF’s to present systematic research
to these subjects.

6.4.1 Universal approximation with maximum norm

Considering that universal approximation is studied on a given compact set
U C R%, by Remark 6.1 we may assume U = [—1, 1]%. Also in the following we

let fuzzy set family {Z” li=1,..,dj=-m, —m+1,..,m—1,m} satisfy
S-L condition, moreover

{Zij ]z =1,...,d;j=—m, -m+1,.,m~—1, m}C 50(1,m).

Theorem 6.8 Let S € DY. Then for any € > 0, there exist m € N and
a simple generalized hierarchical T-S fuzzy system {y*, ..., y7'}, determined by
(6.31), so that ||y — SHOO 112 < &

Proof. Suppose S € DY is defined by (6.12), where a = 1. Next let us prove,
there are m € N, and the coefficient ag(I¥, PL), where

L= (i17 "'7iL—1)7 pL = (p].) "'7plL+dL) = (pl’ "'7pd) :
11y eey2r—1; P1,..,pa = 0, £1, ..., tm,

so that if ¥ is determined by {6.31) then HyL SHOO [1e< &

Define ag(I%, PE) (i1, ...,i1-1; P15 Pip+dy, € {—M, —m—i—l,...,m—l, m})
as follows:

ag(I%, PY) = S(%%d) (6.34)

By Lemma 6.2, for x = (1, ..., 24) € [-1, 1]¢, and for any (p1, ..., ps) € N(x) =
N(zi,...,z4q), let

Then |6,,| < ¢o. Thus

(P1, o pa) € N(x ;S(X (ﬂ,...,%)\gf—z-ipi(sy (6.35)
=1
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So considering If, + dr, = d, and denoting

Hys..pa(@1, s 20) - JI5 97, ) £ 9IE, PP,
and by (6.34) (6.35) we can conclude that
Iy = Slloj-1a =V {[yE =S|}
x€[—1,1]¢
T ®(IL, PL)™ . qo(I%, PP)
1150008 L—13P1,--,Pd=—TN
N xe[yl,l]d{ i @(IL, PL)a - S(X) }

il,...,iL_l;pl,A..,de—m
5 B(IE, PLY(S(2, ..., 1) -5 (x))

_ v {11, UL-13P15e - Pd=—TN
x€([-1,1]4 i CI)(IL, PL)a

L1y 8L —1}P1se-- Pd=~—"N

m

> > e, PH|S (2, B - S(x)|

Y, { iseelL1=—1 (p1,...,pa) EN(X) ;}
xe[-1,1]¢ i Z <I>(IL, PL)a

#1508 L— 1= =M (p1,...,pa) EN (x)

IA

€0

! _o &
xe[\/l,l]d{E .igl Di(S)}_ m i;Dl(S)

IN

(6.36)
Iflet m > ¢p - ED )/€, we have, “yf — SHOo C1e< € By (6.33), for
2<k<L,it follows that

ao(I*, P*)= ao(I*71, P*"1).ck _ +af (6.37)

Cir_1 Pl +1--Dly tdy

By (6.34) (6 37) we employ the backward induction to establish the parameters:
DG, . Pay? ck_ (k=2,..,L), b} :p1...pq. - A simple generalized hierarchical T—S

fuzzy system as (6.31) can be estabhshed The theorem is therefore proved. O

By Corollary 6.6, a simple generalized hierarchical T-S fuzzy system defined
as (6.31) can be expressed as a generalized T-S fuzzy system, so for any ¢ > 0,
there exist m € N, and the parameter bo,p, .. p, (P1,...,pa =0, £1,...,tm) :

D1 Dd
Bosps.. py = 5(—, —).

m m
Thus, the adjustable parameters b} , bE , ¢ satisfy the fol-
0;p1---Pa, 0;p1-..pdy, k-1

lowing backward iteration formulas, where i € {1,...,d}; k € {2,...,L} and
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7:k~1; P1,--,Pd € {_mv —m + 17 cey M — 17 m} :

Y48 Pd
ao(IF, PLY = bop, . p, = S(E, E);

ao(I*, P*) = ag(I*"*, P*"1) - ¢k +1bf
ao(I%, P?) = b} c2 + b2

0;p1...Pd; i1

k=L-1,..3)

Pl +1--Ply+dy (

sPdy+1---Pdy+dg”
(6.38)

Using Theorem 6.2 and Theorem 6.8 we can conclude that

Theorem 6.9 Let f: [—1, 1] — R be a continuous function. Then for
any € > 0, there ism € N, if y7*,...,yT* are defined by (6.31), it follows that
”ygb - f”oo,[—l,l]d< &

By Theorem 6.9 simple generalized hierarchical T-S fuzzy systems can be
universal approximators. So such hierarchical systems can be applied, effi-
ciently in designing fuzzy controller and system modeling and so on. For a
given error bound £ > 0, we can estimate m, consequently the size of the rule
base of a HFS can be estimated.

Theorem 6.10 Let f: [~1,1]¢ — R be a continuous function. Then
for any € > 0, there is h > 0. Suppose Dy (f) is determined as (6.16), where
a = 1. We have, when m > 2Dy (f)cod/e, it follows that Hf—yi"||oo,[_1,1]d< E.

Proof. By Remark 6.2, for £ > 0, if partitioning [—1, 1]¢ identically into
small cubes, and then dividing these cubes respectively into d dimensional
polyhedrons Aq,...,Ax (N € N). Thus, we can establish a SPLF S, so that

[ f — Slloo,i~1,11¢ < €/2. Let the side length of a cube be h > 0, easily we get,
d

Dy(f) = V{D;(S)}. By Theorem 6.8, if m > 2Dg(f)cod/e, it follows that
=1

d
m > 2co - Y Di(S) /e, so ||lyp — SHOO C1,1d< /2. Therefore
=1 ? ’

£ €
If - yzn”oo,[—l,l]dg 1= S’|oo,[—1,1]d+”s - yzn”oo,[—l,l]d< s T3¢

The theorem is therefore proved. [

Iflet ¢g = 2, d = 3, then by m > 12Dy (f)/e we have, ||f——y’L"Hoo (1,1¢< &
Giving a continuous function f and an error bound € > 0, by the following steps
we can realize the approximation of f by a simple generalized hierarchical T—8
fuzzy system defined as (6.31):

Step 1. By (6.16) we calculate the supremum Dg(f) and the minimum m;

Step 2. For a given real function f, we establish the antecedent fuzzy sets
A€ O, m) (i=1,....d; j =0, £1,....,2m), and Byi,_, (k=2,..., L; ip— =
0, +1,...,£m). Usually the fuzzy set ;L-j is a triangular or trapezoidal fuzzy
number;
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Step 8. Using (6.34) (6.37) we establish the parameter ao(IF, PL) as follows:

ao(1”, Py = f(B,.. B2);
m m
Step 4. By (6.38) the backward induction is employed to establish the pa-
rameters bj,, p, b’g;plkﬂ”_plﬁdk and cf_ related to the HFS;
Step 5. Using (6.31) we obtain the simple generalized hierarchical fuzzy

system {y7*, ..., y7"}.

6.4.2 Realizing procedure of universal approximation

In the subsection we demonstrate a realizing procedure of universal ap-
proximation of generalized hierarchical T-S fuzzy system by a real example.
let « =1,d=3,¢cy =2 and di = 2, dy = 1. Thus, the fuzzy system related
has three input variables, and there exist two levels in the HFS related. Define
a continuous function f: [—1, 1}> — R as follows:

z? + 22 + 22

< < <1).
e WA ESHENESHENES)

f(ﬂ?h T2, 353) = exp{—

Give an error bound € = 0.1. Since

(le—mzl + |ly1—ya| + |21 —22]),

(6.39)
and using (6.16) (6.39) we get, Dy (f) < 2/25 < 1/12. So let m = 12/(12¢) =
1/0.1 = 10. Partition [—1, 1] identically into 20 parts. By Theorem 6.9 it
follows that

exp{_w%+y%+z%}_ex {_w%+y§+Z§
25 25

_25

lyr —~ f||oo,[—1,1]d = “yéo - f||oo,[—1,1]3 <e.

Using Proposition 6.1, we get the size of the rule base of the HFS related is
(2m+1)2(d — 1), i.e. 2(2 x 10+ 1) = 882.

Define the triangular fuzzy number ;1 as follows:

1
10(— — ) 0<z<—
(10 v == 10
Alz) = 10( 0+m> —%ng<0,
0; otherwise.

Let A1j=Az;=As; (j = 0,1,. ,£10), and 711 (j = 0,£1, ..., £9) be defined
through the translation of A that is, Au (x —j/10), and

9 9
~ 10{z — , —<z<l,
Aoy (z) = ( 10) 0

0, otherwise;
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;11(40)(95) =

Define By, (j =0, +1, ...,

Since Hp, pyps (71, T2, 3)
fact:

J(I?, y) = Jiy, v7*) =B, () = exp{

Liu and Li

—10(x+

0,

otherwise.

(i

Fuzzy Neural Network Theory and Application
o)
10/°
+10) as follows:

3(=5))

Bij(y) = eXp{ 3 (

9

E>

2;11,,1 (1) leg (22)- ;111,3 (z3), we get the following

4y

So by (6.31) we can establish a two level simple generalized hierarchical T-3

fuzzy system:

10

> lel(xl)' :12172(372) ) b%);mpz
ypr = T ~ ;

pl’pg_m Anp, (1) Agpy(2)

o N (6.40)

> Aspy(xs) Bu (y7) - (B, s T CLYT)

yén _ i1;p3=—10 - - -
o2 Aspy{@3) Bu,(yT")
X i1;93=—10
Table 6.1 Approximating errors at sample points chosen randomly

No. sample points flz1, 2, 23) Yo error
1 (—0.9,-0.9,—-0.9) 0.9073745131 0.9073745132 1.0 x 1071°
2 (—0.7,—-0.6,—-0.5) 0.9569539575 0.9569539577 2.0 x 10719
3 (—0.4,-0.3,-0.5) 0.9801986733 0.9801986734 1.0 x 10~1°
4 (0.2,0.3,-0.1) 0.9944156508 0.9944156509 1.0 x 10719
5 (0.4, -0.5,0.6) 0.9696694876 0.9696694870 6.0 x 10710
6 (0,0.4,0.2) 0.9920319148 0.9920319151 3.0 x 10~1°
7 (=0.5,02,02)  0.9868867379 0.9868867390 11.0 x 10~1°
8  (-07,0.6,—0.8) 0.9421413147 0.9421413141 6.0 x 10~1°
9 (0.6,0.9,0.8) 0.9301587579 0.9301587580 1.0 x 10710
10 (0.9,0.9,0.9) 0.9073745131 0.9073745132 1.0 x 10~1°
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By (6.38) and the fact: f(p1/10, p2/10, p3/10)= S(p1/10, p2/10, p3/10),

we define the parameters by, .., ¢, and b, as (6.40):
1 2 2 p1 P2 P3
B55p1pe " Cin + U0sps = f(_l—ﬁ’ 10° 1_0)
After choosing
2 1 9 Pr P2 P3
Cil - 17 bO;pu’)g + bO;pg - f<E7 —1—67 E)y (641)

we get a HFS as (6.31). By Theorem 6.6 the I/O relationship related can be
expressed as

10 ~ . ~ ~ ~ o
> ([A1p, (1) Azp,(%2) Asps(ws)- Bui, (v™)]-f (85,82, %)

~om __ 1;p1,p2,p3=—10
Ya = 10 ~

Z [Alpl(ml)' Z2P2($2)' 23173(333)' Elu(y{n)]

i1;p1,P2,p3=—10

(6.42)
Table 6.1 demonstrates some approximating errors at some points chosen ran-
domly when use y%* to approximate f(z1,22,s). From Table 6.1 we can see
the high accuracy when HFS’s approximating a given continuous function.
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©

Value of f(x_,
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0.5
\\(/{ o

Value of x, - Valus of x, Value of x, Value of x,

Figure 6.12 Surface of f when z3 =0 Figure 6.13 Surface of y7* when z3 =0
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Let 3 = 0 and z3 = 1, respectively. we can obtain the respective section
surfaces of f and y5* correspondingly, shown in Figure 6.12, Figure 6.13, Fig-
ure 6.14 and Figure 6.15. From table 6.1 and Figures 6.12-6.15 we know, with
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the approximation sense '=.’ a generalized hierarchical T-S fuzzy system can
represent a given continuous function. The realizing procedure is simple and
succinct. If we use fuzzy systems without hierarchy to deal with the approxi-
mation, the size of the rule base related is (2m + 1)® = 213 = 9621, which is
much larger than one of a HFS.

6.4.3 Universal approximation with integral norm

By Theorem 6.4 and Corollary 6.6 with integral norm simple generalized
hierarchical T-S fuzzy systems can be universal approximators. In the follow-
ing let us show the conclusion and demonstrate the approximating procedure
related.

Theorem 6.11 Suppose p is Lebesgue measure on R%. For any f € Ly(u),
and e > 0, let Dy (f) be established by (6.16) for a > 0 and h > 0. Then

(i) There is m € N, so that if y{*,...,y7" are defined as (6.31), we have,
“y}f’ —f ”u P& that is, simple generalized hierarchical T-S fuzzy systems are
universal a’pprom'mators with Ly(pu)—norm;

(i) If h > 0 is sufficiently small, and m > (20)'*¥? . d - Dy (f) - co/e, it
follows that ||yzI — f”u,p< €

Proof. By Theorem 6.1, there exist a > 0, and mg € N, so that Vm > my,
we have, S € D4, Supp(S) C [—a, a]?. Moreover

1

/lellzm—llf(x)lpd“ < %; IF - S”u,p: {/Rd If () — S(X)Ipdu}p< g

By remark 6.2 we get, S(api/m, ...,apa/m)= f(ap1/m,...,apa/m). For I¥ =
(il, ...,iL_l) S {—m, —-m+1,...,m—1, m}L_l, pL = (pl, ...,pd) € {—m, —m+
1,...,m — 1, m}%, let the constant ag(I*, PL) be defined as (6.33). Similarly
with (6.36) we can show

14
dp

oz = 517,= | lvE = 560l du
> S, Prye

5 S eI, PERIS(E, ., B) — S(x)|
</ i1yee08L —1=—" (p1,...,pd) EN(x)
" Ji-aa 5
i1yeit 1= (py..,pR) EN (%)
< [0 52 )] apr < [“0LHD g

let m > max{mo, (2a)2/P+1 -dcoDH(f)/e}, and h = a/m. Then ||y —.S'Hup<
/2, Therefore

+||S f|| <= +—=

vz = £, p< vz = 5., 2
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Thus (i) (ii) hold and the theorem is proved. [

Next let us use a real example to illustrate the realizing procedure of Theo-
rem 6.11, that is, construct a simple generalized hierarchical T—S fuzzy system
to approximate a given integrable function with L,(p)—norm.

Example 6.4 For a HFS defined as (6.31) we let o = 1,d; = 1,d3 =
2, ¢o = 2. Thus a fuzzy system has three input variables 1, x2, %3, and the
corresponding HFS has two levels, L = 2. Let f € La(u) be defined as

exp(—2|z3| — 223 - 2|z3/?), oy >
V(@1,22,23) € R, f(w1,22,23) = 3 3 3
_exp(—2|931| + 275 — 2z3] ), T2 <

Choose error bound £ = 0.1. With the following steps we establish the sample

generalized hierarchical T-S system {y7*, ¥5'}, and realize the approximating
procedure.
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Figure 6.16 Surface of f when x3 =1 Figure 6.17 Surface of y3* when z3 = 1
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Figure 6.18 Surface of f when z3 =0 Figure 6.19 Surface of y3* when z3 = 0

Step 1. Establish the interval [—a, a], i.e. determine a > 0. Let D 2
{(z1, 22, 23)|—1 < @1, 22, 23 < 1}, then

2

+00 3
/ |f (21, 22, z3)|dp < [2/ exp(—2m)dx] dr < S
R3\D 1 3

So choose o = 1. By the definition of f, Dy (f) = 6.
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Step 2. Determine m. By Theorem 6.9 let m > (2a)%/P+1. deoDu(f)/e =
364/32. So choose m = 204.

Step 3. Define the fuzzy set family {;11] i=1,2,3 =0, *1,..,&£m} C
00(17 m)

1 1
A 2), osas b
2080501 — %) 0=2=5y
Alz) = 4(_1_ ) _1 .
20 204+x, 204_w<0,
0; otherwise.

Let Ay,=Asj=As; (j = 0, £1,..,4204), and Ay; (j = 0, £1,...,£204) be
determined by the translation of A, i.e. Ai;(z) =A(x — j/204). Moreover,
define E’lj (j =0, £1,...,£204) as follows:

~ 1 j
By ) = ow{ =5 (v~ 557 )
Step 4. Similarly with (6.40) (6.41) (6.42) we get the HFS related as follows:

240 - N N N

2 (Atp, (21)- Azpy(22)- Asps(23)- Briy (W) [ (345> 250 25)
m __ %1;P1,p2,p3=—240

Y2 = 240

> (A (1) Azpa(w2) Aspy(w3)- Buiy (u7Y))

11;p1,p2,p3=—240

Choose z3 = 1 and z3 = 0. Figure 6.16 and Figure 6.17 illustrate respec-
tively the section graphs of the function f and the HFS yJ* when x3 = 1; And
Figure 6.18 and Figure 6.19 illustrate the corresponding section graphs when
z3 = 0. From Figures 6.16-6.19 we can see the high accuracy at each point.

In the section we use SPLE’s as the bridge to prove constructively that sam-
ple generalized hierarchical T-S fuzzy systems can be universal approximators
with maximum norm or, with integral norm. Also some succinct realizing
algorithm of approximating procedures are developed. These results can pro-
vide us with the theoretic basis for the wide application of T—S fuzzy systems
[64-67]. A meaningful and important problem related to the subject for the fu-
ture research is how we can study the corresponding problems when processing
Mamdani fuzzy systems or, the t-norm being not the product *x’.

References

[1] Azeem M. F., Hanmandlu M. & Ahmad N., Generalization of adaptive neuro-
fuzzy inference systems, IEEE Trans. on Neural Networks, 2000, 11: 1332-
1346.



Chapter VI Approximation Analysis of Fuzzy Systems 291

2]
3]

(15]

Buckley J. J. & Hayashi Y., Fuzzy input-output controllers are universal ap-
proximators, FPuzzy Sets and Systems, 1993, 58: 273-278.

Chan L. W., The interpolation property of fuzzy polynomial approximation,
Proc. of IEEE Internat. Symposium on Speech, Image Processing and Neural
Networks, 1994, 2: 449-452.

Chung F. -L. & Duan J. -C, On multistage fuzzy neural network modeling,
IEEE Trans. on Fuzzy Systems, 2000, 8: 125-142.

Combs W. E. & Andrews J. E., Combinatorial rule explosion eliminated by a
fuzzy rule configuration, IEEE Trans. on Fuzzy Systems, 1998, 6: 1-11.
Combs W. E. & Andrews J. E., Author’s reply, IEEE Trans. on Fuzzy Systems,
1999, 7: (no.3, pp.371-373; no.4, pp.477-479).

Dick S. & Kandel A., Comment on ‘Combinatorial rule explosion eliminated by
a fuzzy rule configuration, IEEE Trans. on Fuzzy Systems, 1999, 7: 475-477.
Dickerson J. A. & Kosko B., Fuzzy function approximation with ellipsoidal
rules, IEEE Trans. on Systems, Man and Cybernet.~Part B, 1996, 26(4):
542-560.

Filev D.P. & Yager R.R.,A generalized defuzzification method via bad distri-
butions, Internat.J.of Intelligent Systems,1991,6:687-697.

Friedman J. & Stuetzle W., Projection pursuit regression, J. Amer. Statist.
Assoc., 1981, 76: 817-823.

Ghosh S. & Razouqi Q.,et al,A survey of recent advances in fuzzy logic in
telecommunication networks and new challenges,/IEEE Trans. on Fuzzy Sys-
tems, 1998, 6: 443-447.

Ho D. W. C. Zhang P. -A. & Xu J., Fuzzy wavelet networks for function
learning, IEEE Trans. on Fuzzy Systems, 2001, 9: 200-211.

Horikawa S., Furuhashi T. & Uchikawa Y., On fuzzy modeling using fuzzy
neural networks with the back-propagation algorithm, IEEE Trans. on Neural
Networks, 1992, 3: 801-806.

Huber P., Projection pursuit (with discussion), Ann. Statist., 1985, 13: 435~
475.

Hunt K. J. & Haas R., Extending the functional equivalence of radial ba-
sis function networks and fuzzy inference systems, IEEE Trans. on Neural
Networks, 1996, 7(3): 776-781.

Izquierdo J. M. C., Dimitriadis Y. A. & Séanchez E. G., et al, Learning from
noisy information in FasArt and FasBack neuro-fuzzy systems, Neural Net-
works, 2001, 14: 407-425.

Jang J. S. R., ANFIS: Adaptive-network-based fuzzy inference system, IEFE
Trans. on Systems, Man and Cybernet., 1993, 23: 665-684.

Jang J. 8. R., Sun C. T. & Mizutani E., Neuro-fuzzy and soft computing,
Prentice Hall, 1997.

Kikuchi H., Otake A. & Nakanishi S., Functional completeness of hierarchical
fuzzy modeling, Information Sciences, 1998, 110: 51-61.

Kosko B., Fuzzy associative memories, in: Kandel A.(Ed.) Fuzzy ezxpert sys-
tems, Addison—-Weley, Reading, MA, 1987.

Kosko B., Fuzzy systems as universal approximators, Proc. IEEE Internat.
Conf. on Puzzy Systems, 1992: 1153-1162.



[35]
[36]

37)

Liu and Li Fuzzy Neural Network Theory and Application

Kwan HK. & Cai Y., A fuzzy neural network and its application to pattern
recognition, IEEE Trans. on Fuzzy Systems, 1994, 2: 185-193.

Landajo M., Rio M. J. & Pérez R., A note on smooth approximation capabil-
ities of fuzzy systems, IEEE Trans. on Fuzzy Systems, 2001, 9: 229-236.

Lee C. C., Fuzzy logic in control systems:fuzzy logic controller,part I, IEEE
Trans. on Systems, and Man,Cybernet., 1990, 20: 419-435.

Lee C. C., Fuzzy logic in control systems:fuzzy logic controller, part 11, IEEE
Trans. on Systems, and Man, Cybernet.,1990,20: 404-418.

Li Hongxing, Output-back fuzzy logic systems and equivalence with feedback
neural networks, Chinese Science Bulletin, 2000, 45: 592-596.

Li Hongxing, Interpolation mechanism of fuzzy control, Science in China,
Series E, 1998, 41: 312-320.

Li Hongxing & Chen C. L. P., The equivalence between fuzzy logic systems
and feedforward neural networks, IEEE Trans. on Neural Networks, 2000, 11:
356-365.

Li Hongxing, Chen P. C. P & Huang H. P., Fuzzy Neural Intelligent Systems,
FL: CRC Press, 2001.

Liang Y. C., Feng D. P. & Lee H. P. et al, Successive approximation training
algorithm for feedforward neural networks, Neurocomputing, 2002, 42(1-4):
311-322.

Liu Puyin & Li Hongxing, Approximation of generalized fuzzy system to in-
tegrable function, Science in China, Series E, 2000, 43: 618-628.

Liu Puyin & Li Hongxing, Analyses for L,(u)-norm approximation capability
of generalized Mamdani fuzzy systems, Information Science, 2001, 138: 195—
210.

Liu Puyin & Li Hongxing, Hierarchical TS fuzzy systems are universal approx-
imators, Information Science, 2004, 155 (accepted for publication).

Liu Puyin & Li Hongxing, Equivalence of generalized Tagaki-Sugeno fuzzy
system and its hierarchical system, J. Beijing Normal University 2000, 36(5):
612-618.

Liu Puyin & Wu Mengda, Fuzzy theory and applications, Changsha: Press of
National University if Defence Tech., 1998.

Liu Puyin & Zhang Hanjiang, Research on fuzzy neural network theory—a
survey, Fuzzy Systems and Math., 1998, 10(1): 77-87.

Mao Z. H., Li Yeda & Zhang X. F., Approximation capability of fuzzy sys-
tems using translations and dilatations of one fixed function as membership
functions, IEEE Trans. on Fuzzy Systems, 1997, 5(3): 193-197.

Mao Z. H., Zhang X. F. & Li Yeda, Research on fuzzy systems as function
universal approximators, Science in China, Series E, 1997, 27(4): 362-371.
Mendel J. M., Uncertainty, fuzzy logic,and signal processing. Signal Process-
ing, 2000, 80: 913-933.

Mendel J. M. & Liang Q., Comment on ‘Combinatorial rule explosion elimi-
nated by a fuzzy rule configuration’, IEEE Trans. on Fuzzy Systems, 1999,7:

369-371.
Mitaim S. & Kosko B., Adaptive joint fuzzy sets for function approximation,
Proc. IEEE Internat. Conf. on Neural Networks, 1997: 537-542.



Chapter VI Approximation Analysis of Fuzzy Systems 293

(42]
[43]
[44]

[45]

[46]

[47]

[52]

[53]

[54]

Mobhler R. R., Nonlinear systems, Vol.1, Dynamics and control, Prentice Hall,
Englewood Cliffs, NJ, 1991.

Nauck D. & Kruse R., A neuro-fuzzy method to learn fuzzy classification rules
from data, Fuzzy Sets and Systems, 1997, 89: 277-288.

Nishina T. & Hagiwara M., Fuzzy inference neural network, Neurocomputing,
1997, 14: 223-239.

Narnberger A., Radetzky A. & Kruse R., Using recurrent neuro-fuzzy tech-
niques for the identification and simulation of dynamic systems, Neurocom-
puting, 2001, 36(1-4): 123-147.

Park J. -H., Seo S. -J. & Park G. -T., Robust adaptive fuzzy controller for
nonlinear system using estimation of bounds for approximation errors, Fuzzy
Sets and Systems, 2003, 133: 19-36.

Pytelkova R. & Husek P., Stability Analysis of Discrete-Time Takagi-Sugeno
fuzzy systems, proc. of Internat. Conf. on Computational Science—ICCS,
2002, 1: 604-612.

Quek C. & Tung W. L., A novel approach to the derivation of fuzzy mem-
bership functions using the Falcon-MART architecture, Pattern Recog. Lett.,
2001, 22: 941-958.

Raju G. V. S., Zhou J. & Kisner R. A., Hierarchical fuzzy control, Internat.
J. of Control, 1991, 54: 1201-1216.

Raju G. V. S. & Zhou J., Adaptive hierarchical fuzzy controller, IEEE Trans.
on Systems, Man and Cybernet., 1993, 23: 973-980.

Rattasiri W. & Halgamuge S. K., Computationally advantageous and stable
hierarchical fuzzy systems for active suspension, IEEE Trans. on Industrial
FElectronics, 2003, 50(1): 48-61.

Rovatti R., Fuzzy piecewise multilinear and piecewise linear system as univer-
sal approximators in Sobolev norms, IEEE Trans. on Fuzzy Systems, 1998, 6:
235-249.

Rudin W., Real and complex analysis(third edition), McGraw-Hill Book Com-
pany, 1987.

Runkler T. A. & Bezdek J. C., Function approximation with polynomial mem-
bership functions and alternating cluster estimation, Fuzzy Sets and Systems,
1999, 101: 207-218.

Salmeri M., Mencattini A. & Rovatti R., Function approximation using non-
normalized SISO fuzzy systems,Internat. J. Approxz. Reasoning, 2001, 26:
211-231.

Stinchcombe M. B., Neural network approximation of continuous functionals
and continuous functions on compactifications, Neural Networks, 1999, 12:
467-477.

Takagi T. & Sugeno M.,Fuzzy identification of system and its applications to
modeling and control, IEEE Trans. on Systems, Man, Cybernet., 1985, 15:
116-132.

Tanaka K. & Taniguchi T., Generalized Takagi-Sugeno fuzzy systems: rule re-
duction and robust control Proc. of The Ninth IEEE International Conference
on Fuzzy systems, FUZZ IEEE 2000, 2000, 2: 688-693.



[62]

Liu and Li Fuzzy Neural Network Theory and Application

Taniguchi T. & Tanaka K., Nonlinear rule reduction and robust control,
Proc. of Joint 9th IFSA World Congress and 20th NAFIPS Internat. Conf.
(IFSA/NAFIPS 2001), 2001, 4: 2050-2055.

Taniguchi T. & Tanaka K., Rule reduction and robust control of general-
ized Takagi-Sugeno fuzzy systems, Journal of Advanced Computational Intel-
ligence, 2000, 4(5): 373-379.

Wan Feng & Wang L. X., Design of economical fuzzy systems using least
fuzzyl rules, Proc. of 9th IEEE Internat. Conf. on Fuzzy Systems (FUZZ-
IEEE 2000), 2000, 2: 1052-1055.

Wang Guojun, Implication 3-I algorithm for fuzzy inference, Since in China,
Series E, 1999, 29: 43-53.

Wang L. X., Universal approximation by hierarchical fuzzy systems, Fuzzy
Sets and Systems, 1998, 93: 223-230.

Wang L. X., Analysis and design of hierarchical fuzzy systems, IEEE Trans.
on Fuzzy Systems, 1999, 7. 617-624.

Wang L. X., Adaptive fuzzy systems and control: design stability analysis, PTR
Prentice-Hall, Englewood Cliffs, NJ, 1994.

Wang L. X.& Mendel J. M., Fuzzy basis functions, universal approximation,
and orthogonal least-squares learning, IEEE Trans. on Neural Networks, 1992,
3: 807-814.

Wang L. X. & Wan Feng, Structured neural networks for constrained model
predictive control, Automatica, 2001, 37(8): 1235-1243.

Wang W. -Y., Lee T. -T. & Liu C. -L., et al, Function approximation us-
ing fuzzy neural networks with robust learning algorithm, IEEE Trans. on
Systems, Man and Cybernet. —Part B, 1997, 27: 740-747.

Wong C. -C. & Chen C. -C.; A GA-based method for constructing fuzzy
systems directly from numerical data, IEEE Trans. on Systems, Man and
Cybernet.— Part B, 2000, 30: 904-911.

Wu S. & Er M. J., Dynamic fuzzy neural networks— a novel approach to
function approximation, IEEE Trans. on Systems, Man and Cybernet.—Patr
B, 2000, 30: 358-364.

Yang Dali & Liu Zemin, Analysis for wrong adjustment of BP algorithm in
multi-layer feedforward neural networks and its improvement, Acta Electron.
Sinca, 1995, 23(1): 117-120.

Ying H., Sufficient conditions on general fuzzy systems as function approxi-
mators, Automatica, 1994, 30: 521-525.

Ying H., General SISO Takagi-Sugeno fuzzy systems with linear rule conse-
quent are universal approximators, IEEE Trans. on Fuzzy Systems, 1998, 6:
582-587.

Ying H., Sufficient conditions on uniform approximation of multivariate func-
tions by general Takagi—Sugeno fuzzy systems with linear rule consequent,
IEEE Trans. on Systems, Man, and Cybernet., 1998, 28: 515-520.

Ying H., General Takagi-Sugeno fuzzy systems with simplified linear rule con-
sequent are universal controllers,models and filters, Journal of Information
Sciences, 1998, 108: 91-107.

Ying H., & Chen G. R., Necessary conditions for some typical fuzzy systems
as universal approximators, Automatica, 1997, 33: 1333-1338.



Chapter VI  Approximation Analysis of Fuzzy Systems 295

[77] Zeng X. J. & Singh M. G., Approximation theory of fuzzy systems—MIMO
case, IEEE Trans. on Fuzzy Systems, 1995, 3: 219-235.

[78] Zeng X. J. & Singh M. G., Approximation accuracy analysis of fuzzy systems
as function approximators, IEEE Trans. on Fuzzy Systems, 1996, 4: 44-63.

[79] Zhang Y. Q. & Kandel A.; Compensatory neurofuzzy systems with fast learn-
ing algorithms, IEEE Trans. on Neural Networks, 1998, 9: 83-105.



CHAPTER VII
Stochastic Fuzzy Systems and Approximations

Learning by human knowledge and experience is an essential activity in
fuzzy systems for achieving all kinds of information, including natural linguis-
tic information. As in the case of neural networks (see [8, 48]), the learning
capability of a fuzzy system is closely related to its approximating ability. The
capability of fuzzy systems in approximating arbitrary non-random 1/0 map-
pings has recently been demonstrated in the works of Wang [59], Wang and
Chen [60], Ding et al [12], Ying and Ding [61-63], Liu and Li [38, 40] and so on
for T-S fuzzy systems, the works of Liu and Li [37], Zeng and Singh [64, 65],
Abe and Lan [1], etc for Mamdani fuzzy systems.

Since in many practical cases the I/O mappings related are undoubtedly
stochastic, the approximate realization of stochastic processes by some known
systems, such as artificial neural networks [6], begins to attract many scholars’
attention [4, 20, 56]. Of course such neural networks have so far been restricted
to a small class which are called the approximation identity networks [10, 11,
55].

As a kind of intelligent systems, fuzzy systems should possess approximat-
ing capability to stochastic systems since human speech, human inference and
expert knowledge etc. all can be inherently stochastic [7, 42]. So it is natural
and important to study in depth the approximate realization of stochastic pro-
cesses by fuzzy systems. However few achievements have so far been achieved
in such a field [35, 39]. This chapter is devoted to the approximating capabil-
ities of Mamdani fuzzy systems and T-S fuzzy systems to a class of stochas-
tic processes. To this end, the two classes of fuzzy systems are extended to
stochastic ones. In mean square sense the stochastic fuzzy systems based on
the fuzzy operator composition ‘v — x’ can approximate a class of stochastic
processes including stationary processes and weakly stationary processes to ar-
bitrary degree of accuracy. Furthermore some efficient learning algorithms for
the stochastic fuzzy systems is developed.

§7.1 Stochastic process and stochastic integral

As a preliminary for studying stochastic fuzzy system and its approximation
to stochastic processes we in the section recall stochastic process and stochastic
integral. Let (2,4, P) be a probability space, and v : € — R be a random
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variable with the following conditions: E(u) = 0, E(u?) < +co. All this type
of random variables constitute a Hilbert space, which is denoted by L*(Q),
where (-,-) in inner product, and the corresponding norm is | - ||, E(u) is the
expectation of u :

Vu, v € LA(Q), (u, v)= E(u-v), [lull = {E(u?)}?.

Let {un, n € N} € L?(Q) be a sequence of random variables, u € L?(f). If

111}_1 E(|u, —u|?) =0, we call {u,, n € N} converges to u with mean square
nN—T00

sense, which is denoted by u, =% u (n — +00).

Suppose the stochastic process x = {z(t), t € R} satisfies the following
condition: for any t € Ry, z(t) € L%(Q). For s,t € R, denote B,(s,t) =
E(z(t) - z(s)), we call B,(-,-) the covariance function of z. Set

c(9) = {o = {a(),t € Ry} |3u(- ) : RE — R, 9(t,") € LA(Ry, B, F),
+oo

Bo(s,t)= [ (s 000(,0)F(d0) ,

0

where B is Borel algebra on R, and F' is a finite measure on B. If z € C(Q2), and
B, (t, t -+ 6t) is a function of ét, independent of ¢, we call z a weak stationary
process.

7.1.1 Stochastic measure and stochastic integral

In order obtain the canonical representation of each process in C(Q), we at
first recall stochastic measure and its integral in a unifying framework. Let 7 :
B — L?(9) satisfy the following condition: VCj, Cy € B, E(n(C1)n(Cy)) =
F(C1NC%). Then 7 is called a stochastic measure based on F. n: B — L%(Q)
is a stochastic measure if and only if the following conditions hold [15, 19]:

(i) VA, 41, A3 € B, A1nN4; = ), = <77(A1), T](A2)>= 0, moreover
()= F(A);

+o0
(ii) {Bo, Bl,BQ,...} C B : 'L_Jl B1 = Bo, Bz ﬂBj = @ (Z # _7),=:>

; n(Bs) ™3 n(Bo) (g — +00);

Suppose f € L%(R,, B, F). In the following we present the integral of f
with respect to 7(). Firstly assume f is a simple function:

fl@)=> aixp,(x) (B;€B,a; €R, i=1,..,n).
i=1

Define I(f) = 3 a:;n(B;). we can conclude the following facts [15]:
i=1
(i) I(f) is independent of the expressing form of the simple function f;
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(ii) If f, g are simple functions, a, b € R, then I(af + bg) = al(f) + bI(g);

(1ii) Provided f, g are simple functions, we have, || I(f)|| = H f ” La(, ) TmOTeE
over (I1(f), I(g))= fR+ z)g(x)F(dz).

For any f € L3(Ry, B, F), there exist a sequence of simple functions
{faln e N}: ||F - fnl[L2(R+)—» 0 (n — +00). Define I(f) = lim I(fn) I(f)
is the stochastic integral of f with respect to n: I{f) = fR 9)77 (d6).

By Karhunen Theorem [15, 22], Vz € C(Q), there is a stochastlc measure 7
on (R4, B, F) satisfying

vVt € Ry, z(t) = Y(t, 0)n(dé), (7.1)

Ry

moreover, E({n(I)[2) = F(I) (I & B). Suppose v = {(6), 6 € R, } is a stochas-
tic process with orthogonal increments, that is, V8, 02, 03, 84 € R, it yields
that

01 < 02 < 03 < 0s,= E((7(82) — v(61))(7(84) — 7(64)))=0. (7.2)

Stochastic measure 17 may be generated by an orthogonal increment process as
v={v(0), @ € Ry }. In fact, if I = [61, 02) € B, let n(I) = v(62) —y(61). Thus,
(7.1) may be expressed as

Vi€ Ry, 2(t) = [ 4(,0)d(0) (7.3)

Define a real function f : Ry — Ry as following: f(6) 2 E(|7(8)—~(0)|?) for
each 6 € R;. By (7.2) easily we can show, f(-) is increasing and left continuous.
For any semi-closed interval I = [0y, 63), define F(I) = f(62) — f(61). By the
measure extension theorem [15], we can establish a measure on B determined
by F, which is also denoted by F.

Using the finite measure F on B we can construct an isometric mapping of
L*(Ry, B, F) to L? (Q) In fact for any g(-) € L?*(Ry, B, F), by the stochastic
integral J(g) = fR , we may define a random variable J(g) € L?(Q2).

Given g1, g2 € L? (R+, B F ) it follows by [15, 22] that

5([[ a@n0][[ a0n0)])= [ a@eore. @

For fi, fa € L?*(Ry, B, F), put ux = J(fx) (k = 1,2). In (7.4) letting g1 =
g2 = f1 — f2 we get

1= o2, ey = /R 71(6)-12(0)[ P (a0) = B( | / (1(6)~£2(0))av(®)] )

= E([J(f1) = J(f2)]*) = E([ur — ua]®) = [Jur — ua)?.
(7.5)
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Therefore J : L2(R., B, F) — L?() is an isometric mapping.
Also by [15, 22], for any z € C(£2), (7.1) (7.3) can be extended to the vector
case, and consequently, the covariance function of z is

Ba(s,t) :/R <\IIT(5,9), u(t, 0)>F(d0),

where (-, ) also denotes the inner product of the vector valued function ¥T =
(1, a, ... ), where UT means the transpose of . Thus, a canonical represen-
tation of z € C(f2) is as follows:

vt € Ry, x(t) :/ (U (¢,6),7(d9)), (7.6)
Ry

where T(-) = (m1(), m2(-), ... )T is a vector valued measure, satisfying

VI € B, BE(Im(D)*) = E(no()*) = - - = F(I), E(n(I)n;(I)) =0 (i # ).

L= (v,7%,.-)T, and v; = {7:(0), 8 € Ry} (: = 1,2,...) is a process with
orthogonal increments, moreover

VI = [01, 02) (S B,’I]Z(I) = ’Yi(02) — fyi(Gl) (’L =1,2, )

Hence (7.6) can be expressed as

VEeRy, z(t) = | (¥7(6),dI(9)), (7.7)

where WT(t, 6) = (¢1(£,0), ¢2(£,6),...), dT(0) = (dm1(6), dya(6),...)". We
call (7.7) a canonical representation of the stochastic process z = {z(t), t €
Ry} In (7.7) %(-) (¢ = 1,2,...) is an orthogonal increment process with the
following conditions:

E(ldn(0)?) = E(ldy2(0)]*) = -+ = F(d§), E(dvi()dv;(6)) =0 (i # j()7- )

7.1.2 Canonical representation of Brownian motion

For applying convenience in the following we transform the vector valued
stochastic process I' = {I'(¢), t € R4} in (7.7) into Brownian motion. To this
end we introduce the definition of the standard Brownian motion. b = {b(¢), t €
R, } is called a standard Brownian motion, if

(i) V61 < B9, the increment b(63) — b(6) is a real random variable whose
distribution is standard normal;

(ll) V91, 92, 93, 04 : 0 < 02 <03 <8y = b(62) - b(91) and b(94) — b(93)
are independent;
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(iii) E(|b(02) — b(61)]) = |02 — 6,|. Consequently E(|db(8)|?) = dé.
Let BT () = (b1 (6), b2(6), ), where by, bs, ..., are standard Brownian mo-

tions that are independent, satisfying: E(|b;(6)|*) = dé 2 M(d6). Let M(:)
is Lebesgue-Stieltjes measure on B. Then for I = [0y, 6,) € B, M(I) =
E(|b;(62) — bi(61)|?). Suppose C(-) is a nonnegative function with the following

condition: v;(62) —vi(61) = fe (6)db; (). Then by (7.8) and the fact that b;
is an orthogonal increment process, it follows that

02
B((02) —5(8))= [ C(0)M(dh) = F(a8) = C(6)d0 = C(6)*M(d6).

01
(7.9)
If there is a density function f(-) of F, then f(§) = C(6)2. Let ®T(¢,0) =
C(0)¥T(t,0), then

Vt, s € Ry, By(t,s)= / <c1>T(t, 9), ¢(s,e)>M(de).
Ry
Thus, the canonical representation of (7.7) x can be written as

vt e R, a:(t)z/R <<I>T(t,49), dB(9)>, (7.10)

where dB(6) = (dby (8), dbs(6), ...) ", and

@T(t, 0) = C(OTT(t, ) = (C(8)$1(9), C(0)$2(6), - ).

Let (R4, B, G) be a finite measure space, that is, G(R;) < +00. So in the
following we may assume G(dt) = exp{—10¢)d¢. Considering

L} Ry, B, G) = {f R, — ]R’/ H?G(dt) < —|—oo}
we can rewrite the finite product measure space L2 (Ri, BxB,GxF ) as

PR}, BxB, GxF)2{f: B — R\/ £, 9)[" F(8)G(d) < +oo}.
R

1
For f € LA(R3, Bx B, Gx F), let |||, o= { Juz /6, 9)["F(a8)G(@t) }.
By Theorem 6.3, Theorem 6.4 and Corollary 6.4, to the generalized Mam-
dani fuzzy systems and generalized T-S fuzzy systems as (6.11) (6.17), respec-
tively letting @ = 1, d = 2, easily we have the following conclusion.

Theorem 7.1 Suppose g € LZ(R?H B x B, G x F). For any € > 0, choose

a> 0 so that
g2

/ l9(t,0)*F(de)G(dt) < =
t>a,0>a 8
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Then there is a sufficiently small h > 0, if let

Du(g) = \/ {Ig(t,o+h)—g(t,9)| y |g(t+h,9)_g(t,9)|}_

h h
t,0,t+h,0+he[0,m]

there exists a fuzzy system defined as following:

Z_ lem (t’ 0) ) g(%%’ %)
Ma7m(t,0) — p1,p2=0 ’

m
> Hpp(t,0)
p1,p2=0

so that provided m > 4Dy (g)aco - 1/ (G x F)([0,a]?) /¢, it follows that,

{/Rz Ig(t,O) N M“*m(t’9)~2F(d9)G(dt)}%< E.

+

87.2 Stochastic fuzzy systems

Fuzzy systems can deal with linguistic and numerical information, simulta-
neously [3, 26, 32]. So it is undoubtedly very important to study their approx-
imation in stochastic environment, that is, the approximation capabilities of
fuzzy systems to stochastic processes. To this end in this section we introduce
stochastic fuzzy systems, and study stochastic integral of a fuzzy system.

Since one of the variable sets related to a stochastic process related is time
parameters, we can discuss our subjects in R x ). Choose the antecedent fuzzy

set family {;1” |2 =1,2;7=0,1,...,m}C (NDO(a, m) on R, which satisfies the
~ mo o~
following condition: ¢ & [0, a], A:(t) =0; Vt€[0,a], i =1,2, > A;(t) =1.
§=0

Suppose the continuous t—norm T is ‘X’, which is also written as ‘-’. Then
N(ty, tg) = {(P1,p2)|A1p1(t1) - Aap,(t2) > 0}, N(t) = {p| A1p(t) > 0}.
7.2.1 Stochastic T-S fuzzy system

Using the antecedent fuzzy set Zij (1=1,2; §=0,1,...,m) we can obtain
the T—S fuzzy inference rule with two input variables:
TRmm IF ¢t is lel and &5 is Z2p2 THEN wu is bo;p1p2 + bl;p1p2t1 + bg;p”ntg,

where bop,p,, D1ipipss b2ipipe (P1, P2 = 0,1,...,m) are adjustable real parame-
ters. Corresponding to above T-S inference rule, and letting a = 1 in (6.17)
we express the 1/0 relationship of T-S fuzzy system as follows [17, 23, 65]:

m
Z—o (lepz (th t2) ’ (bO;plpz + bl;mmtl + b2;p1p2t2))
Sa,m(tl, t2) — P1,p2=

- , (7.11)
Z HP1P2 (tla t2)

p1,p2=0
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where 1, t; € R+, and let 0/0 = 0. And Hp1p2 (tl,tz) :741;01 (tl) . ZQPZ (tg).
Since > Zij(t) =1(i=1,2), we get
p=0

S Hpp(ti, o) = 3 [Aup(t1)] [Azpa(t2)]
P1,p2=0 p1,p2=0

B <p1§::0 lel(tl)) (péo Zm(m) =1

So (7.11) can be rewritten as

m
Sa,m(tlytZ) = Z Hpmz (t17t2)(b0;p1p2 + bl;mpztl + b2;p1:02t2)
Pp1,p2=0

= Z Alpl(tl) ’ A2p2 (tZ)(bO;mpz + bl;mpztl + b2;p1p2t2)

p1,p2=0
(7.12)
for #;,t2 € R, . Similarly we can express an one dimensional TS fuzzy system
as follows:

m m

t) =3 Tp(t)(bop + bript) Z t)(bosp + bipt) (t €RL).  (7.13)
p=0 p=0

If the adjustable parameters in (7.11) (7.12) are random variables, the corre-
sponding systems are called stochastic T—S fuzzy systems.

Next let us represent approximately the stochastic integral of Sg ,,(-,-) as
the sum of one dimensional stochastic T-S fuzzy systems.

Theorem 7.2 For any a > 0 and m € N, let the T-S fuzzy system
Sam (-, -) be defined as (7.12), and v = {v(0), 6 € Ry} be a stochastic pro-
cess with orthogonal increments. Then for arbitrary t € Ry, the stochas-
tic integral fm Sa,m(t, 0)dv(0) exists, moreover for any € > 0, there exist
01,....,0¢: 0="0p <01 <--- < by, independently of t satisfying: Vt € R, the
following fact holds:

1

]/Msamtady J};Sa,mte A%D <e,

where Ay =2(8) = 1(051) (j = 1,.,q).
Proof. By (7.12), 0 > a = S, 1, (t, 0) =0, and when t < a, we get

Sa m t 9 ZAlm(t)< Z (bO,plpz +b1; iP1P2 )A2P2(9) + Z A2P2( )b2;p1pz‘9)‘

p1=0 2=0 p2=0
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Since lel (), ;121,2 (1) are Riemann integrable on [0, a], we imply, stochastic
integral [ Sg m(t, 8)d(0) exists. So fR+ Sa,m(t, 0)dy(0) also exists. Moreover

Sa,m(tyg)d’)’(g) = Z_)O Zlm@)( Z (bO,pl,pz + b1;pipat / A2p2 d’y(G)

p2=0

+ 3 b [ 0 Fan0)000))

p2=0

Ry

(7.14)

For the stochastic integrals foa ;121,2 (8)d~v(0) and foa 0- :121,2 (8)dv(9), there are
01,....,8, € Ry, independently of ¢ so that 0 =6y < 6, < --- < 6,, and we have

2\ 7 2772 -¢
< pos ; ; s
Z (bO;p1p2+a bl p1p2)

p1,p2=0

1
2\ 2 2772 ¢
<
2
Z b2;p1pz

p1,p2=0

(/Am D(0) = 35 a6,

EQ /9 Aopy (0)dy(0) - ée Aopa(0,) 0%,

(7.15)
Easily we can show, V& > a, Sg m(t, 8) = 0, and for ¢t < a, the following fact
holds:

q
/R Saim(t,O1(0) = 3= Sum(t,0,)%
)

Jj=1

~ qd ~
= Z Alm (t)( E (b07P1P2+b1,P1P2 / A2P2 d7 2 A A’Y]]

p1= p2=0

m ~ q ~
+ 2 b2;p1ps [/ 0 Aap, (0)dv(9) — > b, A2;pz(9j)A')’j}>-
p2=0 0 =1
(7.16)

Forany t € [0, a], 3 [Aip, ()2 < 3 A1p(t) =1, by (7.14)=(7.16) it follows

p1=0 p1=0
that

{E(\ [ St 00000 8 St 098 }

S {E< ig‘ in: (bo;mm +b13p1p2t){AGZ2P2(6)d7(6) - i Z2p2(9j)A7j}

p1=0p2=0 j=1
1
2) } 2

+ i b2;p1p2{/0a9' ZQm(G)d’Y (6) - éﬁ A2p2( )A’Yj}

p2=0
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sﬂ{ iE(

p1=0

i": (bO;mpz +n iP1p2 t) {/Oa;bpz (9)d7(9) —121:12172 (HJ)A%‘ } 42>

p2=0
1
2

S bapipe { /O "o, Az, (6)dy(6) — Jill 03+ Aopa(63)2%; } ’2) }

p2=0

+ 3 5

p1=0

2 ki 2
<27z =3 { Z i(bo p1p2+b27171p2 /A2P2 d’Y ZAQM(Q A’Y])[ )
P1,p2=

2)]}%

@~ q ~
+b§;p1p2 ’ E(I/O g- A2pz(‘9)d'7(9) - Zl 9]“ A2p2(9jA'Yj)
j:

m+-2 & 3
<22 -(5@4-2,”?):6.

The theorem is therefore proved. [
7.2.2 Stochastic Mamdani fuzzy system

Using fuzzy set ;hj (i=1,2; =0,1,...,m) we can design Mamdani infer-
ence rule. Taking two special cases, we can establish the related rules with one
input variable, whose p—th fuzzy rule for p =0, 1,..., m) as follows:

Ry, : IF t is Aip THEN v is Vo),

where O(-) is a real function, and the consequent fuzzy set is a fuzzy number

[70@)6 F(R) : Ker(Vo y) = {O(p)}; and with two input variables, whose
p1pz—inference rule for py, po =0, 1,...,m as

Ryypy : IF t1 is Arp, and to is Azp, THEN w is Up(py pa);

where r is a real function r : R? — R, and ﬁr(pl,pz)e F(R) is a fuzzy number

whose kernel is Ker([l}r(phm) )= {r(p1, p2)}. By (6.11), we use the centroid
defuzzification to get the corresponding I/0 relationship:

~

Z Ypips * (Ao Rpipz) Wpips)
My (t1, ta) = P1,p2=0 . (7.17)

m

S (A0 Rpips)@pypa)

p1,p2=0

where 7, ., = r(p1,p2) is a maximum value point of [77‘(1?1,172) in R, that is,

Ur(phpz)(ymm) = 1. Therefore, (A OWplm)(r(pl, p2)) = Hp, p,(t1, t2). Using
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(6.11) we can get from (7.17) a Mamdani fuzzy system with two input variables:

> (Hpipaltrta) -r(pr,p2))
My(t, o) = 222220 (tit €RY),  (7.18)
E Hp1pz(t17t2)
p1,p2=0

where let 0/0 = 0. Similarly with (7.12), the Mamdani fuzzy system can ex-
pressed as

Mam tl, tz Z p1P2 tl,tg (pl,pg), tl,tg [S R+. (719)

p1,p2=0

With the same reason we can establish one dimensional Mamdani fuzzy system:

m

Mam(t) = Hy(t)-O(p), t€Ry. (7.20)
p=0

Ifin (7.19) (7.20), r(-, -) and O(-) are random functions, i.e. for each p, p1, p2 €
{0,1,...,m}, the adjustable parameters O(p), r(p1,p2) are random variables,
then the corresponding I/O relationships are called stochastic Mamdain fuzzy
systems.

Similarly with Theorem 7.2, the stochastic integral of M, (-, -) can be
also represented as the sum of some one dimensional stochastic Mamdani fuzzy
systems.

Theorem 7.3 For any a > 0, and m € N, let Mamdani fuzzy system
Mom(, -) is defined as (7.19). Suppose v = {v(6), 8§ € R} is a stochastic
process with orthogonal increments, Then it follows that

(i) For any t € R, the stochastic integral fR a,m(t, 0)dy(8) exists;

(it) Ve > 0, there exist 01, ..., 0, mdependently oft,and0 =09 < 6, < --- <
04, satisfying

q PN
VteR,, E ‘/ Mo (,6)d7(6) — > Mum(t,6;) A731)2<s,
Ry =

where Avy; = v(0;) —v(6,-1) (F =1,...,9).
Proof. By (7.19) it follows that 6 > a, == M, (¢, ) =0, and when ¢t < q,
we have

Ma,m(tv 0) = Z lepz (ta 0) ) 7"(17171)2)

P1,p2=0

= 3 Gin®( 3 Aopl®) ror, p).

p1=0 p2=0

(7.21)
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Since Zzp (¢ = 1,2) is Riemann integrable we imply, the stochastic integral
Iy Maml(t, 6) dfy(B) exist, hence [p Mam(t, 0)dy(6) also exists. So we can

obtain (i}. Moreover

/ Mo (t,0)05(6) = 3 o t)(Z r(p1,p2) - /0 " don(0a(®)). (722)

p1=0 =0

By the definition of stochastic integral [15, 30], there exist 61, ...,6, e Ry : 0=
fp < 01 < --- < b, independently of t. For any ps € {0,1,...,m}, it follows
that

E(| [ Ay, (0)av(0) i ;)| %< E'm (m+ D7 (723)
(J/O 2 =t I) Y. (r(p1,p2))?

p1,p2=0

Obviously Vt > a, M, ,,(¢,0) =0; when ¢t < a, we have

/R My m(t, )dy(8) — ; My m(t, 6;)A7;

= io A1 (2) (ﬁzor(pl,pz) : [ /O " Aopa(0)d(6) — é sz(oj)Afij.
) 2 (7.24)
Since f_jo[lel(t)p < i‘_o Aipy(t) =1 (t € [0, a]), by (7.21)~(7.24) we get

{E('/R Mam(t0)010) = 3 Manl 0j>mjf2)}§

= {E(Eo

[SIC

m

35 o, 2 [ A (0010 55 (02

pa=0

)}

1

a4 ~ 27 ] 2
/Az,, )dy(8 gA A%H}

m m m 2 %
< { > (Z (r(p1,p2))* - 22 51 }
P1=0 \pp=0 p2=0 (m 4 1) - Zzo(r(pl,m))2

N R

\/ 0 r(p1,p2))
P1,p2= \/(m—f—l) Z (r(p1,p2))?

:E,

p1,p2=0
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The theorem is therefore proved. U

In the section we introduce stochastic fuzzy systems, and establish the
approximate representation of the stochastic integrals of a two dimensional
stochastic T-S fuzzy system and a stochastic Mamdani fuzzy system. These
results will play key roles in the research of the stochastic fuzzy systems related
approximating a class of stochastic processes with the mean square sense.

§7.3 Universal approximation of stochastic process
by T-S fuzzy system

To apply fuzzy systems widely a necessary and important topic is to study
the approximate representations of stochastic processes by fuzzy systems. In
the section we focus on the approximating capability of T-S fuzzy systems in
stochastic environment under a mean square sense.

7.3.1 Uniform approximation

Suppose x = {z(t),t € Ry} is a stochastic process, and (R, B, F) is a
finite measure space. If Ve > 0, there exists a family T-S fuzzy systems Sg m(+)
defined as (7.13) so that

{/R E(|z(t) - Sa,m(t)|2)G(dt)}%< e

Then we call T-S fuzzy systems are universal approximators with mean square
sense to the process x. If the trajectory of z is uniformly continuous almost
everywhere (a.e.) on Ry, we may employ the property of the process x itself
to study the approximation of T-S fuzzy systems to z.

Theorem 7.4 For any a > 0, suppose © = {x(t), ¢t € [0, a]} is a stochastic
process whose sample trajectory is uniformly continuous a.e. on [0, a]. Define
a finite sum as

Z [Alp (t)]a(bo;p + bl;pt)
Fam(t) = (7.25)
Z [Al:o (t)]a

p=0
where 0 < a < +o00. Then there egist by,p, b1, € L2(Q) (p = 0,1, ...,,m), so
that Fym(t) =3 2(t) (n — 400) holds uniformly fort € [0, a].

Proof. For given a > 0, and for any & > 0, using the assumption that
the sample trajectory of « is uniformly continuous a.e. on [0, a], (7.25) and
Lemma 6.2, we can find a sufficient large m € N, satisfying Vt € {0, a], p €
N(t), |z(t) — z(ap/m)|< €, a.e.. Define the random variables bo.p, b1,y (p =
0,1, ...,m) respectively as follows:

a
bop(w) = x(ﬁp, w), bp(w) = 0.
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Obviously b ,, b1, € L2(Q) (p = 0,1, ...,n). Moreover, V¢t € [0, a], the follow-
ing facts hold:

E(|a(t) — Fam(®)|?)

= {Jot0) = 3 liny 01t + buat) /(35 (o 7))
= | £ iy (01 @0 = by = biat) /(5 (i )
= 5| £ (aop 017 ot~ 222)) /(£ Gl 1)}
< &f 3 Uiy (0170~ 2(32)] / (35 (Asp (0)°) }
=5{| % (hsorlo =i/ (,,%(t)[f‘“’ o) |
<B{| % Guore/( 3 or) =<

Therefore liril E(|Fym(t) — z(t)|?) = 0 holds uniformly for ¢ € [0, a]. The

theorem is proved. [

In (7.25) iflet @ =1, then by ) le (t) =1, weget, Fum(t) = Sam(t) (t €
p=0
[0, a]). Thus, (7.25) is an one dimensional TS fuzzy system. So the following
conclusion is obvious.

Corollary 7.1 Suppose © = {z(t),t € Ry} is a stochastic process with
sample trajectory being uniformly continuous on Ry a.e., and when t & [0, o],
the random variable x(t) is zero a.e.. Then T-S fuzzy systems are universal
approzimators to x, that is, for any € > 0, there is a T-5 fuzzy system Sy,

so that (fy, E(|z(t) - Sa,m(t)|2)G(dt))%< €.
Proof. Given arbitrarily € > 0, since 0 < G(Ry) <1, let &' =/(2G(R,)

)-
By Theorem 7.2 it follows that there is m € N satisfying, E(|Sa,m(t) —z(t) |2) <
¢’ for all t € |0, a]. So using the fact: V¢ & [0, a], z(t) =0 a.e., we get

li

/ B(|Sum(®) - 2(0)]?) G(dt) / " B(|Sum(®) — 2(0)]*)G(dt)
R 0

IN

/ gG(dt) =G(Ry) €' < % <e,
Ry

The corollary is therefore proved. [
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7.3.2 Approximation with mean square sense

If the sample trajectory of the stochastic process z = {z(¢), t € R, } is not
uniformly continuous on Ry, we may analyze the universal approximation of
stochastic T-S fuzzy systems under the mean square sense.

Theorem 7.5 Suppose xz € C(Q). Then for arbitrary € > 0, there is
an one dimensional T-S fuzzy system Sa,m(-) defined as (7.12), such that

1
{fR+ E(|=(t)— Sa,m(t)lz)G(dt)} * < &, that is, T-S fuzzy systems are universal
approzimators of each process in C(Q).

Proof. By the assumption and (7.7) we can get the spectrum representation
of the process z : vt € Ry, it follows that

+oo

A [T
z(t) = A P1(t, 0)dv1(0) + a(t, 0)dy2(0) + - - :/0 (UL(¢, 0), dT'(6)),

where WT(t, 0) = (¥1(4,0), ¥a2(t,6),...), dT'(6) = (d71(8), dy2(6),...)". More-
over, 11 = {m(9), 0 € Ry}, v2 = {72(0), 8 € Ry},... are orthogonal in-
crement process with the condition (7.8). By Theorem 7.1 it follows that
the T-S fuzzy system S, .. (-, ) is universal approximator of each function in
L*(R2, B x B, G x F). So there exist constant vectors as

T 2 T 1 2

A Osp1p2 — (bO ip1p2’ b 0;p1p2? )’ A Lipip2 ™ (bl ip1p2? bl p1p27'“)’
T 2

A 2ip1p2 T (b2 ip1p2? bz ip1p2? )7

where p1, ps = 0,1, ...,m, such that

ity

2
\IIT t, 0)- ZHPU’? (t, 8) (AO iP1P2 +A1 p1p2t+A2 iP1p2 ) HQF(dO)G(dt) < %

p1,p2=0
, (7.26)
Moreover, [, [y |97 (¢, 8)||"G(dt)F(d9) < £2/4. Denote
GT £ 6 Z lepz t 0) (AO iP1p2 + Al P1P2t + A2 iP1P2 )
p1,p2=0
Therefore we may conclude that
T T 2 e
/ / |e,0) - Gt 0| Fanean < <. (7.27)
R, JR. 4

Using Theorem 7.2 easily we can show that the stochastic integral o,,(t) 2
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[oF°(GE (,6),dT(8)) exists. By (7.4) it follows that

/ E[/ (U7 (¢, 0) — GZ.(t, 6)), dr(e)>fc:(dt)
Ry R,

(7.28)
= [, w5 0) - GE 0)IPFan)G(r) < T
R}
Thus, using the canonical representation of x and (7.28) we can show
A E(|z(t) — om(t)*)G(d?)
N (7.29)

:/R+E<'/R+<(\IJT(1:, 0) — GZ.(t, 0)), dr(9)>f)a(dt) < %2-

By Theorem 7.2, for € > 0, there exist 81, 8;,...,05 : 81 < 0y < --- < 4, which
are independent of ¢, so that

E(}/Om(c:ﬁ(t, 0), dI‘(H))——]Z:(G,Tn(t, 0,), AF]->‘2) < % (7.30)

T ,.
where ATy = (v1(0;) — v1(05-1), 2(85) — v2(05-1),..)" (G =1,..,q;60 = 0).
Let

a
Sam(t) = > (G (t,6;),AT;) (t € Ry).
j=1
It is easy to show that S,.,(-) is an one dimensional stochastic T-S fuzzy
system, which is also represented as follows:

q ™m
Sa,m(t) = Zl< Z OHP1P2( )(Agplpz + Al P1;H2t + A2 P1P2) Arj>
Jj= P1.,p2=
m . q m
= Z Alp (t){ Z Z A2P2( )(<Agpp2 + 0 A2 spp2? AFJ)
p=0 Jj=1p2=0

4t (AL, AL)) }
For p =0,1,...,n, define the random variable parameters by, b1;p as
a4 m o~
boaiﬂ = Zl ZO A2P2 (0.7) ((b(l);ppz + ejb%;ppz) (’Yl (9]) -MN (ej—l))
j=1lpe=
+(bg;ppz + 0,05, ppz)( 2(0;) — '72(9j~1))+ T )
A2p2(0j) (bippz (71(85) = 1.(0;-1))

+b%;pp2 (72(93) - 72(&7—1))“‘ T )

"

nMS

(7.31)
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mo o~
Therefore, Sqm(t) = > A1p (t)(boyp + b1pt) (t € Ry). So by (7.30) we have
=

/ E(\om(t) — 37 Au (8)(bo,p +bl,pt)|2>a(dt)
R =0 \ (7.32)

= [ Blion(®) - Sam®)Ga0) < .
Ry

Moreover, by (7.29) (7.32) and the triangle inequality for metric:
([ Beto) - sumt)cen)
Ry
= (/ E(|z(t) — om(®) + om(t) — Sa,m(t)|2G(dt)>
Ry

< </R+ E(|z(t) - am(t)|2G(dt)> %+<E(lam<t) - Sa,m(t)|2G(dt))%,

we imply, (fR+ E(lz(t) - Saym(t)|2)G(dt))%< €/2+ ¢/2 = e. The theorem is
therefore proved. [

N

N

We transform {['(#), # € R.} into a vector valued Brownian motion B =
(b1, ba,...), where b; (i = 1,2,...) is a standard Brownian motion. Then by
(7.10) (7.13) we can establish an one dimensional stochastic T—S system:

Sam(®) =" A1 () (boyp + bipt) (t € Ry),

p=0
and bg,p, by,p can be established by the following analytic learning algorithm:
bo,p = Z Z (A2p2 )((b}) opa - 03b%ppa ) (01(85) — b1(8;-1))+
j=1p2=0
(b% 3PP2 + ejb%;ppg) (b2(9]) - b2(0j_1))+ o >,
bip =3 5> Azl ) (Ve (01(65) — b1 (6;-1)

F=1p2=0
b7y (b2(0;) — b2(6;-1))+ - - )

(7.33)

2 . .

Moreover, E(‘bi(ﬁj) — bi(ﬂjﬁ1)| )= lf)j — 9j—1| (t=1,2,..55=1,...,q).
In (6.8) we choose ¢

= 2, and the error bound & = 0.2, moreover, Zlij (i=
1,2, 5=0,1,...,m

) is defined by a translation of the triangular fuzzy number
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A(-) defined as

Biv1, —Z<t<o,
a m
A=< 1-2¢ o<t< @,
a m
0, otherwise;
~ A), t>0, ~ A(t—a), t<a,
Ayoy(t) = ( Aim(t) =
0, otherwise; 0, t > a.

And let lezjhjz le(t) z:l(t —aj/m) (j=1,..,m—1).
Example 7.1 Define the stochastic process z = {z(t), t € Ry} as follows:
z(t) = ¢(t) - cos(yot) (t € Ry),

where 7y is a constant, ¢(-) is a weak stationary process with zero mean, whose
covariance function is given by

By,(t,s) = B, (1) =exp{-2|7|}, =t —s.

In practice, x = {z(t), t € R;} may represent the well-known stochastic tele-
graph signal. By [15] we can get the relationship between the covariance func-
tion By, (-, ) of ¢ and its spectral density function f(-) :

+oo +o0
f(0) = %/ exp(—I107)By,(7)d7r, By(T) = %/ exp(I07)f(6)d8,
- o (7.34)
where I? = —1. By (7.34) it follows that
4 1 4 1
JO) = o = F(0) = f(0)0 = = o,

Since B, (t,s) = E{(p(t) - ©(s)) - cos(yot) - cos(ps), we get

1 [t 1 4
B,(t,s)= 5/ exp(ITO)-; 0—2——4d9 - cos{"yot) - cos{p$)

(cos(Bt) cos(fs) + sin(6t) sin(fs))

/ m- (624 4)
A

- cos(yot) - cos(yos)dl

= (U7 (t,6), U(s,0))F(d),

where UT(t,0) = (cos(8¢) cos(7ot), sin(ft)cos(yot)). Consequently by (7.8) it
follows that
1

3T(t,0) = C(0) - ¥T(t,0); M(d9) = db 0

- f(6)de.
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Thus, C(0 —Z/W/ (% +4). Hence

T(t,0) = 77022?45 (cos(@t) cos(yot), sin(6t) cos('yot))

(p1(t,0), @a(t,0)).

where ¢1(t, 0), pa(t, #) can be expressed as

2

2 - cos(6t) cos(yot)
w(6% 4 4)

2 - sin(6t) cos(ot)

V(62 +4)

o1(t, 8) = , wa(t, 8) =

/"'\x
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Figure 7.1 The surface of By

Choose 7o = 35. Easily we can show, || ®(-, -)|| € L*(R%, B x B, G x M),
moreover

2

/ (l‘Pl(t, 0 + lpa(t, 9)]2)M(d9)G(dt) <0.005 = =
£>1,0>1
Hence a = 1. By Theorem 7.1, we can get by calculating

Dy(®) 2 Dy(p1) V Dirlgs) < 20.13.

Similarly we use Theorem 7.1 to estimate m :

>4><2><1><20.13

= 0.2 V(G x M)([0, 1]2) > 257.

So choose m = 257, and AT, , ='A7 = (0, 0), moreover

1 P p2 2 _ (pl P2 9
bO;p1P2 501(257 257) bO;p1P2 257’ 257) (pl’p2 0,1,.., 57)'
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It is easy to show that

A

In Theorem 7.10 we choose #; = 5/10 (j = 0,1, ...,10). Then

5(

Therefore, for p = 0,1, ...,257, by (7.33) we get by, = 0, and

7~ } —
bon = 3, 5 T () (i (25 22 I ()0 (5550)

+‘p2<2§7 21?7)[b (10) b2(j1_01>]}‘

Thus, the one dimensional stochastic TS fuzzy system S, ., can be expressed
as

sunt= 38 800 Do (1) {1 (3 227) [ () ()]
wer(sf 325) [ (55) (571 -
So we can conclude that
B([(f5) - (P ) (o) 0 (250))

J ]—1_
Y a]l ]27p_Qa
0

[

2 €

F(d9)G(at) < 5 = 0.01.

257
oT(t,0) - A1, (t) AT,
p=0

10
Sam(t, 0) = > Sam(t, 0;)Ab; ‘2) < €2/4=0.0L.

=1

10
otherwise,

)

and Bg, .. (t,8) = E(Savm(t) . Sa,m(s)). Thus

257

Bont9) =15 3 5% K0 Aops(o) A (35) e ()

P1,P2,P3,p4=0 j=
Lo (2o 2 s (25, Py (I P2y (25 P )
Y1\957 257/ ¥\ 257" 257/ P2\ 257 257/ P2 \257° 257/ )
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Figure 7.2 The surface of Bs, ,, when m = 40

For simplicity of computation, we choose m = 40 to derive the surface of
B, .. (; *) as shown in Figure 7.2. And Figure 7.1 is the surface of By(-, -).
From the comparison between Figure 7.1 and Figure 7.2, we may see the fact
the accuracy ¢ in mean square sense is guaranteed.

The section generalizes approximation analysis related to TS fuzzy systems
from deterministic I/O relationships to stochastic ones. That is, T-S fuzzy
systems with the multiplication ‘-’ norm can with arbitrary degree of accuracy
approximate a class of stochastic processes. Thus, the application fields of
T-S fuzzy systems may be extended, strikingly. Then, if the fuzzy systems
related are Mamdani systems, whether how can we address the corresponding
problems? This is one main topic in the following section to study.

§7.4 Universal approximation of stochastic

Mamdani fuzzy system

In the section we extend results for Mamdani fuzzy systems in approximat-
ing deterministic nonlinear I/O relationships, to the case of stochastic processes
in which the sample functions occur randomly [22, 30]. Also the fuzzy operator
composition operation ‘v — x’ is employed to define the Mamdani fuzzy sys-
tems related. A learning algorithm for realizing the approximating procedure
is developed.

7.4.1 Approximation of stochastic Mamdani fuzzy system

Assume that (Ry, B, G) is a finite measure space. If for any stochastic
process z = {z(t),t € R.} € C(Q), and Ve > 0, there is an one-dimensional
stochastic Mamdani fuzzy system M, () defined as (7.20), so that the follow-

ing estimation holds: { Jr, E(l2(t) — Mavm(t)lz)G(dt)}%< ¢. Then stochastic
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Mamdani systems are said to be universal approximators of C(2).

Theorem 7.6 Let z = {z(t),t € Ry} € C(Q), and (R4, B, G) be a
finite measure space. Then for any £ > 0, there is one-dimensional stochastic
Mamdani system M () so that

1
2

{/R E(|a:(t)—Ma,m(t)|2)G(dt)} <e,

that is, stochastic Mamdani fuzzy systems are universal approzimators of C(€2).

Proof. By the assumption and (7.7) we can obtain the following canonical
representation of the process x : V¢ € Ry, it follows that

A

+oo +oo
z(t) = /0 w1(t, 0)dy1(0) + wa(t, O)dv2(0) +--- = /0 <<I>T(t, 6), dF(0)>,
where

®T(t, 6) = (1(t, 0), walt, 0),...), dU(0) = (d1(0), dra(0),) "

Furthermore, y1 = {71(0), 0 € Ry}, v2 = {12(8), 0 € Ry}, ... are the or-
thogonal increment processes with the condition (7.8). Using Theorem 7.1 we
get, Mamdani fuzzy systems are universal approximators to each function of
L*(R2%, B x B, G x F). There exist mapping r; : R2 — R, and m € N, so

that if let RT(p1, p2) = (r1(p1, p2), r2(p1, p2),-..) for p1,p2 = 0,1,...,m, we
can conclude that

A

Moreover [, foo.||®T (¢, 0)"2G(dt)F(d9) < £2/8. Denote

N

3

2
e (t, 0) - Z st 0) B (o1, p2) | FLa0)G(t) < 5. (7.35)

p1,p2=0

Smt, 0) = > Hpp,(t, 6)- RT (p1, pa).

p1,p2=0

Rewriting (7.35) we have
/ / |7, ) - sk, H)HQF(d())G(dt) < 5; (7.36)

By Theorem 7.5, the stochastic integral o, (t) 2 f0+°°<5;5 (t,0), dI'(9)) exists.
Moreover by (7.4) (7.36) it follows that

/E‘ (@7 (¢, 0) — S(1,0)), dF(G))’ZG(dt)
ry IR,

2

(7.37)
- / 187 (¢, 6)  Sh (¢, 0)|*F(d0)G(ar) < =
R
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So using the canonical representation of z and (7.37) we get

/R E([2(t) - om(®)|*) G(dt)

, (7.38)

:/R+E<[ R+<(<I>T(t, 8) — ST (t,6)), dr(&))[ )G(dt) < %

By Theorem 7.3, for any € > 0, there are 8y, 62,...,0, : 61 < 0y < --- < O,
independently of ¢, satisfying

2

(] / (S2(t, 8), dI(6))~ Z( (¢, ;) >yz)< % (7.39)

where AT; = (v1(0;) — 71(05-1), 72(0;) — 72(8-1), ) (J=1,..,q, 60 =0).
We write

Ma,m(t) = Eq:<sg‘t(t7 gj)v AFJ> (t € R+)
j=1

Obviously Mg m () is an one dimensional stochastic Mamdani fuzzy system,
which can also expressed as

Ma m Z< E HPIPZ(t 0; )RT(p1p2 AFJ>

j=1 p1,p2=0

= 2 0L 2 ) (B Guma), Am)-
p1=0 J=1p2=0

Hence for p=0,1,...,m, we let
O(p) = i g Z2p2(¢9j)(7“1(p, p2)(m6;) — 71(6-1))
7=1p2=0 (7.40)
ra(p, p2) (12(05) = 12(0-1))+ - ).

Therefore, My m(t) = 3 ;hp (t) - O(p) (t € Ry). Rewriting (7.39) we get
p=0

/R+E(' m(t) Z A (t)- 0p)[> (dt)

) (7.41)

:/R+ (Jom(t) = Mom(®)])*)G( <§4—.

By the metric triangle inequality, (7.37) (7.38) and (7.41) we can conclude that
the following fact holds:

([ 200~ smioycien) < (£ {5} =
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Consequently we obtain

1
2

{E(|ac(t) - Ma,m(t)|2)a(dt)} <e,

by which the theorem is proved. [

In the proof of Theorem 7.6 we obtain an efficient algorithm (7.40), by which
an one-dimensional stochastic Mamdani system can directly be constructed.

7.4.2 Example

The proposed approximating method of stochastic process by a stochastic
Mamdani fuzzy system can be used in a variety of approximate realizations of
stochastic processes. Here, we consider a non-stationary process, by which the
stochastic telegraph signals may be described. To this end we at first let ¢g = 2
in (6.8), the error bound ¢ = 0.2, and antecedent fuzzy sets be identical with
ones of Example 7.1. Define the stochastic process as follows:

Vit € Ry, z(t) = 2(t) - (sin(w1t) + sin(wat)),

where wy > 0, wa > 0 are constants, and z = {z(¢), t € Ry} is a zero mean
weakly stationary process with the following covariance function:

N
B,(t,s) = E(2(t) - 2(s)) = B,{(7) = || 'exp{—lTl}, T=t-—s.
In practice x = {z(t), t € Ry} may represent a stochastic telegraph signal. It

is easy to prove z = {z(t), t € R} is a non-stationary process. By the spectral
representation (7.7) we get

+00 +oo
B.(r) = %/ exp{167}f(6)d0, f(0)= %/ exp{—I67}B,(r)dr,
- - (7.42)
where I? = —1. By (7.42) it follows that
1 [t
10 = 3 [ exwl-10m}-jrlexp{~Irl}ar
2

+o00
= —/ 7 - exp{—7} cos{O7)dT
0

T

= %/O’L"o{exp{—r} cos(78) — 01 - exp{—7} Sin(TO)}dq-

+oo .
_ 2 / exp{—7}(cos(r0) — Osin(r8) — 6°7 - cos(7))dr
T Jo
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Figure 7.3 The surface of B,

Therefore we can conclude that the following fact holds:
+oo 1 +o0 9
/0 exp{—7} cos(r)dr = 1562 /0 exp{—7}sin(r8)dr = I

Thus, f(6) = 2/(w(6241)?). Since B, (t, s) = E(z(t)-z(s)), by (7.42) it follows
that

By (t,s) = E(z(t) - 2(s)) - (sin(w1t) + sin(wat)) (sin(wss) + sin(wss))

+o0
= % (sin(wit) + sin(wst)) (sin(wr s) + sin(wQS))./_oo exp{I07} - ﬁ
+o0 0
= % (SID(W1t) + Sln(wgt)) (sin(wls) + sin(wQS))./O C—O(Se(%_f_l)i)de
Put 87(t, 0) = (¢1(t, 0), @2(t, 0)), and denote

@1(t, 0) = V2 - (sin(wit) + sin(wat))cos(0t),
pa(t, 0) = V2 (sin(wit) + sin(wat))sin(8t).
Considering the fact: F(df) = f(4)d8, we can imply

+oo
Ba(t, s):/o (T (t, 6), (s, 8))F(d6).

Let UT(¢, 0) = (v1(t, ), 2(t, 8)), where 91(-, -), ¥2(:, -) can be expressed
respectively as follows:

2 (sin(w1t) + sin(wat))cos(6t)

djl(ta 0) = \/—% 02 +1 ,
2 (sin(wit) 4 sin(wat))sin(62)
et ) = 2 62 +1 '
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Since [T, )|I? = ¥3(, ) + ¥A( ), easily we have, [[(,)|| € LA(RZ, B x
B, G x M). Choosing w; = ws = 35, we can show
2

/ (V2 (t, 0) + 92 (t, 6)) M(d6)G(dt) < 0.005 = %
>1,6>1

So choose a = 1. If partition [0, 1] identically into mg(mg > 20) parts, and
consequently [0, 1]? is divided into mZ sufficiently small squares. Thus two
piecewise linear function Sp(+, -), Sa(:, -) can be constructed, satisfying

[V

£

[ I, 0 +v3(e, 6) - 530, 6) - S3e, 0| GLanM(a6) < 5.
[0,1]2

In order to estimate m, we use Corollary 6.2 to estimate Dy (v;) : Dy (¥) £

Dy (1) V Dy (h2) < 40. Since u([0, a]?)= (G x M)([0, 1]?)< 1/10, it follows
by Theorem 7.1 that

4Du(¥)eo - /(G x M)([0,1]?) 4% 40 x 2
m > ;= m> = —s m = 506.
€ 0.2 x 10

In Theorem 7.4 we may let ¢ = 10. Then by (7.40) and Theorem 7.2 we can
get an analytic learning algorithm for the stochastic Mamdani fuzzy system

506 A~
Ma,m(t) = ZO Alp (t) : O(p) :
p:
10 506 ~

=) > Axp(f )(7"1(1?, p2)(b1(6;) — b1(6;-1))

j=1p2=0

+72(p, p2) (b2(6;) — be (9]-_1))) (7.43)

P2
ri(p.pe) = 1/}1(506 506) ra(p.pe) = ¢2(506 506)'
For i = 1, 2 using (7.39) and considering 6; = j/10, we have

1
E(1b:(8;) — bi(8;-1)|*) = 16; — 01| = 0 (7.44)
So by learning algorithm (7.40) and (7.34) (7.44) it follows that
506 ~
Brtom(tr8)= 3, Aipi(t): A1p,(8)E(O(p1) - O(p2))
P1,P2=

506 10 ~ ~ ~ ~
= X X Ain(8) Aipy(8) A2pg(85) A2p(8)-

P1,--,pa=0j=1

Pr D3 P2 P4
{¢1<506 506) Y1 (ﬁ’ ﬁ)'E(Ibl(‘%) —b1(6;-1)[)

b1 3 P2 Pa N
2 (506 506)"”2(%’ %)E(W"j)—bﬂ@a—l)l )}
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B,

t

Figure 7.4 The surface of Bas, ,, when m = 40

Therefore we can obtain

1 506 10 ~ ~ PN o~ j
n65) =16 23 Aupy(t): Arpa(s)- Args (35 ) Ao ()

P1,..,pa=07=1 10

¢1(£6 5p(;36> wl(s%’ 5%4—6)+¢ (5016 506) %(;36 5%6)

For simplicity of computation, we choose m = 40 to derive the surface of

Bu,

(-, -) as shown in Figure 7.4. And Figure 7.3 is the surface of B(-, ).

From the comparison between Figure 7.3 and Figure 7.4, we may easily see the
accuracy € in mean square sense is guaranteed.
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CHAPTER VIII
Application of FNN to Image Restoration

The ambiguity and uncertainty always accompany the acquisition and trans-
mission of a real digital image. So in practice only a few of classes of degraded
images can be treated successfully by mathematical model methods [4, 5], most
degraded image cases can not be modelled by the conventional approaches. As a
soft technique for dealing with the imprecision inhering in human brain, fuzzy
sets can be an eflicient tool to treat graded images, especially noise images
[3, 10, 52-54]. Through fuzzy sets, we may use human knowledge expressed
heuristically in natural language to describe digital images. Such a fact may
result in the well-known rule-based approach for noise image processing. We
can employ heuristic knowledge on noise images to build some suitable infer-
ence rules for removing noise [25-29, 54, 62]. To improve the adaptivity and
filtering capability, an efficient approach is to utilize neural network filters [55,
69} and fuzzy filters synthetically. As an organic fusion of fuzzy theory and
neural networks, the FNN approach for signal and image processing has been
of growing interest [2, 32, 66, 68]. The success of FNN’s in image processing is
that the filters based on FNN’s can efficiently suppress noise without destroying
important image details such as edges [14, 25, 37-39]. Using adaptive adjust
of the FNN we can get an optimal filtering result, and some restored images
with good performances can be achieved.

In the chapter, fuzzy inference networks are studied systematically with
a general approach, which is the basis to develop image restoration methods.
Then we express a two dimensional digital image as a I/O relationship of a
fuzzy inference network. And consequently we can develop a corresponding
optimal filter, by which a restoration image with good performance can be
resulted in from a noise one. To this end, we begin our research to introduce a
defuzzifier with general sense, and then define generalized fuzzy inference neural
networks (FINN’s) and prove that the generalized FINN’s can be universal
approximators. We establish the equivalence between a FINN and a generalized
fuzzy system. We utilize fuzzy sets to describe the gray levels of digital images.
Then two dimensional digital images can be dealt with by using fuzzy inference
networks, and an efficient FNN filter can be built. With the mean absolute
error (MAE), some learning algorithms for the fuzzy inference networks can
be developed to design optimal FNN filters. They can lead to good anti-
disturbance in image processing, that is, if images are corrupted by impulse
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noise with high noise occurrence probability (p > 0.5), we can employ the
FNN filter to give restoring image with good performance. Many simulation
examples are presented to show the methods in the chapter are advantageous
and efficient in processing noise images.

§8.1 Generalized fuzzy inference network

Fuzzy inference system can simulate and realize natural language and logic
inference mechanic. The subjects related, such as how fuzzy rule base can
be constructed by given linguistic and data information, whether the systems
related can adaptively match fuzzy rules, and so on attract many scholar’s
attention [45, 46, 50, 57]. As a organic fusion of inference system and neural
network, fuzzy inference network can realize automobile generation and auto-
mobile matching of fuzzy rules. Further, such a system can adaptively adjust
to adapt the changes of conditions and self-improvement. Since 1990, many
achievements have been achieved and they have found useful in many applied
areas, for example, process control [33, 47], system modelling and system iden-
tification [20, 22, 27, 35, 42], expert system [23], forecasting [49] and so on.
In the following, we shall study a class of generalized fuzzy inference network
within a general framework, and discuss its all kinds of properties, including
universal approximation.

8.1.1 Generalized defuzzification operator

As one of main components of fuzzy inference system, defuzzification con-
stitutes one important study object in fuzzy system and fuzzy control [12, 41,
63, 64]. Defuzzification is a procedure by which a fuzzy set is transformed into
one crisp value of being able to describe the fuzzy set. In fuzzy control, it
turns a fuzzy decision into a concrete control value and system control may
be realized. In defuzzification methods, there are two main classes most used.
One is maximum of mean (MOM) method [23, 50, 67], and another is center
of gravity method (COG) [23, 67]. In addition, many novel defuzzifications
to the special subjects are put forward in recent years. These defuzzification
approaches have their own advantages and disadvantages [63]. It is impossible
to develop a general framework for defuzzification, including all cases. This is
because in practice all models possess their own characteristics.

In this subsection, we shall build some specific principles to define defuzzi-
fication operators [50, 58]. So it is possible to develop a more general definition

for defuzzification. If a € [0,1], Ac F (R), then define fuzzy set aT A€ F (R),
such that Vz € R, (a7 A)(z) = a T A(z). In the following we assume that the
fuzzy operator T satisfies the condition: Va, b€ [0, 1], a, b > 0,== aT b > 0.

Definition 8.1 Suppose D, : F(R) — R is a mapping. And let T :
[0,1] x [0,1] — [0,1] be a t—norm. D,(-) is called generalized defuzzification
operator, if the following conditions hold:
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(i) V A€ F(R), D.(A) € Supp(A), thus, Va € R, D¢ (x(a))= &;

(i) De(-) is a continuous mapping, that is, if A€ F(R), {len n € N} C
F(R), then D(An, 4) — 0(n — +00), == De(An) = De(A4) (n — +00);

{iii) Arbitrarily given Al, o Ane F(R), then

AD:(a9} = D.(U 4 )< V{De(A)}

Lemma 8.1 Leta € [0,1], and A€ F(R), {an|n € N} C [0,1]. Then the
following conclusions hold:

(i) De .F(R) — R is a surjection, that is, Vx € R, there is Be F(R),
such that D.(B ) = z, consequently, for each a € (0,1], there is A€ FR)
independently of a, satisfying D.(a T:{) = z;

(i) If T is a continuous t—norm, and A satisfying condition: :1() is contin-
uous and Supp(N) is bounded. Further for a € [0,1], Aq is a bounded convex
set. Then lim a, =a, = hm D.(a, TA) (aTZ), and De(aTZ) is

n—4+oo
continuous with respect to a.

Proof. (i} Choose B= X{z}> i€ B is the characteristic function of the
point set {x} Then Be F(R). By Definition 8.1, D (E) =z. And ifa € (0, 1],
we choose A=B= X{z}- Then Supp(aT A) = Supp(aT x{z}) = {z}. Hence
De.(a TA) = z. (i) holds.

(ii) Given arbitrarily 8 € [0, 1], then ;15 is a bounded interval, and let
the left, right endpoints related be a”(8), a¥(3), respectively. For any b €

[0, 1], @ € [0, 1], if @ > b, obviously we have, (bT:} )a: 0; and if @ € [0, b], in
the following we show

VT8 = a,— (aX(8), a¥(B))c (bTF),C [a“(8), (B (8.)
In fact, for any z € (a*(8), aU(ﬂ))szlﬁ, it follows that ;1(1') > (. Then we
have, bT A(z) = (0T A )(z) > bT B = o, that is
€ 0T A)ay= (a"(8), a”(B))C (BT A)s;

Conversely, if z € (bT A)g , then bT A(x) > a. Since o € [0, 8] = [bT0, bT1],

by the continuity of T there exists 8 € |0, 1], so that 8T 8 = «. Then A(x) > 8,
for otherwise we have, A( ) < B,= bT A( ) < bT B = a, which is a
contradiction. So (bT:l)% CAﬂ . And (8.1) holds.
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Va € [0, 1], Vn € N, it follows that {a”(8,)|n € N}, {aV(B.)|n € N} are
the left, right endpoints of (anT;l )a respectively. Considering lim a, = a,

n-—4oo
we choose (3, satisfying the condition: 3, T a, = o, moreover lig_l Bn = .
NnN—1+00

Also by Z() being continuous, aX(-), aV(:) are continuous functions. Thus,
lim a"(8,) = a*(8), lm a’(B.) = aV(j). Therefore, (a,T A)a <
n— 100

n—+oo

(aT A)a (n — +00). Hence 1ir£ D(anTZ, aTA) = 0. (ii) is proved. O
n—400

In order to account for the fact that most of defuzzification methods in
application are special cases of the generalized defuzzifier in Definition 8.1, we
at first restrict the fuzzy sets related into @(a, my +ms), for this defining form
for fuzzy sets is widely applied in application. We obtain the fuzzy set family
{A4; |7 = —m1, —m1+1,..,0,1,...,ma} C O (a, mi;+mg3), that is, we partition
[—a, a] identically into m; + mq sub-intervals: —a = a_pm; < Gppy41 < -+ <
a0 =0<a; <- - < am,. Let A; be a triangular fuzzy number with {a;} being
kernel, and a;_1, a;4+1 being left, right endpoints of the support, respectively,
ss Figure 8.1 shown, we can obtain ¢y = 2.

y ~

—a G —my . a1 I 0 ay . e Ume1 G

Figure 8.1 The membership curves of fuzzy set family

Example 8.1 For given Ac {;1] li=—-m1, —m1+1,..,0,1,...,ma}, we
define the defuzzification methods in the following different cases:
~ . A(z)d ~ -
CcoA(H) = =E APy on) = Jxew Al
Jr Alz)dz Jx- Alz)dz

1 ~
SA(4) =/0 (0-a1(e) + (1= 6) - az(a))da(Ae= [a1(w), az(@)]),

where X* = {z* € R‘Z(m*) is a maximum value of Z()} Then it follows that
COA(-), MOM(-) and SA() can ensure the conditions (i)—(iii) of Definition 8.1
hold.

Since V AE{Z]‘ |7 =—mqy, —m1+1,..,0,1,....,my}, :4 are triangular fuzzy

~ ~

number, easily we can show, MOM(A)(-) [23, 67] and SA(A) [63] can guarantee



330 Liu and Li Fuzzy Neural Network Theory and Application

the conditions (i}—(iii) of Definition 8.1 hold, for MOM(Z) is a discrete form
MOM(A) = z* (A(z*) = 1); And A U B is a convex fuzzy set if and only if
Ker(Z) = Ker( §) So it suffices to show COA(-) can guarantee the conditions.

A B

0 o aC(bh) & av(b%) BV

Figure 8.2 The membership curves of two fuzzy intersecting sets

In fact, COA(:) is a continuous case of centroid defuzzification [23]. Let
~ U ~
Supp(4) = [af, aV]. Then [, = A(z)dz = [, = A(z)dz, so

aU aU aU ~
aL/ Alz)dx < / z A(z)dx < aU/ A(z)dz,=— COA(A) € Supp(A).
a al a

L L

Also denote J(A) A fR z)dz, easily we can show, J( A) is continuous with
respect to A. Similarly the integral [ = A(z)dx is also continuous with respect
to A . Therefore, when J (;1) # 0, we have, [, = Z(w)da: /Is Z(x)da: is continu-
ous with respect to ;1, that is, when D(Zn, ;1) — 0(n — +00), it follows that

COA(ZH) — COA(Z) (n — +00). Next let us show, COA(-) can ensure the
condition (iii). By the induction method it suffices to prove the conclusion when

n = 2. To this end we at first choose arbitrarily :1, Be {;1J lj = —mq, —mq +
1,..,0,1,..,mz}, and suppose Supp(;l) = [af, aY], Ker(4) = {aC}, also
Supp(B) = [b%, 87], Ker(B) = {¢C}. Denote

u bU

s(:i) = /aa Z(z)da:, 3(5) :/b é(x)dm.

L

If AN B=0, it follows that

a¥ ~ v ~
COA(AUB) = Jar ;' Alz)dz + [, = B(m)dm
faL z)dz + be x)dm
S(;‘;) . COA(A) + S(B) . COA(B).
s(4) +s(B)
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Since s(;l) > 0, s(g) > 0, we get
COA(A) A COA(B) < COA(A U B )< COA(A) v COA(B), (8.2)

So the condition (iii) in Definition 8.1 holds; If A N B @, it is no harm to

assume a® < b°, and :1, E can be characterized by membership curves in
Figure 8.2, respectively, where ¢* = (a® + b©) /2. Easily it follows that

N L, . C. U o bL L pC LU
COA(A) = “—+—“3ﬂ— COA(B) = —+3—+b

For 1}1, Baoc Fo(R), we can prove

Vo > COAB2), Bi(a) =Ba(a); Vo < COA(Ba), Bilx) >Baa),
—> COA(B1) <COA(By); (8.3)
¥z < COA(B1), Ba(x) =Ba(x); ¥z > COA(B1), Bi(z) <Ba(s),

L —> COA(B1) < COA(By).

Two conclusions in (8.3) can be proved similarly, so it suffices to show the first
one. Denote Supp(Bx) = [bE, bY] (k = 1,2), then bf < bf. We can assume

~ ~ ~ U ~
b(;OA(B2)(B1($)— Bg(a:))dm 2 Ay >0, fbb; Ba(z)dz 2 Ay > 0. Considering

COA(B2) by ~ ~ Y
/ 2 Bo(z)ds + /  eBa@)dz = COA(B) - [ Bale)da,
b COA(Ba) bf
we can conclude the following facts:
e ~ U ~
i Jop NP 2 B (z)de + fcbZ Ay S Ba(@)d
COABY) = — = P
B2 jd 2 >~
bl Bi(z)dz + fCOA(Ez) Bo(z)dx
_ D1 M+ COA(By)
VAR IE AP ’
where A = [,2°"" 2(B1(2)~ Ba())du/01 < COA(By). So COA(B) <

COA( 1N32) That is, the first conclusion of (8.3) holds. Using (8.2) (8.3) we can
conclude that

COA(B1) A COA(Bz) < COA(B1 U Bz) < COA(B1) V COA(B,).
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In summary (8.2) holds, so for COA(-) the condition (iii) holds. Hence the
conditions (i)—(iii) of Definition 8.1 hold for COA(-).

8.1.2 Fuzzy inference network

For given a > 0, and m € N, define adjustable antecedent fuzzy set family
{Aij i = 1,...,d; 7 = 0,£1,...,£m} C ©(a, m). Mamdani inference rule
R, . p, is presented as in the subsection 6.2.1:

Ry py IE x1 i ;hpl and ... and z4 is ded THEN u is ﬁplmpd .

where p1,...,pqg € {~m, —m+1,...,m—~1, m}, ﬁpl---pd is an adjustable output
fuzzy set. For given fuzzy input A€ F ([—a, a]d), if A is singleton fuzzifica-
tion at (z1,...,74) € [—a, a]¢, it follows by (6.10) that the output fuzzy set

A© Rp, .p, is determined as follows:

(A ° RPl---Pd )(u) = le---Pd(x17 "'amd)TUmde (u)
Using ‘v — 17 composition rule, by {Rp,  p.|p1,...,pa = 0, £1,...,£m} we can
obtain a synthesizing fuzzy set as follow: 7 = U (:1 o Jr\%pl..,p )

P1,--sPd=—mM

m

Uu) = U (A°Rppops ) (@)
P1,.-,Pg=—m (8.4)

m

= Vv {le-”pd(x17""md)Tﬁpl..,pd (u)}

P1ysPd=—1T

e

Assume that D, is a generalized defuzzifier, and let Fj,,(z1, ..., 2q4) = De. ([7' ), it

follow that

En(x17 sy -'Ed) = De( U (Hp1...pd(x17 ~--amd)T5'p1‘..pd )) (85)

P1,y--sPd=—mM

As shown in Figure 8.3 we call the system related a fuzzy inference neural
network (FINN), whose I/O relationship is as (21, ..., 24) — Fin(Z1,...,24),
where K = (2m + 1)¢, k corresponds to a multi-fold index p;...pa (p1, ..., pa =
0, £1,...,4+m). ko is the neuron p;...pq corresponding to the case of p; = --- =
pqg = —m. The FINN architecture consists of five neuron layers, of which there
are three hidden layers, one input layer and one output layer. The neuron in
hidden layers is called fuzzy inference unit which deals with fuzzy inference rule
Ry, ..ps (P1,-.,pa =0, £1,...,£m). There are d neurons in input layer and one
neuron in output layer, which is called synthesizing—defuzzification unit. There
are two functions related to output neuron, first synthesizing all fuzzy inference

rules by the operator ‘V’ to establish synthetic fuzzy set (7 ; Second, generalized
defuzzifier D.(-) is applied to U to derive the crisp output Fin (%1, ..., %4)-
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Input layer Hidden layer I Hidden layer II Hidden layer III Output layer

Figure 8.3 Architecture of fuzzy inference network

In the following we account for the connection weights between two neu-
rons in adjacent layers and the corresponding I/O relationships. 2md + d
neurons are arranged in a column to form hidden layer I, and they are di-
vided into d groups, each of which there are 2m + 1 neurons. In group 1,
the neuron p; (p1 = —m, ~m + 1,...,m — 1, m), whose input is z;, and

output is Aip, (z1) is connected with the first one in the input layer; ...;
In group d, the neuron pg (pg = —m, —m + 1,...,m — 1,m), whose input
is x4, and output is Agp, (z4) is connected with the d-th neuron in input
layer. Hidden layer II comsists of (2m + 1) neurons, in which the neuron
D1--pd (D1, --ypa = 0, £1,...,£m) is connected with the neuron p; of group 1,
..., the neuron py of group d, respectively in hidden layer I. In hidden layer

11, there are d inputs related to neuron pi...pg ::hp1 (1), ...,;Lipd (z4), whose
output is A1p, (€1)7T--- T Agj,(xa) = Hp,. p,(21,...,2q). Also in hidden layer
11, there are (2m + 1)d neurons, which are connected with the correspond-
ing neurons in hidden II, respectively, as shown in Figure 8.3. In hidden III,
the input of neuron p;...pg is Hp,. p,(21,...,24), and corresponding output is
Hp,..pa{Z1,.s2a) T Up,..p, - The output neuron accepts (2m + 1)¢ outputs
of hidden layer III as its input. And by operator ‘v’ determining synthetic
operator ‘U’ we obtain synthetic fuzzy set:

m ~

~ A
U H(l’l,---,xd)TUpl,..pd: Ua

Pi..sDd=—MmM

then by generalized defuzzifier D.(-) establishing crisp output Fip, (21, ..., z4) =

De(U).
The adjustable factors of the FINN F;,, defined by (8.5) are the antecedent

fuzzy sets Zij’s and the consequent fuzzy set ﬁpl---P . - In application, we always
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fix the shapes of the antecedent and consequent fuzzy sets, such as triangular
or trapezoidal fuzzy numbers, then adjust the parameters related to determine
the fuzzy sets for building a FINN [42, 67, 73, 74]. Sometimes, for conve-
nience of simple computation and theoretic analysis, we can construct some
fuzzy systems by not abiding by the composite rules of fuzzy inference rules.
For instance, by using the composite operation ‘v — x’ to determine the fuzzy
set related to the fuzzy rules, we can define a fuzzy system, whose output

‘

is not determined by the synthesizing fuzzy set 5’ according to ‘V’ and a re-
spective defuzzfication operator, but computed as a weighted sum of a family
defuzzfying values corresponding to each inference rule, respectively [20, 22,
36, 43, 60, 74]: The fuzzy set determined the fuzzy rule R, ,, is calculated
by (6.10), the crisp value corresponding to maximum defuzzfication method is

~

Upy...pg * Upi...pa(Upy..ps) = 1. And the crisp value of the synthesizing fuzzy set
is established the following weighted sum:

m m
Z HP1~~~Pd(I1’"'7wd)up1~-l)d Z le-npd(xl’"'7$d)aup1~'-]3d
P1,...Pd=—m P1y..Pa=—m
m » Or ™m ’
Z len-Pd(xlv'“?xd) Z le-upd(xl?“'vxd)a
P1;---Pd=—MM P1y.-Pd=—Mm
(8.6)

where 0 < & < +00. The second part of (8.6) is a generalized Mamdani system
(6.11). Similarly we can also construct the fuzzy inference networks corre-
sponding to TS fuzzy inference rules.

TRy, py: IF 21 i :11,,1 and ... and zq4 is ded THEN u i8 fp, .pa(Z1, s Za),

where fp, . p.(z1,...,2q) is an adjustable function of input variables zy, ..., z4,
which is chosen as a linear function in the following [22]: fp,.. p (%1, ..., Z4) =
boipy..pa + OLip1..py®1 + -+ + baip, .. p,Tq- With such a restriction, we can write
TR,, . p, as a Mamdani inference rule form, let fp, . (1, ..., 24) be a singleton
fuzzy set X{foy. py(@1rmsza)}- Then

TRy py IF 1 i ;11,,1 and ... and 24 is Agp, THEN u is X{fpy...pg(@1,sma) }s

Similarly with (8.5), using the singleton fuzzification and the synthesizing fuzzy
operator ‘v’ we can get the 1/0 relationship of the generalized FINN corre-
sponding to the fuzzy rule TR,, . p, as follows:

m
Fip(z1, ... xq) = De( U Hy, . p.(21, "'7$d)TXfp14de(fEl;~~~7zd))' (8.7)
sPa=—m

By the following Theorem 8.1, if we choose the defuzzification operators D.(-)’s
both in (8.5) and (8.7) as the weighted sum (8.6), respectively, the generalized
FINN and the corresponding fuzzy system are equivalent.
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Theorem 8.1 Let D,(-) be a defuzzification operator for defining the FINN

F;,(+), and U be a synthesizing fuzzy set determined by (8.4). De(ﬁ) is defined
as the second part of (8.6), o € [0, +00]. Then we have
(i) In Mamdani inference rule Ry, p,, if we choose the consequent fuzzy

set (}pLupd:ﬁT(pl,...,pd)e F([-b, b]), where b > 0 is an adjustable parameter,
r: RY — R is an adjustable function, then the generalized FINN F,(-)
defined by (8.5) and the generalized Mamdani fuzzy system My, (-) by (6.11)
are functionally equivalent;

(ii) Corresponding to T-S inference rule TRy,  p,, the I/O relationship
F;, © R* — R by (8.6) and the generalized T-S fuzzy system by (6.17) are
functionally equivalent.

If choosing D.(-) as the other forms [50], similarly we can show, F,(-) and
the corresponding fuzzy system are functionally equivalent [23, 30, 31].

8.1.3 Universal approximation of generalized FINN

~ Let us now study the representing capability of Fj,(-), and show some suc-
cessful applications of the inference network to system identification. The first
step to do that is to show that F;,(-) constitutes a universal approximator to
a class of real functions, and demonstrate the realizing process.

Theorem 8.2 Let T related to the generalized fuzzy inference network
be a continuous i—norm. Then Fy,(-) is a universal approzimator. That is,
for arbitrary £ > 0, and each compact set U ¢ R%, if f : RY — R is

an arbitrary continuous function, there are m € N, and fuzzy sets ﬁpl___p . €
FR) (p1,...,pa =0, £1, ..., £m), so that

V(:vl, ...,Id) eU,

flz1, ., zq) — Fin(a, ...,xd)‘< €.

Proof. Since U C R¢ is a compact set, there is a > 0, so that U C [—a, a]%.
By the continuity of f on [—a, a]? we imply, f is uniformly continuous on
[—a, a]?. For € > 0, there exists § > 0, such that

V(]Jl, "'7md)7 (yla ""yd) € [_a’7 a]da le - yz' <46 (7' =1, ‘“7d)7
g
= |f(z1, ., 2a) — fy1, - ya)|< 5

Choose m € N, and partition [—a, a] into 2m parts: —a = a_,, < @1_y <
o+ < am-1 < @m = a. Let m satisfy the condition: £(a, m) < §/(2cy), where
co is defined by Definition 6.1. We can define the antecedent fuzzy set family
as {Aij i = 1,...,d; j = 0, £1,....£m} C O(a, m), so that each Zij (-) is
continuous on R. Given arbitrarily (z1,...,zq) € U C [—a, a]?, Y(p1,...,pq) €
N(zy,...,zq), by Lemma 6.2, it follows that lxi — amlg 2¢p - €(a, m) < §. Thus

(1, .- pd) € N(21, .0, Tg), = |f(x1, ey Bd) — f(apl, ...,apd)|< % (8.8)
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By the definition of the generalized defuzzification operator D,(-), there is
b > 0, so that for any p1,...,pq € {-m, —m +1,...,m — 1, m}, we can ob-

tain the fuzzy set ﬁpl___pde F([-b, b]). By Lemma 8.1 we may choose ﬁpl,,.pd
independent of H,, ., (21,...,2z4). Moreover

De(Hyp,..p (21, ..., Ta) Tﬁpl...pd )= f(apy, s ap,)- (8.9)

Therefore, for any (z1,...,zq) € U and (p1, ...,p4) € N(z1, ..., 24), using (8.8)
(8.9) we can conclude that

lf(fl?1, ey @d) — De(Hp, . py (1, ..., 24) Tﬁpl...pd )l

. (8.10)
= |f(m1,...,a:d) — f(apl,...,apd)|< 3
Thus, Y(x1,...,24) € U, by (8.10) and Lemma 4.5 easily we have
‘f(.’ll’l,...,ll,'d) — /\ {De(Hp1,..pd(mla"'7$d)TUp1de)}‘
(p1,.-Pd)EN(Z1,-.-,Ta)
2 L(z1,.d) < <,
2
‘f(ai']_,...,.’l,'d) — v {De(le...pd(mla"'7md)TUp1.‘.pd)}‘
(pl,...,pd)EN(:cl,...,xd)
A= €
| = Le(xy,...,zq) < 7"
(8.11)
Hence for any (1, ...,x24) € U, using Definition 8.1 and (8.11) we get
’f(ﬂ?l, ceey CL‘d) - Fm(ml, ceey l‘d)|
m ~
= ’f(Il""vxd) _De( U lempd(xl?"'7xd)TUP1---Pd )‘
P15, Pd=—T
= |f(@1, za) = Do U Hps..ps(@1,0s20) TUps..pu )|

(P1,--,Pd) EN (21,2 a)

< L (x1,,2q) V Le(z1, -0, Tg) < €.

Consequently Fj,(-) is universal approximator. [J

Theorem 8.2 may provide us with the theoretic basis for the application
of generalized FINN’s to many real fields, such as system modeling, system
identification, image processing and pattern recognition and so on. Next let us
take a few of simulation examples to demonstrate the application of the FINN
F,,(+) in system identification. At first we suppose the antecedent fuzzy set

family is {Z’LJ |l =1,..,d; 7 =—-m1, —mi+1,...,ma—1, mz} C 5(&, m1+m2),
and A;j=A1; (i=1,...,d), Ay; is the fuzzy set A; shown in Figure 8.1.
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Example 8.2 Let d = 2, the error bound £ = 0.2. Given the compact set
C = [-1, 1)¢, partition [—1, 1] identically into 2m parts, that is, in Figure 8.1,
we choose the following parameters:

a=1 my=myg=m, a;j == (j =0, £1,...,£m).

3=

The fuzzy set ;L-j (i=1,2; 5 =0,4£1,...,£m) is defined by the translation of

the triangular fuzzy number ;1() :

1
mt+1, —— <t<0,
m
AD =9 1-me, 0<t<,
m
0, otherwise.

1

~ l-m-mt, -1<t<-1+—,
Ar(—my(t) = m

|0, otherwise;

1

~ mt+1—m, 1——<t<1, (8.12)
Aim (t) = m

0, otherwise;
;11]‘5:423'; 211-(15) =Z<t - %) (j=-m+1,...,m—1).

For convenience for application, we determine the crisp value D, ([7 ) of fuzzy set

[7 by (8.6), [} is the synthesizing fuzzy set corresponding to Mamdani inference
rule Ry, p, or T-S rule TR,, ,,. And the continuous t—norm T is product

‘x’. Obviously if a = 1, for any z, z1,...,z4 € [—1, 1] we have

jz_n; A (8.13)
> Hpopa@renza) = 11X Ay (@)= 1.

P1,-Pa=—m i=1\j=—m
Define the continuous function f(-, -) as follows:
f(z1, T2) = sin(10z1 + 1522) (21, 22 € [-1, 1]).
Let 6 = ¢/25, we get, if |29 — y?| < 4, |29 — 3| < 4, it follows that

£ (2%, 29) ~ F(41, y2)| < 10J2] — 47| + 15|23 — 93] < 250 =e.
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Let m € N: ¢o/m =2/m < £/25, i.e. m > 50/e = 250. Choose m = 250. So
250

by Remark 6.2 and (8.6) we have
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8.1.4 Simulation of system identification

By Example 8.2 and Theorem 8.2, we can utilize generalized FINN’s to

tem identification.
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function approx
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With the same reason the FINN’s can be used as a identification model for
dynamic systems. Moreover, the identification results related are much more
advantageous than ones by neural networks [48, 67]. In the following let us
study the identification capability of the generalized FINN F;,(-) based on the
T-S inference rule TR, ., and the defuzzifier as (8.6).

m d
Z_ Hp1-~~pd (.’1:1, ""xd)a ’ ;)biﬂ’l.--pdxi
Fin(21, ooy 2g) = ZoPi="m = . (8.14)

2 le---pd(xh""xd)a
D1y Pa==m

where 2o = 1. (8.14) is a generalized T-S fuzzy system. By Remark 6.2, if a
series of output signals corresponding a identification model are known, we can
use the FINN’s to simulate the unknown system by adjusting the antecedent
fuzzy sets related, where d = 1.

The discrete-time system can be described by the following nonlinear dif-
ference equation:

z(k+1) = f(2(k), ..., 2(k — p+ 1); z(k), ..., z(k — g + 1)), (8.15)

where z(j) (j = k—q+1,..., k) represents the input of the SISO system at time
J, z(k) is the output, and f is the unknown function to be identified, p, ¢ € N.

1. Parallel Identification Model: The structure of identification model
can be described by the following equation [48]:

Z(k+1)=F(Z(k),... Z(k—p+1), z(k),...,z(k — g + 1)), (8.16)
where F(-) represents the function determined by a generalized inference net-
work, Z is the output of the identification system. The learning on line
aims mainly on determining the antecedent fuzzy set Ai; step by step, where
j=-mi, —mi+1,..,0,1,...,m2).

Algorithm 8.1 Adjusting algorithm for antecedent fuzzy sets.
Step 1. Give the initial inputs z(1), z(2), and put n = 2.
Step 2. Rank {z(1),...,2(n)} with the increasing order as {u1,...,un}. Let
b1 = uy, and
bH—l = min{uj.uj > bz + 5} (’L = 1, 2, ...,’Y), (817)
where § > 0 is a constant, v < n. Set v > 1. And write {b1,...,b,} (v < n) as

the following form, and using Figure 8.1 we define le:
{G gy O—mgtls eoey Omy }, b1 <0,

{bl,...,b,y} = {ao,al,...,aml}, b1 :0,
{al,...,aml}, by >0

Step 8. Discriminate n > M7 If yes go to the following step; otherwise let
n =n+ 1, and select the input x(n), go to Step 2.
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Step 4. Output the antecedent fuzzy set {le}.

Example 8.3 Let the system identified satisfy the following difference
equation [48]:

2(k+1)=0.3-2(k)+0.6-2(k — 1) + g(z(k)),
z(k) = sin(z—gg), k=1,2,..,

(8.18)

where g(-) is a unknown system. And let the function be as follows:
g(z) = 0.6 - sin(mz) + 0.3 - sin(37z) + 0.1 - sin(57x).

Suppose (k) be the input of the system at k. Choose o = 1, § = 0.005, and the
learning iteration number M = 200. The system input is z(k) = sin(2mk/250)
in the learning procedure. Using Algorithm 8.1 we can obtain the antecedent

fuzzy set family {le lj =—my, —my1+1,..,0,1,...,ma} C (No (1,m1 + ma).
ma2 ~
Then Vo € [a_m,,am,), we have, >  Aj;(z) = 1. To identify (8.18), we

J=—my
employ Theorem 8.2, Remark 6.2, (8.16) and (8.18):
Z(k+1) =03 Z(k) + 0.6 - Z(k — 1) + Fi(2(k)),

Fin(a(k) = 3 Au(e(k) - (Z(k+1) —03- Z(k) — 0.6 Z(k — 1)).

j=—mi
Initial membership functions Final membership functions
1 1
0.8 0.8
0.6 0.6
0.4 0.4
N - J [L) Mi
o o H
0.03 0.035 0.04 0.045 0.05 — —0.5 o 0.5 1

Figure 8.5 Membership function curves of initial and ultimate iteration
step for online learning

By learning algorithm 8.1, the number of antecedent fuzzy sets is m;+my =
113. Figure 8.5 demonstrates the initial two antecedent fuzzy sets and the
ultimate antecedent fuzzy sets in the learning process, where for clarity we
show only a part of ultimate membership function curves, i.e. one curve in
every five ones.
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Figure 8.7 Outputs of system (imaginary line) and generalized FINN
identifying model (dotted line) for parallel format
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Figure 8.8 System output(imaginary line) and output of Mamdani fuzzy system

identifying model with parallel format(dotted line)

To show good identifying performance of the model (8.19) we change the

system input after the model is trained (i.e. the time step k& > 200). The
variant inputs are presented the system with the following law:

. (2km
= <k<

sm(250>, 201 < k < 400,

2 2%
z(k) =14 05- sin(%g) +0.5- sin(—;?), 401 < k < 800,
2km
in{ — <
s1n(250), 801 < k < 1000.
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These input variety is illustrated in Figure 8.6. The outputs of the original
system and the trained identifying system, which correspond to these varying
inputs are shown in Figure 8.7, from which we can see the identification error is
very small even when the system input is changed. Thus the identifying model
(8.19) possesses high approximation accuracy.

Orig.
—— ldent.

System amplitude

: L . " L . s . L
o 100 200 300 400 500 600 700 800 900 1000
Time steo k

Figure 8.9 System output (imaginary line) and output of generalized FINN
identifying model with series—parallel format (dotted line)
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—— ldent.
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s L . n L L . . L
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Figure 8.10 Output of system (imaginary line) and Mamdani fuzzy system
identifying model(dotted line) with parallel-series format

To test further the identifying capability of the identification model (8.19),
we compare the identification performance with that in [67], which is based on
Mamdani fuzzy systems with Gaussian membership function fuzzy sets, under
the same conditions.

A Gaussian type membership function may be established uniquely by its
center x4, its width o4. So by designing the learning algorithms for a family
of z4’s and oy’s, and the coefficients y’s. we can establish a Mamdani fuzzy
systems with Gaussian membership function fuzzy sets.

Let the number of membership functions be 40. Then there are 120 param-
eters to be established by online BP algorithm. Figure 8.8 shows the curves
corresponding to the original system and the identifying model. Easily we can
see, the error resulted by Mamdani fuzzy system based on Gaussian type fuzzy
sets is much lager, and when the system input is changed, the identifying sys-
tem can not simulate the original system very well and it can not follow the
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output of original system when k > 300. If using the crisp neural networks, be
[67] we can imply that the identifying performance is disadvantage over that of
Mamdani fuzzy system based on Gaussian type fuzzy sets. So with the parallel
format the identifying performance of the generalized fuzzy inference network
identifying model is best.

2. Series—parallel Identification Model: In contrast to the parallel
identification model described above, in the series—parallel model the output of
the original system (rather than the identification model) is fed back into the
identification. The identification model can be expressed as follows [48, 67]:

Z(k+1)=03-2(k)+ 0.6 2(k — 1) + F(z(k)), (8.20)

where F(-) is a generalized fuzzy inference network, or a Mamdani system based
on Gaussian type fuzzy sets, or a feedforward neural network. It is obvious
that the corresponding identifying performance is much better than that of the
parallel format because of the use of original system outputs z(k), z(k — 1),.
Figure 8.9 and Figure 8.10 demonstrate the identifying curves corresponding to
generalized fuzzy inference network and Mamdani fuzzy system, respectively.
Here we can find, the performance of generalized fuzzy inference network is best,
and feedforward neural networks identification can not simulates the system
[48, 67].

If the signal sequence to be processed, for example digital image contains
some noises, we can treat the generalized FINN by designing learning algo-
rithms for the weight coefficient u,,  ,, in (8.6) as a noise filter, which is the
subject in the following two sections.

§8.2 Representation of two—dimensional
image by FINN

In the conventional image theory, we utilize a completely orthogonal func-
tion basis to establish some models for digital image representations, and then
develop linear theory for image processing [5]. Although we can employ some
classical mathematical tools such as Fourier transform and statistics and so on
to process image linear models with a systematic approach, linear tools may
solve after all only a small of problems related to image processing, and most
of them are dealt with only by nonlinear techniques [4, 55]. In the section we
present the approximate representation of a 2-D digital image by FINN’s. By
Theorem 8.2, the generalized FINN’s can be universal approximators, so with
the given accuracy we can code a 2-D image as the connection weights of a
FINN. Moreover we can establish some optimal filters by designing learning
algorithms based on minimizing the absolute error.

8.2.1 Local FNN representation of image

The gray level of a digital image at a given point can be expressed as the I/O
relationship of a FINN determined by a local neighborhood of the point. To
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this end we introduce a small operating windows which may slide on the whole
image window, and then use the gray levels in the small window to develop
some suitable fuzzy inference rules. Thus, a FINN can be defined and a local
representation of the 2-D digital image is established. If the image is noise-free
the representation is accurate, and if the image is noise, the representation can
also serve as a filter.

tute) {t1,t2)

§
'
5
'
4
t
'
1
1
Tt I
1
'
1
1
1
1
1

(tlytz)

Figure 8.11 Sample window for local image representation

Let X = (s(t1, t2)) Ny xn, be a 2-D digital image with N7 x Ny pixels and
L gray levels 0, 1,...,L — 1, that is, s(t1,t2) € {0,1,...,L —1} (0 < ¢; <
Ny —1, 0 <ty € Ny —1). For preserving the edges and locally fine structures
of the image, we adopt a small window with n; X ny samples to determine
the representation of the gray level value, where n1 <« Ny, ny € Nj, nq, na
are usually odd numbers. Let X (t1, t3) = (s(t1 + &, t2 + l))nlxm, where k =
—(n1—1)/2,...,(n1—1)/2, l = —(n2—1)/2,..., (na—1)/2, and (¢1, to) is located
on the central cell of the sample window as Figure 8.11. Considering ti,, xn, is
the collection of all matrices with n; rows and ny columns, we denote X (¢, t2)
by {s(t1+k, ta+1) : —(n1—1)/2,...,(n1—1)/2; —(n2—1)/2,...,(na—1)/2}. To
guarantee the small operating window to slide well on the large image window
X = (s(t1, t2))leN2, we must extend X along the edge, as Figure 8.11. For
t2 = 0, 1, ...,N2 — 1, tl = —1,0, 1, ...,Nl - 1, S(—l, tz) = 8(0, tz), S(Nl, t2) =
S(Nl — 1, Z'Iz); S(tl, —].) = S(tl, 0), S(tl, Nz) = S(tl, N2 — ].)

Define rank operator R : fp,xn, — R as follows: for any X(t1, ta) =
(s(ti + kyta+ 1) : —(ny —1)/2,...,(ny — 1)/2; —(ng —~1)/2,...,(ne — 1/2) €
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finy xnq, We have

R(i(th t2)) = {80(t17 t2)7 81(t17 t2)a "'aSTL1X7L2—1(t17 t2) :
so(t1, ta) < -+ < Snyxna (B, t2)}

2 (R(X(t1, t2))os R(X(t1, t2))1, s RIX(t1, t2), )y xrig—1)»

where R(X(t1, t2)),= sit1, t2) (1 = 0,1,..,n1 X np — 1), and R2" means the
collection of all subsets of R.

In order to build the fuzzy inference rules for retrieving the noise image,
we at first fuzzify the gray level s(t1, £2) of the pixel (¢1, t2) as the trapezoidal
fuzzy number s (t1, ta) (t1, t2 = 0,1,..., L — 1), as shown Figure 8.12. They
may represent the linguistic concepts for the gray levels of the image, such
as ‘dark’, ‘very dark’, ‘darker’, ‘poorly dark’, ‘medium’, ‘very bright’, ‘bright’,
‘brighter’ and ‘poorly bright’, and so on.

Figure 8.12 Fuzzy numbers portraying gray level

If X is uncorrupted, all pixels inside the sliding small window X (%, t2)
may be assumed to have approximately equal gray levels [3]. So for each
(t1, t2), let As(ty, t2) denote the difference between the gray levels of cen-
tral pixel (t1, t2) and the median value pixel in X (¢, t2), that is, we have
As{ty, ta) = |s(t1, t2) = S(nyxng+1)/2(t1s t2)|. Let ds(t1, ta) mean the neigh-
boring difference of s(t1, t2) that is, if let s(t1, t2) = sk(¢1, t2), the k + 1-th
element of R(K(tl, t2)), then

1
ds(t1, t2) = §<|3(t1, t2) — sk, (1, t2)|+|s(ts, t2) — s, (t1, tz)l),

where ky = (k—1)VO0, ks = (k+1)A{n1 xny—1). In impulse noise environment,
both As(t1, t2) and ds(ty, t2) can be assumed to be ‘small’ if the pixel (¢, £2)
is noise-free [3], otherwise it is reasonable to believe (¢, t2) is corrupted. The
fuzzy set ‘small’ and ‘large’ are denoted as §, L, respectively, as shown Figure
8.13.

When (t1, £2) is uncorrupted, the filter should preserve the corresponding
gray level, otherwise we have to choose the gray level as the median one of
X(t1, t2). This is because, although the median filter may vary the original
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structure of the image, the probability of the median gray level of X (1, t2) to
be corrupted is minimum [10, 16]. According to such a principle, we can build
the following inference rules:

Roo : IF As(ty, ta) is § and 8s(t1, t2) is § THEN y(t, t2) is
Roy : IF As(ty, t2) is S and 6s(ty, to) is L THEN y(t1, to) is
Ry : IF As(ty, t2) is L and 6s(ty, to) is § THEN y(t1, to) is
Ry i IF As(ty, t2) is L and 6s(t, t2) is L THEN y(t1, to) is m (t1, to

where m(t1, to) :’E(nlen,2+1)/2(t1, t2). From now on let m(t1, £2) be a mediate
gray level in X(t1, t2), that is, m(t1, t2) = S(n,xna+1)/2(t1, t2). By (8.6), the
local FINN representation of the image X on the window X (¢1, t2) is defined
as follows:

1 ~ ~ a
Y Wi (A1 (@1) T Azjo(e2)
ylh, ta) = B

> (:hj(xl) T:12j2(372))a

J1,32=0

1 ~ ~ a
> Wy (Ara(Bslts, t2)) T Aasa(G5(t1, 12)) )
_ J1,j2=0

21: (lel(As(tly £2)) T Asj, (55(t1, t2))>a

J1,J2=0

(8.21)

where z1 = As(ty, t2), 2 = ds(t1, t2), moreover

~ ~ ~ o~ ~ ~ s(tla t2)7 jl = j2 = 07
A10=A20=8, A11=A2=L, wj,j; = 8.22
1074420 nea 12 { m(t1, t2), otherwise, ( )

and a: 0 < a < 400 is an adjustable parameter [17].

Y

y'

Figure 5.13 Deviation fuzzy numbers

Also we can adjust the output of (8.21) by changing the values of S, A and
K in Figure 8.13. If the image is uncorrupted, we let S > 80 and A < 1, or e be
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sufficiently large for the image with 256 gray levels. In the noise environment,
(8.21) may be utilized as a filter, which is called FNN filter. And S, A and K
may be determined by some adaptive learning algorithms.

Next, we employ the noise-free image ‘Lenna’ to show the effectiveness of
the local representation (8.21) to reconstruct the original image.

Example 8.4 Let X = (s(t1, tg))512><512 be Lenna’s image, a 2-D digital
image sized 512 x 512 pixels with L = 256 gray levels. So

V(tl, t2) :0<t <511, 0 <y <511, S(tl, tg) S {0, 1, ,255}

We may employ the FINN’s determined by (8.21) to express accurately the
image X if X is noise-free. To execute the I/O relationship defined as (8.21), a
sliding 3 x 3 sample window is employed to determine the local area, on which
the local representation as (8.21) of the image is defined. That is, ny =ny = 3.
So ny xny —1 =8. We choose S = 100, A <1, and the t-norm T = x, a = 1.
By (8.21) (8.22) and considering the fact:

ZlO(As(tla t2))+ 17111(&5(751, t2))
= Ano(Bs(tr, t2))+ A (Ss(t1, t2)) = 1,
we can obtain the local representation of the Lenna’s image as follows:
1 ~ ~ =
3 Wiy o (A (Ds(tr, t2)x Az, (8s(t, t2)))
J1,92=0

S (g (Bs(ty, t2))% Ansa(B5(t1, £)))°

J1,52=0

= m(t, tQ){Zlo(AS(tl, t2))- ;121(55@17 t2))

y(t1, t2) =

+ le(AS(tl, ta))- 220(5«9@1’ t2))
+ ;111(A8(t1, ta))- ;121(58@1, tz))}
+S(t1, t2)' ZlO(AS(tl, tg)) 220(5S(t1, tg))

Lenna’s original image is shown in Figure 8.14. And Figure 8.15 gives the
reconstruction image determined by Y = (y(t1, t2)),,,, s,,- By the comparison
between Figure 8.14 and Figure 8.15 we may find that the representation is
accurate. In fact, we can prove the following fact:

Vi, ta € {0,1,..., 511}, |y(tr, t2) — s(t1, t2)|= 0,

that is, the error related may vanishes. Thus the image is completely recon-
structed.
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Figure 8.14 Lenna’s original image Figure 8.15 Lenna’s reconstruction image

8.2.2 Optimal FNN filter

In the impulse noise environment, if let in (8.21) (8.22) S = A = 0, the
FNN filter becomes the median filter; if let A = K = 0, the filter will leave the
noise image unremoved. So it is important to adjust the values of S, A and K,
so that the corresponding FNN filter possesses the strong filtering capability.

For simplicity we from now on assume that A is a positively small constant,
such as A = 0.9. Thus, it suffices to design the learning algorithm for S since
K = 255 — § — A for the image with 256 gray levels. To this end, the mean
absolute error (MAE) criterion is employed to determine S to minimize the
filtering error, consequently the optimal FNN filter may be constructed.

Assume that X = (s(t1, t2)) Nyxn, 15 8 2-D image corrupted by impulse
noise with the probability p, that is, if we denote the (¢1, f3)-th pixel in the
uncorrupted image as s%(t1, t2), and let X0 = (so(tl, tz))leNz, then s(ty, t3)
can take three possible values:

Smax with probability p/2,
s(t1, t2) = ¢ 8%(t1, tz) with probability 1 - p, (8.23)
Smin with probability p/2,

where 8y is maximum value in X© and appears as white dot; Spiy iS minimuam
value in X° and appears as black dot.

Suppose that Y = (y(t1, t2)) NyxN, 18 the filtering image of X determined
by (8.21) (8.22), then Y either is identical to the image X or generates a
difference vector {s(tl, te) —y(ts, t2)|t1 = 0,1,.., N1 =1, ¢t = 0,..., Ny — 1}.
Thus, the MAE generated by using Y to estimate X is as follows:

BS) = X0, ) = Yl M 2 e (000 ) — e, 1)), (820
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where X0 = (s%(t1, t2)) Nyx N, 15 the desired image. As the value of S in Figure
8.13 is suitably adjusted, the output of (8.21) is also controlled rationally. And
the corresponding MAE is minimized. If there is Sy € Ry, so that E(Sp) =
mgn{E(S )}, then representation as (8.21) with the trapezoidal fuzzy numbers

§, Z derived by Sy is called the optimal FNN, which is also called the optimal
FNN filter.

20 7

—— FNN filter
- - Median filter

st Minimum value(30=60)_-' 2

Minimum value(S°=70)

o - (o]
0 20 40 60 80 100 o] 0.1 0.2 0.3 0.4
S value Noise orobabilitv o
Figure 8.16 Figure 8.17

Figure 8.16: Iteration of S for ‘cameraman’; Figure 8.17: MAE of median and FNN
filters for ‘cameraman’

When S = 0, the filter (8.21) becomes a median filter, by which most spike
noises are filtered. However, the fine structure of the image is also removed.
As the value of S increases, the filter leaves more and more gray levels that
are uncorrupted unchanged, consequently the MAE E decreases. But when the
value of S is larger than a certain threshold, the filter will leave some corrupted
gray levels unremoved, further more and more such noise-corrupted ones in the
filtering image arise as S becomes larger. Thus, there must be a Sy to minimize
the MAE E(S). By the following learning, we may find such a Sy.

Algorithm 8.2 Optimal FNN filter:

Step 1. Estimate the amplitude H of the noise image, i.e. H = dyax — d8,
where df is approximately minimum gray level of the image.

Step 2. Put t=0, and let S(¢) =0, E(S(-1)) = H/2;

Step 3. By (8.21) calculate y(¢1, t2), and then obtain E(S[t]) by (8.24);

Step 4. Construct the following iteration scheme and calculate E(S[t + 1])
by (8.21) (8.24):

Sft+1] = Sfe] - 8- (E(S[H]) — E(S[t - 1]));

Step 5. Discriminate whether E(S[t + 1]) < E(S[t]) or not? If yes, let
t =t +1, and go to Step 3; otherwise output S[t] as the optimal Sy and stop.

In step 4, 8 > 0 is a given constant. To avoid that the algorithm fall into
the locally minimum points, we may choose two or three different 3 values
to operate the algorithm. Further we continue a few of iterations when the
condition in step 5 holds.
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(a) (b) (©)

(d) (e) (f)

(2) () ®

Figure 8.18 (a) Original image; (b) Noise image with p = 0.15; (c¢) Noise image
with p = 0.35; (d) (e) (f) Filtering images of (a) (b) (¢) by median filter; (g) (h) (i)
Filtering images of (a) (b) (c¢) by FNN filter.

8.2.3 Experimental results

In order to evaluate the filtering capability of the FNN filter, we utilize
respectively cameraman’s and Lenna’s images degraded by the impulse noise
to show that the FNN filter is superior to the median or the first order RCRS
filters in removing impulse noise. The sliding window in the simulations is
assumed to be 3 x 3. Let X = (s(t1, tg))256><256 be the image ‘cameraman’
with 256 gray levels, which is corrupted by two kinds of impulse noises with



Chapter VIII Application of FNN to Image Restoration 361

p = 0.15 and p = 0.35, respectively. The corresponding noise images are
respectively shown in (b) (c) of Figure 8.18. Using Algorithm 8.2 we can get
the iteration curve for finding the optimal Sy, which is shown Figure 8.16, from
which we may choose Sy = 60 for p = 0.35, and Sy = 70 for p = 0.15. In Figure
8.16 we add some iterative steps by the following scheme after the threshold
is determined as doing in Step 5 of Algorithm 8.2 for avoiding to fall into the
local minimum point:

St + 1] = S[t] - 8- |E(S[t]) — E(S[t - 1])1.

Algorithm 8.2 is applied to the left upper part of the image ‘cameraman’ sized
64 x 64 for p = 0.15 and p = 0.35, respectively. Also Figure 8.16 demonstrates
the convergence of the algorithm. '

4 20 q
3.5
3 — p=0.05 1 15 —— FNN filter L,
p=0.15 -—-- Median filter Ké
25 RCRS filter /.
w /.
=S < .
E 10 o
1.5 - E PR
Minimum value(S;=70) -
1 . : 5 —‘>_7",r
0.5 Minimum vaiue(S;=70)
o] ol
o 20 40 60 80 100 [+] 0.1 0.2 0.3 0.4 0.5
S value Noise probabilitv b
Figure 8.19 Figure 8.20

Figure 8.19: Iteration of S with image ‘Lenna’; Figure 8.20: MAE of median and
FNN filters for ‘Lenna’ with p

Figure 8.17 shows the MAE for median and FNN filters operating respec-
tively on the image ‘cameraman’ corrupted by impulse noise with different
probability p. Each error curve corresponds to the median and FNN filters
trained by the sub-image ‘cameraman’ of size 64 x 64 locating at the left upper
of whole ‘cameraman’ sized 256 x 256. Easily we can find that the FNN filter
gives the better results. From this plot, the filtering effect of the FNN filter is
obviously advantageous over that of median filter.

In Figure 8.18 we present several filtered images for subjective evaluation.
The original image ‘cameraman’ is shown in Figure 8.18 (a), and the noise
images with the probabilities p = 0.15 and p = 0.35 are shown in Figure
8.18 (b) (c), respectively. Figure 8.18 (d) (e) (f) show the restored images
by median filter corresponding to Figure 8.18 (a) (b) (c), respectively. And
correspondingly Figure 8.18 (g) (h) (i) are the images restored by the FNN
filter. From Figure 8.18 the FNN filter appears to have removed impulses as
median filter does, also it preserves more of the fine structures of the image
than median filter. So the FNN filter has a better performance.

Next, the further comparison of the filtering capability is finished among
the FNN filter, median and RCRS filters [19] for 256 x 256 image ‘Lenna’.
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(@ (e) ®

) B (h) @)

) B 0

Figure 8.21 (a) Original image; (b) Noise image with p = 0.05; (c) Noise image
with p = 0.15; (d) (e) (f) by median filter; (g) (h) (i) by RCRS filter; (j) (k) (1) by
FNN filter, corresponding to (a) (b) (c) respectively.
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At first, Figure 8.19 shows the iteration processes of Algorithm 8.2 for
finding the optimal Sy, respectively for p = 0.05 and p = 0.15. By Figure 8.19,
when p = 0.05, choose Sy = 70; when p = 0.15, also we may choose Sp = 70.

Figure 8.20 shows the MAE curves with different probabilities for median,
RCRS and FR filters, respectively. Each error curve corresponds to the speci-
fied filter trained on the left upper of size 64 x 64 of ‘Lenna’ operating on whole
‘Lenna’ of size 256 x 256. Easily we can find that the FNN filter gives the best
results.

In order to see the subjective evaluation for the performance of the FNN
filter, we give noise-free ‘Lenna’ image as Figure 8.21 (a), and (b) (c) show
the noise images with the noise probabilities p = 0.05, p = 0.15, respectively.
Figure 8.21 (d) (e) (f), Figure 8.21 (g) (h) (i) and Figure 8.21 (j) (k) (1) show
the images restored using median, RCRS and FNN filters corresponding to (a)
(b) (c), respectively. Also we can see the filtering performance of the FNN
filter is best.

Pixels and gray levels are two important factors of digital images. In this
section we express an image as the I/O relationship of a FINN through this two
factors. Thus, FINN’s may provide us with a useful framework for image pro-
cessing, especially for the restoration of noise images. From above discussions
we also can see that the filtering performance of the filters based on FINN’s
is advantageous over that of many crisp nonlinear filters including median and
RCRS filters and so on. However, the filters defined by FINN’s can not solve
all problems related. Many important and meaningful problems in the field
are not treated by such filters. For instance, how can an image restoration
model within general sense be constructed? When the image related is cor-
rupted by the high probability (p > 50%) impulse noise how is the filtering
performance improved further? If the image is degraded by hybrid noise, i.e.
several noises together corrupt the digital image, how can the corresponding
restoration model be developed? and so on. We shall in the following give
some further research to above problems.

§8.3 Image restoration based on FINN

By partitioning reasonably input space and gray level set of a digital image,
respectively, a novel FNN that is called selection type FNN is developed. Such
a system can represent continuous spatial images with arbitrary degree of ac-
curacy. Also a novel inference type FNN is built based on a family of inference
rules with real senses. Thus, a novel FNN filter can be derived by the fusion of
the selection type FNN and the inference type FNN. Applying FNN filter, we
can find a good compromise between removing impulse noise and preserving
fine image structure. When noise probability is zero, the image may completely
be reconstructed by the novel FNN filter. To the degraded images corrupted
by impulse noise and additive Gaussian noise, simultaneously, we can also get
good filtering performance by using the novel FNN filter.
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8.3.1 Fuzzy partition

In order to use natural language to describe digital images and their U gray

levels, the interval [a, b] is partitioned by a fuzzy partition. Let Bl,. . Bp be
fuzzy numbers. If there is ¢ € Ry, so that

p
vt € [a, B], Z:

then {E;l, ey E’p} is called a quasi-fuzzy partition of [a, b]; If V¢ € [a, b], it

P~ ~ ~

follows that ) Bj(t) =1, then {Bi, ..., Bp} is called a fuzzy partition of [a, b].
j=1

In application, a digital image is a set scaled within a finite area. So let

a > 0, so that the digital images related are restricted in the spatial area
[—a, a]¢, where d € N. Choose m € N, and partition interval [—a, a] into 2m
sub-intervals with identical length. Thus, we can define the fuzzy set family
{Aij lz =1,..,d;, j=0,£1,+2 .., :I:m}C Oo(a, m), so that each A;; is a fuzzy
number, and V¢ € [—a, al, Zij (t) = 0. Obviously Vi = 1,...,d, the fuzzy set
family {A4,;, 7 =0, £1,...,m} constitutes a quasi-fuzzy partition of [—a, al.

Membership degree
DR Dr MD Br BR

1

Gray level
0 L
Figure 8.22 Gray level fuzzy sets

Suppose the gray levels of the 2-D image F = {F(ty, t2), —a < t1, t < a}
belong to [0, L], that is, Y(t1, t2) € [—a, a]?, F(t1, t2) € [0, L]. We introduce
a fuzzy partition of [0, L], and use fuzzy sets to describe the image F. Thus,
natural language such as ‘dark (DK)’ ‘darker (Dr)’ ‘medium (MD)’ ‘brighter
(Br)’ ‘bright (BR)’ and so on may be employed to describe gray levels of the
image. Their membership functions are shown in Figure 8.22. Let K be an
adjustable natural number, K < L. Partition [0, L] identically into K parts.
Write h = L/K. Choosing kg € N : kg < K, we employ natural language
determined by kg fuzzy sets to describe the digital image F. Vk =1, ..., K, write
I, = [(k—1)L/K, kL/K]|= [(k — 1)h, kh]. Define the fuzzy sets describing
gray levels as follows: Yy € [0, L], let

17 OSySh—la

~ h+1—
Gilw) = Y,

0, otherwise.

h—1<y<h+1; (8.25)
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-?J;L_;i”—l, L—h-1<y<L—h+1,
Gko(y) = 1, L — h+ 1< Yy S L7 (826)
0, otherwise.

And when k = 2,...,kg — 1, we suppose Ker(CN}k_l) C Iy, Ker(a‘k) C I,, and
Ker(CNJkH) C I,. Choose

( y—kih+1
(k2_k1 —1)h—|—2’
1, (kz—l)h+1<t§k2h-—l,
(ks —1h+1-y
(k3—k2—1)h—|—2’

\ O, otherwise.

kih —1<y < (ks — Dh+1,

Gily) = (8.27)

koh — 1<y < (ks —Dh+1,

Figure 8.22 is the case of K = kg = 5.
For given ¢1, ta € [~a, a], and k € {1, ..., ko}, we define the fuzzy mean of
the image I at (¢, t2) as follows:

S F(U, ) H (0, ) Cn(F(2, 22)
mk , (F) = =m S . (8.28)
2 Hjg(t, t2): Gk(F(%, %))

J1.J2=—m

mf ., (F) is called the k-th local fuzzy mean of image F at (t1,t2). If F =
{F(t:,t2), t1,t2 € [—a, a]} is corrupted by impulse noise, for simplicity, we
also denote the degraded image by F. Then by (8.23) with probability p the
gray level of image F at (f1, t2) is changed into L or 0, that is

L, with probability p/2,
F(ty, t3) = { F(t, t2), with probability 1 — p,
0, with probability p/2.

Membership degree
Trap

--------

%L Gray level

o1+ 1
Figure 8.23 Mean fuzzy set
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In order to suppress impulse noise, choose adjustable [ € R, : [ < L/2 to
define fuzzy set ‘Trap’ as shown in Figure 8.23.

'%, 0<y<l,
1, I<y<L-|
vy €0, L], Trap(y) =4 [ _
Ty L—l<ySL7
L 0, otherwise.

Trap(-) is called the mean fuzzy set. For (t1, t2) € [—a, a]?, we call my,;, (F)

defined by following (8.29) the fuzzy mean of image F at (¢1, t2):

Z F(Eﬂ m)'Hjljz(tl’ t2) -T&*ap(F(%, 2n‘%))

o —m m?’ m
Miyty (F) - m . . (829)
Z THjljz(tl’ t2) "Tfap(F(%7 %))

J1,j2=—m
Define the closed interval A; = [(—a) V (a(j — 1)/m), a A (a(j + 1)/m)] for
j=-m,—-m+1,...,m—1 m, and let Xa, be the characteristic function of A;.
Let 741]-:;12]: Xa,» then ¢y = 3. Discretize image F' as the following digital
image: S = {sj,jo, j1, jo = 0, £1,...,£m}, where s;,;, = F(aji/m, aja/m).
Let m¥ ,_(F) 2 ak(X), mu,s,(F) 2 m(X), Rewriting (8.28) (8.29) we obtain

( G+ Am (§3+1)Am ~
(9T (—m) 49T )Sj1j2 Gk(shjz)
x _ =09-1)V(=m) =3 —1)V(-m )
m ("K) - G+1)Am (J9+1)Am ’
Gr(8j152)
=03 1)V (=m) ja=(G§—1)V(—m)
F+1)Am (g +1)Am
Z sjljorap(sjlh)
(X) = 1= —1DV(=m) j2=(j§ —1)V(-m)
ma) = (§9+1)Am (G9+1)Am
Z Trap(sjljz)
L J1=3 -1V (=m) j2=(i§ —-1)V(-m)

where X £ {s;,5,, 51 = (2 =)V (=m), 30, G0+ 1) Am; jo = (5§ — 1) v
(—=m), 39, (48 + 1) Am} is the operating window corresponding to (t1, t2) =
(mj?/m, a,jg/m). When ji, j2 change from —m, —m + 1, ..., to m, window X
slides on the whole image S. The number of the elements in X is called the
width of operating window. And m*(X) is called the k-th local fuzzy mean of
window X; and m(X) is called the fuzzy mean of X.
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8.3.2 Selection type FNN and its universal approximation

If the function of each output neuron of feedforward networks is with some
criterions to choose one from its inputs as the output, such networks are called
selection type neural networks. In this subsection, we develop a selection type
FNN, which is a five layer feedforward network, as shown Figure 8.24. The

neurons in the first hidden layer have transfer function Zij (Y(E=12 5=
~m, —m + 1,...,m — 1, m), the membership function of gray level fuzzy set.
The connection weights of neurons between two hidden layers are chosen as

51(-), ey E}ko(-), the fuzzy set membership functions of fuzzy partition of the
gray level set. By the fuzzy mean my, s, (F') we can build a criterion for output
neuron to choose output. Such a system can be universal approximator, that
is, it can with arbitrary accuracy represent each continuous function on any
compact set of Euclidean space. Also it can deal with impulse noise, efficiently.
The learning algorithm of the network aims at seeking suitable partition of the
gray level set.

Figure 8.24 Selection type FNN

The FNN that can realize fuzzy inference rules is called inference type FNN.
We shall employ inference type FNN as shown Figure 8.25, and selection type
FNN to construct another FNN filter —a novel FNN filter.

Since the images related are two dimensional, in the following we aim mainly
at the selection type FNN with two input neurons. As for one-input or d-input
(d > 3) selection type FNN, we may give similar discussions. In Figure 8.24,
J = (2m + 1), And in the first hidden layer, there are two types of neurons.

The transfer functions of the first type neurons are Zl(—m) () ey :hm('), re-

spectively; And ones of the second type are Z2(—m)(')1 ey sz(-), respectively.
In the second hidden layer, the neuron j' = j1j3 is connected with the j;-th
that is a first type neuron, and the j;-th that is a second type neuron in the
first hidden layer. Its two inputs are Aij, (f1), Agj, (t2). The corresponding

output is Wiy g (Aljl (tl)T A2j2(t2)) = Wy, - Hjljz (tlv t2)’ where Wiy ja is an
adjustable parameter. In the third hidden layer, the neuron k is connected
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with the neuron j' = j;js in the second hidden layer. Their connection weights

is CNJk(sjljz), where s;, 4, is adjustable. The output of the neuron % is

m ~

X i Gr(ig) - o (t, 1)

Yi(ty, to) = 2220 . (8.30)
Z Gk(sjle) Hji g, (t1, t2)

J1,d2=—m

Also Yi(ty, t2) is the k-th input of the output neuron, by which a selective
output is obtained. The selection criterion of the output neuron is determined
by my,+,. And the selection standard is the nearest distance, that is, choosing
one from input patterns Y1 (¢1, t2), ..., Yi, (£1, t2), so that the chosen input being
nearest to my,+, is taken as the output of the FNN:

Af == Ykl(tl, tg) :
k= maxy, {kl : |mt1t2 - Y, (tl, t2)' = mink{lmtltz —Yi(ty, t2)|}}
(8.31)
(8.30) (8.31) constitute the I/0 relationship of the selection type FNN. Simi-
larly, we can derive the I/O relationship of one-dimensional and d~ dimensional
I/0 relationships respectively as follows:

P G (57) Ay (2)
Yi(t) = = ;

> Gr(sy) Ay (D)

j==m

Af = Yh/(t) k= n}jx{kl : lmt - Y, (t)! = mkin{lmt — Yk(t)l}}

X Siidga Ge(Siige)  Hivga(ty, - ta)
Yk(tl’ ...,td) = Jyedd=om ~
] Z Gk (Sj1~~-jd) 'Hj1---jd(t17"'?td)
J1se)d=—Mm
Af = Yir(f1, . ta) ¢
k' —max{k1 |mg, .ty — Yi, (B, .., ta)] :mkin{lmtl_,,t —Yi(ti, .., tq) |}}

(8.32)
In the following, we show that the selection type FNN defined by (8.32) is a
universal approximator. That is, if F: R® — R is a continuous function, and
U C R? is an arbitrary compact set, then Ve > 0, there exist m € N, Wiy .5 €
R, s;,..j, € R, and a mapping that (¢1,...,t4) — My, .. 1,, so that V(ty,...,tq) €
U, |Ay — F(t1, ..., ta)| = |Ye (t1, .- ta) — F(t1, ..., tq)| < €, where

k/ = Hllcax{kl [mtl Yk1 (tl, )I = mkin{lmtl.,,t Yk tl, |}}
1
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Theorem 8.3 The selection type FNN is a universal approzimator, i.e. it
can approzimale each continuous function defined on arbitrary compact set of
R? with arbitrary degree of accuracy.

Proof. Let F: R* — R be a continuous function. It is no harm to assume
that compact set U = [—a, a]® (a > 0). Arbitrarily given ¢ > 0, partition
[—a, a] identically into 2m parts. Since F is uniformly continuous on U, there
is 6 > 0, so that

Vxi, X2 € U, ||X1 - X2|| <6, = IF(Xl) — F(X2)| < E. (833)

where || - || is Euclidean norm. Let m € N, satisfying acg/m < 4. For ji,...,j4 €
{0, £1,..., +m}, choose wj,.j, = Sj;..5. = F(aji/m,...,aja/m). Similarly
with (8.29) we define my, ., as follows:

Z F(%7 )%)'Hjl...jz(tlv '7td) Trap(F(%, 7%))

Let the natural number K related to (8.25) (8.26) be adjusted so that for any
(t1,...,ta) € [—a, a]?, there is k € {1, ..., ko }, satisfying

V(jla "'ajd) € N(tla "'7td)a Gk(sjl...jd) 79 07 Af = Yk(t17 "'7td)'
By (8.33) and Lemma 6.2, it follows that

|F(t1, ...,td) — Af| = |F(t1, ...,td) — Yk(tl, ...,td)|

m ~
X Siiga Ge(Siiga) Hiyga(tes - ta)
R e Jd—:nm — F(ty,....,tq)

Z Gk(sjl---jd)Hj1~~~jd(t1’"'7td)

J15--5Jd=—m

Z ak(sj1...jd)Hj1...jd(t17 ...,td) F(tl, ...,td) — F(a—gll, ey

(J1,2Ja)EN(t1,.. - ta)

38

Z Gk(sjl~~~jd)Hj1---jd(t17"‘atd)
(J1se-20a)EN(t1,5ta)
2 Gr(Sji.ia)Hji. a1, s ta) - €
< (J15---2dd)EN(t1,ee05tq)

Gk(5j1~~-jd)Hj1---jd (tla sy td)
(J1yeesJa)EN(t1,-. ta)

=£.

The theorem is therefore proved. [J



360 Liu and Li Fuzzy Neural Network Theory and Application

Figure 8.25 Original surface Figure 8.26 Approximate surface

Give a two-variate function as F(tq, t2) = exp{—[t1 —t2|} - sin(8¢1) - sin(8t3)
for t1, t2 € [-1, 1]. With the error bound ¢ = 0.1, we shall give the approximate
representation of F' by the selection type FNN. To this end, assume that ¢y =
2, m =1, and t—norm T = ‘X’. Easily we have

Vx1, Xz € [1, 1], ||x1 — xa|| < 0.01, = |F(x;) — F(x2)| < e.

Let cg/m < 0.01. We can choose m = 200. And assume that :hjz;hj (J=
—200, ...,200), and

1
2000 +1, —— <t<0
00e+1, —550=t=<0
~ ~ ~ j
vt e [=L1], A) =9 1_ 9200z, 0<t§—2%’ A;(t) :A< _ﬁ>'

0, otherwise;

Then we can conclude that

200 ~ ~ ~
Yo Siujs Gre(Siiga) Arjy(B1) - Arjy(t2)

j1,j2=—200
Ap =Y(ty, tp) = 22— — ;

> Cul(sh5) Aru(tr) - Avgy(ta)

J1,2=—200
K= Hiax{kl DMy, — Yy (1, 82)|= mkin{|mt1tz = Yi(ts, t2)[}}-
1

200

E Sj1j2 Trap(sjljz)' A1j1 (tl) - Aty (t2)
J1,J2=—200
Maty = 200 '

S Tyap(sj;,) Aujy(t1) - Argg(t2)

J1,j2=—200

Ji g2
84152 = F("‘ _>

m’ m
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As shown in Figure 8.25 is the surface of function z = F(t1, t2). And we
obtain the approximate surface z = Ay by the selection type FNN, as shown in
Figure 8.26. By the comparison between Figure 8.25 and Figure 8.26, it shows
the high approximating accuracy of the selection type FNN.

8.3.3 A novel FNN filter

Suppose X = (si;)n,xN, Is a given digital image. Also X denotes its
noise version. For given p € N, let the operating window be written as X =
(_py . Toy ..y Tp)- In this subsection we employ the operating window X to
design another noise filter—a novel FNN filter. By Theorem 8.3 it can simulate
some digital signals with arbitrary degree of accuracy. However, the filters
remove fine image structure also. It is necessary to introduce the inference
type FNN, as shown in Figure 8.27.

Figure 8.27 Inference type FNN

If X is a noise-free image, the gray degree levels x_p, ..., g, ..., 2, in the
window X are approximately equal [3], that is, z_p, & -+ R zg = - ~ zp =
m(X). So if u is an output variable, and v = |zg — m(X)| is an input variable,
then we can obtain the following Mamdani inference rules:

IF v is ‘small’ THEN w is Tg;
IF v is ‘large’ THEN u is Aj,

where g, A s mean the fuzzifications of zg, Ay, respectively, satisfying xo €
Ker(Zo), A; € Ker(Af). On the gray level set [0, L], we define S= ‘small’,

L="‘large’, 5 and L are called selection type fuzzy sets, as shown Figure 8.28,
which is similar with ones of deviation fuzzy sets in Figure 8.13.

~ ~

1 S L

Ole— 81 —»| -— S5 —»

Figure 8.28 Selection type fuzzy sets
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Above inference relation may be realized by a three-layer inference type
FNN, as shown Figure 8.27, where my = 2, t, means the absolute value func-
tion. Thus the input of the neurons in hidden layer is |zo — m(X)|, and the

transfer functions are determined by §() and Z(), respectively. By [13], The
1/0 relationship of the inference type FNN is as follows:

2o S(v) + As- L(v)

By — —
f(v)—!— L) N (8.34)
_ Zo 5L(|330 —m(X)]) + Ay Lijzo — m(X)])
S(leo = m(X) )+ L(lza — m(X)])
And using (8.30) we can conclude that

r Zp: z; Gr(z;) i z; - Trap(x;)

m(X) =T m(x) =T ;
2, Geled) 2 Trap(z;) (8.35)

Ay = m* (X)), where
K :n}c?x{kl s m(X) = mP(X)|= mkin{'m(X) —m*(X)|}}.

(8.34) (8.35) constitute the I/O relationship of the novel FNN filter, whose
architecture is shown in Figure 8.29.

window X Selection type FNN

Zo Af

1

Inference type FNN —Bi
m(X)

Figure 8.29 A novel FNN filter

8.3.4 Learning algorithm

This subsection aims at seeking an optimal FNN filter, which is constructed
by designing learning algorithms for the parameters of the selection type FNN
and the inference type FNN, respectively. The target function is MAE of the
output of the filter, i.e. we obtain the optimal FNN filter by minimizing MAE.

The learning algorithm for the selection type FNN aims at determining the
partition of the gray level set [0, L], that is, establishing the value of kg, and the
trapezoidal fuzzy numbers in fuzzy partition. The algorithm can be described
as follows:
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(i) To a m—bit digital image, the variety not exceeding 2™~* in gray level
of image will not lead to obvious visual changes [25]. So we may partition [0, L]
identically into 2™ 4 parts.

(ii) Seek the concentration area of gray levels of the image X : Calculate
the number Ty of {si;, ¢ = 1,..., N1, j = 1,..., N2} belonging to the interval

Iy £ [(k — 1)L/(2m%), kL/(2™ %) (k= 1,...,2™~%). And discriminate Ty >
n? If yes, I is called concentration area of gray levels of S, where 7 is a given
constant corresponding to the image X.

(iii) Determine the fuzzy partition of [0, L]: Let k¢ be the number of con-
centration areas of gray levels. These concentration areas of gray levels are
Liy, s Iy, - By (8.25)-(8.27) we define the trapezoidal fuzzy numbers.

In the definition of mean fuzzy set for the selection type FNN, the parameter
I is assumed to be about 3, and the selection standard value is m(X), we can
get good results for removing impulse noise.

Based on above learning algorithm for the selection type FNN, we discuss
the learning procedure of the inference type FNN, by which s, s, are deter-
mined to minimize MAE. If the noises in image is mainly impulse noise, we can
assume that s; + s = L, for example, let s; + so = L — 1. So we can find out
optimal value of s; to minimize MAE. The algorithm is described as follows:

(i) Put the initial value of s; as s1[0], and let the iteration step be t = 0;

N, Ng
(ii) Calculate absolute error err(t] = (Z > IB}(i,j)—U(i,j)D/(Nl x Ng},
i=1j=1

where U(%, ) is the desired output of the novel FNN filter at pixel (4, j), and
B?(i, j) is the real output of the novel FNN filter at pixel (i,j) when the
iteration step is t.

(iii) Tterate s; with the following scheme:

Aerrlt]

sit+1] = s1[t] +« P

y

where « is the learning constant, Aerr(t] = err(t] — errft — 1], and err[—1] =
err[0]/2.

(iv) Discriminate |s;[t + 1] — s1[t]|< 0.17 If yes, output the value [t + 1];
otherwise let ¢ =¢ + 1, and go to step (ii).

8.3.5 Simulation examples

Assume that image X = {s;;} with 512 x 512 pixels is a 8—bit Lenna image.
If X is noise-free, it is shown as Figure 8.30 (a). In this subsection we employ
Lenna image to examine the capability of the novel FNN filter to remove noises.
To the degraded images corrupted by impulse noise, the novel FNN filter can
give much better performance than AWFM filter in [25]. The capability of
removing noise of the novel FNN filter is superior to one of conventional filters,
such as median filter, RCRS filter, and so on. This is because by [25], AWFM
filter can give better performance than the RS type filters can. So we choose
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median and AWFM filters to demonstrate the advantageous performance of
the novel FNN filter to remove noises.

At first for simplicity, we sample uniformly from X to form sub-image X’ =
(3;;]‘)64><64- Choose an operating window X with 3 X 3. For given impulse noise
probability as p = 0, 0.1, 0.3, 0.5, 0.6, 0.8, 1.0, we train the selection type FNN
and inference type FNN by the sub-image X’ to obtain the optimal filter,
respectively. Table 8.1 gives the respective minimum MAE’s of median, AWFM
and FNN filters corresponding to the given noise probabilities, respectively.
From Table 8.1, the novel FNN filter gives the best filtering results, moreover,
fine image structure is well preserved.

Table 8.1 MAE’s of three filters under different noise occurrence probabilities

p=0 p=01 p=03 p=05 p=06 p=08 p=1.0

median filter 8.904 10.038 13.528 26.399 40.8604 77.091 130.0
AWFM filter 2,519 9.333  13.093 15.854 19.804 30.688 124.453

novel FNN filter 0.0 3.274 6.903  9.255 14.687 29.831 124.453

(a) (b) |  ©

Figure 8.30 Lenna image (a) noise-free, (b} corrupted by impulse noise (p = 0.6),
(c) corrupted by impulse (p = 0.4) and Gaussian noises

With noise probability p = 0.6, we employ X’ to train the FNN’s related.
That is, under the criterion of minimum MAE we calculate optimal parameter

1 in the inference fuzzy sets §, Z shown in Figure 8.28, and the optimal FNN
filter can be constructed. To this end, let the learning constant o = 0.1. With

100 iteration steps, s; converges approximately to 15, and the approximate
MAE of the novel FNN filter is 14.6867.
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(=) (®) (©
Figure 8.31 Restoration of impulse noise image (a) median filter, (b) AWFM filter,
(c) novel FNN filter

(b) of Figure 8.30 is Lenna. noise image X degraded by impulse noise (p =
0.6). And Figure 8.31 is the restorations of impulse noise image in Figure 8.30
(b), where (a) is the image restored by median filter; (b) (c) are the images
restored by AWFM filter and the novel FNN filter, respectively. From the
comparison among (a) (b) and (c) in Figure 8.31, we can conclude that the
novel FNN filter gives the best results though the performance of median filter
is improved by AWFM filter. the novel FNN filter appears to be best both in
removing impulse noise and preserving image structure.

(a) (b) ' (c)

Figure 8.32 Restoration of hybrid noise image (a) median filter, (b) AWFM filter,
(¢) novel FNN filter

Hybrid noise images mean ones that are corrupted by two or more kinds
of noises. Applying the novel FNN filter to these noise images we also obtain
acceptable restoring images. Assume that there are in image X impulse noise
(p = 0.4) and Gaussian additive noise whose mean value p = 0, variance
0% = 0.02. X is shown in Figure 8.30 (c). We denote the minimum MAE of
median filter, AWFM filter and the novel FNN filter by MAE,,, MAE, and
MAEy, respectively. It follows that

MAE,, = 29.466, MAE, = 30.053, MAE; = 26.725.
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The restoring images by such three filters is shown in Figure 8.32 (a) (b) (¢),
respectively. From Figure 8.32, it shows easily that the novel FNN filter can
result in highest quality restoration, compared with median and AWFM filters.

The suitable partitions of the input and output spaces are the basis to con-
struct selection type FNN’s. Such networks possess strong capability for locally
representing some 1/O systems. They also leads to good anti-disturbance in
image processing, that is, if the image is corrupted by impulse noise with high
noise occurrence probability (p > 0.5), we can employ a selection type FNN to
give restoring image with good performance. One presupposition to design an
inference type FNN is to preserve the fine image structure. So as the fusion of
a section type FNN and an inference FNN, the novel FNN filter can not only
remove noises in the image, but also preserve fine image structure. In future
research, selection type FNN’s and inference type FNN’s can widely be applied
in many real fields, such as system modelling, system simulation and system
identification, and so on.
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